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AsstracT. This paper studies persuasion of large electorates
in a general environment with heterogeneous, private prefer-
ences. Persuasion is possible in a simple equilibrium under
a weak condition on voter preferences. Persuasion is even
possible just by releasing additional information when voters
already have private signals and a version of the Condorcet
Jury Theorem would otherwise hold in a large election. Per-
suasion does not require detailed knowledge the distribution
of voters’ preferences and one signal structure can be used
uniformly across environments.

Elections are ubiquitous instruments of collective choice. This paper stud-
ies the manipulability of elections through persuasion: An interested party
has information that is valuable for voters and tries to affect voters’ choices
by the strategic release of this information. Examples of interested parties
holding and strategically releasing relevant information for voters are nu-
merous. Consider the vote on a reform. The advantages of the reform are
unknown to the public, and an informed politician can decide how to release
information. Or consider the election of a CEO at an annual shareholder
meeting. The Board of directors provides information on the candidates with
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the shareholder meeting brochure, through conversations, and presentations.

This paper revisits the general voting setting by |[Feddersen and Pesendor-
fer| [1997]. There are two possible policies (outcomes), A and B. Voters’
preferences over policies are heterogenous and depend on an unknown state,
a or B, in a fairly general way: Some voters may prefer A in state a, some
prefer A in state 3, and some may prefer A independently of the state (while
others always prefer B). Preferences are drawn independently and identi-
cally across voters. Their preferences are each voters’ private information.
The election determines the outcome by a simple majority rule.

Voters have a common prior over the states. We explore the possibility
and limits of persuasion, (Kamenica and Gentzkow [2011]): Prior to the
election, a manipulator commits to an anonymous signal, which is a joint
distribution over states and signal realizations that are privately observed by
the voters. We ask: Can the manipulator ensure that a majority supports
his favorite policy in a large election by choosing an appropriate signal?

In this setting, Feddersen and Pesendorfer| [1997] have shown that, within
a broad class of monotone preferences and conditionally i.i.d. signals, equi-
librium outcomes of large elections are equivalent to the outcome with pub-
licly known states (‘information aggregation’). This may suggest that elec-
tions are robust. Our main result shows that, nevertheless, under weak
conditions on preferences for any possible state-contingent policy there is a
signal structure and a natural equilibrium that ensures that the policy is
supported by a majority with probability close to one. In particular, the
supported policy can be the opposite of the outcome with publicly known
states, for every state.

For clarity, at first, we assume that all information of voters comes from
a manipulator. Specifically, the main result for this baseline model roughly
shows that persuasion is possible if there is one belief about the likelihood
that the state is a such that a voter with randomly drawn preferences prefers
A with probability larger than 1/2 given this belief and another belief such
that the probability of preferring A given this belief is closer to 1/2 (The-
orem . Denote these beliefs by ¢ and 7, respectively. Clearly, some such
condition is necessary for persuasion to be effective: If, for all beliefs, each
voter prefers A with probability less than 1/2; then, whatever the induced
beliefs, in a large election the expected share of voters supporting A will be
less than 1/2.

We show that the condition is sufficient by constructing a signal struc-
ture as follows. Roughly speaking, with high probability 1 — ¢ the voters
receive conditionally independent draws of a binary signal, a or b, with a
being relatively more likely in state a and b relatively more likely in state 5.
With monotone preferences and € = 0, this would generally allow for infor-
mation aggregation in equilibrium as in [Feddersen and Pesendorfer| [1997].
However, with probability € > 0, the manipulator induces an additional
state-of-confusion: In this additional state, almost all voters will receive a
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common signal z while only few voters receive signals a or b. Conditional
on observing z, a voter knows that most other voters have also observed z.
The consequence is that, in contrast to the usual calculus of strategic vot-
ing, there is no further information about others’ signals contained in the
event of being pivotal. This is the critical observation and it implies that
voters behave essentially sincerely conditional on z. By choosing the relative
probability of z in the two states appropriately, the posterior conditional on
z will be 7, meaning, each voter prefers A with probability 1/2 and, hence,
the election is close to being tied. Thus, even from the viewpoint of the
few voters observing signals a or b, conditional on the election being tied,
it is likely that the other voters received the common signal z. By appro-
priately choosing the probabilities of a and b in the state-of-confusion, the
posterior conditional on the state-of-confusion and conditional on a or b is
q. Hence, in the standard state, when there are only signals a and b, a large
majority supports A. The main idea of the construction is that one can first
characterize equilibrium for voters receiving a z signal and then use that
to extend the construction to the other voters. For e converging to 0, the
construction in the baseline model converges to conditionally i.i.d. signals as
in [Feddersen and Pesendorfer| [1997]. For persuasion it will be sufficient to
have the ability to ‘block’ information aggregation in a state with vanishing
probability, as the electorate grows large.

We argue that persuasion is robust in various dimensions. First, the
played equilibrium is simple and insures voters against errors. Specifically,
the equilibrium profile is almost identical to voting sincerely given one’s sig-
nal, conditional on the state-of-confusion. One may argue that this behavior
is simple. In particular, voters just need interpret their own signal condi-
tional on that state; they do not need to make any further inference about
other voters’ signals using the equilibrium strategy profile. Furthermore, as
will be explained in detail later, sincere behavior is ”safe” in the sense of
being an ¢ best response conditional on being pivotal for a neighborhood
around the actual environment. Thus, even if a voter’s belief about the
environment and the equilibrium is slightly wrong, the cost of this error is
small (conditional on being pivotal).

Second, the played equilibrium is ‘attracting’. Specifically, for almost any
strategy, the best response to the best response lies in a neighborhood of
the equilibrium. In particular, the best response dynamics converges to the
equilibrium starting from almost any strategy profile (Proposition .

Third, the manipulator needs little information about the preference dis-
tribution of voters: The same signal structure works uniformly across envi-
ronments; it is not finely tuned to a particular distribution of preferences
and priors. In fact, all the manipulator needs to know is a neighborhood of
the actual prior and neighborhoods of the beliefs ¢ and 7 that induce a strict
majority for A and a closer election, respectively. By way of contrast, as
discussed momentarily, existing work assumes that the manipulator knows
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the exact preference of each individual voter and this knowledge is indeed
used.

In the second part of the paper, we consider an setting in which voters
already have access to information of the form studied in [Feddersen and
Pesendorfer| [1997]. Thus, if the manipulator adds no further information,
the outcome would be as with publicly known states. We show that, by
adding additional information, the manipulator can still persuade the voters
effectively (Theorem . In this setting, the manipulator does not have the
ability to 'block’ information in a small added state. However, the main
idea of the construction of the baseline model works here, too. We can first
characterise equilibrium for voters receiving z. In the added state (where
almost all voters receive z), the game converges to a game with only the
exogeneous binary signal. It is known that the equilibrium limit of such a
game is uniquely determined. In particular, this pins down the behavior
in the added state. We extend the construction to the other voters that
received a or b.

We generalise, and show that implementation of any state-contingent pol-
icy - not only implementation of A in both states - is possible by constructing
signal structures in a similar way (Proposition . Consequently, if an out-
side observer only knows that voters have the preferences as in [Feddersen
and Pesendorfer| [1997] and access to information that is at least as fine as
theirs, then it is not certain that information is aggregated in equilibrium.
No robust prediction (Bergemann and Morris| [2017]) is possible if the ob-
server only knows that voters have a certain minimal information (Corollary

).

In an extension, we discuss the possibility of persuasion with public sig-
nals. Suppose that preferences are monotone, voters have no private signals
about the state and hold a prior at which a majority votes B. Revealing that
the state is « clearly increases the probability of the outcome A. However,
it is not possible to induce a consistenly higher prior at which a majority
supports A. For public signals, Bayes-consistency implies that the expected
prior is equal to the initial prior. So persuasion is only partial (Proposi-
tion E| When voters receive exogeneous private signals and preferences
are monotone, persuasion is not possible with public signals: When adding
a public signal to a setting as in Feddersen and Pesendorfer| [1997], this is
equivalent to a shift in the common prior. However, we know that informa-
tion is aggregated for all possible non-degenerate priors. A degenerate prior
can only be induced by revealing a state, but this only helps information
aggregation.

The paper is related to work on persuasion in general and especially to
work on persuasion with multiple receivers (e.g., Mathevet et al.[[2016]) and

1However, when preferences are non-monotone, complete persuasion might be possible,
for n — co. These results are reminiscient of |Alonso and Camara) [2015].
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to persuasion of a receiver with private information about its preferences
(Kolotilin et al.| [2015], Guo and Shmaya, [2017]). Persuasion in the context
of elections has been studied in a number of papers under various restric-
tions. |Alonso and Camara [2015] study persuasion through a public signal
that is observed by all voters simultaneously. Consequently, voters do not
condition on being pivotal. We allow for private signals. In many settings, it
is natural that signals are not commonly observed[] Bardhi and Guo| [2016a]
study persuasion with unanimity rule. With unanimity, every voter needs
to be persuaded and hence the problem is more similar to a single-receiver
persuasion problem. Wang| [2013] studies private persuasion by condition-
ally independent signals. This rules out the type of persuasion through a
state-of-confusion that we consider. We believe that correlation of signals
is feasible in many natural applications. |Chan et al. [2016] study persua-
sion with known and monotone preferences through private signals. Our
work shares with theirs the observation that the voters’ conditioning on be-
ing pivotal allows relaxing the Bayesian consistency requirement. However,
in our work, persuasion is achieved differently, namely, through a state-
of-confusion. Moreover, we allow for general preference heterogeneity and,
in particular, voters’ preferences are their private information. The latter
means that the type of ”targeted persuasion” that is studied in the related
work is not feasible here. When the preferences of individual voters are
known, signals can be individualized so that they make a specific individ-
ual just indifferent. Methodologically, with known preferences, a revelation
principle argument implies that individual signals are binary without loss of
generality. []

A more detailed discussion of the related literature is in Section[7} There,
we also discuss in depth the existing work on failures of information aggre-
gation, especially Mandler| [2012], Feddersen and Pesendorfer| [1997] (their
extension to aggregate uncertainty about preferences), and Bhattacharya
[2013].

The rest of the paper is organized as follows: In Section [1| we present
the model. In Section 2] we discuss a binary-state version of [Feddersen and
Pesendorfer| [1997] as in |Bhattacharya [2013]. In Section |3| we present the
persuasion possibility result for the baseline model (Theorem , and illus-
trate its robustness. In Section [4f we prove the possibility result (Theorem
for the setting where a manipulator can add information to exogeneous

2Note that z is an almost common signal.

3Furthermore, given that there is a deterministic relation between signals and induced
votes, the signal structure can be chosen such that the signal ‘vote A’ is pivotal in different
profiles from the signal ‘vote B’. For example, with 11 voters, if the induced signal profile
is 6 "vote A” and 5 ‘vote B’ signals, then only voters with a ‘vote A’ signal are pivotal.
By judiciously choosing distributions over such profiles across states, being pivotal with
a ‘vote A’ signal implies that the state is a with certainty and being pivotal with a ‘vote
B’ signal implies that the state is § with certainty. In our setting, the interpretation of
being pivotal is independent of one’s signal.
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private signals. In Section we show that any state-contingent policy can
be implemented with probability close to 1 (Proposition . In Section
we discuss the possibility of persuasion with public signals (Proposition
and when voters do not have heterogeneous types (Proposition . Section
|§| discusses feasibility, other equilibria (Proposition |5) and evidence for the
strategic voter paradigm. In Section [7] we discuss the paper’s contribution
to the existing literature and compare our results especially to other results
on voter persuasion and other reported failures of information aggregation.

1 The Model

There are 2n+ 1 voters, two possible election outcomes A and B, and two
states of the world w € {a, 8} = Q. Voters hold a common prior. The prior
probability of « is pg € (0, 1), and the probability of 8 is 1 — py.

Voters have heterogeneous preferences. The preferences are private infor-
mation. A preference type is a pair t = (ta,tg) € [—1,1]?, with ¢, the utility
of A in w. We normalise the utility of B to Zeroﬁ Preference types are
independently and identically distributed according to a commonly known
distribution G that has a strictly positive density.

An information structure 7 is a set of signals S and a joint distribution of
signal profiles and states. We assume that, for all w € €2, 7, is symmetric

with respect to the voters. |E|

A symmetric strategy of the voters is a function of the signal s and the
type t, and denoted by o : S x [~1,1]%> — [0, 1] where o(s,t) is the proba-
bility of type t to vote A after s.

Aggregate Preferences. For a given strategy o, denote by piv the event
in which, from the viewpoint of a given voter, n of the other 2n voters vote
for A and n for B. This is the event in which the voter’s vote is decisive.
Given o, a voter of type t who received s weakly prefers to vote A if and
only if
(1.1) Pr(als, piv;o, ) - to + (1 — Pr(als, piv;o,m)) -tg > 0.

A central object of our analysis is the aggregate preference function

d(p) :=Pra(p-ta+ (1 —p) -tz >0)

40‘cherwise7 we can view t,, as the difference of the utilities of A and of B in w.

5The joint distribution F' of random variables Yi,...,Ya,41 is called symmetric if
Pre(yr < 21, 92041 < 22041) = PTF(yh(l) < Zn)s - -5 Ynntl) < Zh(zn+1>) when-
ever h is a permutation of {1,...,2n + 1}.
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FIGURE 1. For any given belief p = Pr(a) € (0,1) the curve
of indifferent types is tg = %ta.

which maps a common belief p to the probability that a random type ¢
prefers A under p. Note that ¢ is continuous, since G is continuous.

Equilibrium. We analyse symmetric Bayes-Nash-equilibria in weakly
undominated, pure strategies and call them (voting) equilibria. A strategy
o is a cut-off-strategy if for all s € S there exists p; € [0,1] such that
o(s,t) =1 & to-ps +tg- (1 —ps)) > 0. Any best reponse is a cut-
off strategy with cut-offs ps = Pr(al|s, piv;o,m) by Voter types t >
0 (A-partisans) have the weakly dominant strategy to vote for A. Voter
types t < 0 (B-partisans) have the weakly dominant strategy to vote for
B. The restriction to undominated equilibria rules out trivial equilibria,
because because G puts strictly positive probability on voter types t >> 0
and t << 0 by the assumption that it has a strictly positive density. The
restriction to equilibria in pure strategies is without loss, because, by
and the continuity of G, a voter has a unique strict best response with
probability 1.

Convergence. Convergence of strategies means pointwise convergence
(up to measure 0). A sequence of cut-off-strategies o, with cut-offs (psn)ses
converges to a cut-off strategy o with cut-offs (ps)ses if and only if p; ,, nzpe
ps for all s € S. When we speak of distances ||c — ¢’|| between cut-off
strategies, we mean the FEuclidean distance.

Remark 1. The collection of posteriors conditional on piv and s, namely
(Pr(als, piv;o,m))ses, is a sufficient statistic for the unique undominated
best response. The possibility of writing equilibria in terms of posteriors is
what makes our model easily amenable to the Bayesian Persuasion literature.
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Remark 2. Imagine that a sender, who we do not model, commits to m. By
analysing the equilibria of I'(r), we implicitly analyse the scope of voter
persuasion.

Remark 3. Given the general preference distribution GG, the model nests
almost common values. Besides, it does not only include the case in which a
majority prefers A when it is known that « holds, and B when it is known
that £ holds, but also all cases in which the majority preference does not
match the state.

The sincere strategy 6,,(q,r) is the strategy that acts upon the posteriors
conditional on the signal s only.

Definition 1. The sincere strategy ,(q, ) is the pure strategy given by
a(q,r)(s,t) =1 & to - Pr(als;q,r) +tg- (1 — Pr(als;q,7)) > 0.

Definition 2. For any (q,7,6) € RZ? x R=% x [0, 1], the §-perturbed game
Iy (q,r,0) is the game of n voters induced by m,(g,r) in which each voter,
with probability J, plays & and votes sincerelyﬁ

2 Benchmark: Condorcet Jury theorem

Consider the case when voters receive a binary signal {u,d} that is in-
dependently, and identically distributed conditional on the state w. The
informativeness of signals is bounded, namely the signal probabilities satisfy
1 > Pr(ula) > Pr(u|B) > 0.The following are benchmark assumptions
from the literature:

1. The aggregate preference function ¢(p) is strictly increasing, that is,
the probability that a random voter prefers A for a given belief p on
« strictly increases with p. We say that preferences are monotone.

2. It holds that ¢(1) > % and ¢(0) < . So, the full information
outcome, namely the outcome which is prefered by a majority of
voters under perfect information on the state, is A in o and B in .

The information aggregation literature concerns with the question if strate-
gies imply the full information outcome when the electorate n grows large.

Sincere Voting. When voters vote sincerely and the prior is sufficiently
extreme, sincere voting does not aggregate information: For example, if pg
is sufficiently low such that ¢(Pr(aju)) < 3, a random voter votes A with
probability smaller % after any signal. The law of large numbers implies that
B is elected with probability converging to 1. However, when voters vote
sincerely and priors are sufficiently unbiased, the full information outcome

6Formally, when a voter chooses to play o in the d-perturbed games, he effectively
plays the perturbed strategy (1 — d) - o(s,t) + d - 6(s,t). Sometimes we highlight with a
superscript d that for example the effective probabilities to vote A are meant, Pr’ (o (s,t) =
1) := (1 = )Pr(o(s,t) = 1) + 0Pr(6(s,t) = 1).
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is elected with probability converging to 1. For example, if for given signal
ﬁiEZIgg > 1, the prior is sufficiently close to 3 we have ¢(Pr(a|u)) >

precision

5.
This instance of the Condorcet Jury Theorem (Condorcet| [1793]) is illus-
trated in the following figure on the right hand.

Pr(a|b) Po Pr(«ala) p Pr(alb) Po Pr(ala) p
Under &, information aggregation fails Under &, information is aggregated
with sufficiently extreme priors. with sufficiently unbiased priors.

Strategic Voting. When the benchmark assumptions hold, and signals
are identically distributed conditional on the state w, the model in this paper
describes a binary-state version of Feddersen and Pesendorfer [1997]. In this
exact setting, [Bhattacharya [2013] has replicated a result by Feddersen and
Pesendorfer| [1997], namely that the Condorcet Jury Theorem extends to
strategic voting. Moreover, under strategic voting information is aggregated
even with extreme priors.

Theorem 0. (Bhattacharyd [2015] ﬂ

Under the benchmark assumptions: When voters receive binary signals that
are independently, and identically distributed conditional on the state w, with
1 > Pr(ala) > Pr(a|B) > 0, and when preferences are monotone, then the
probability that the full information outcome is elected, converges to 1 in any
sequence of equilibria.

Proof. In the Appendix.

"This theorem is implied by Theorem 1 in Bhattacharyal [2013] The notation for the
function ¢(-) is h(-) in Bhattacharya, [2013].



10 ROBUST VOTER PERSUASION

lim,, o0 Pr(o,(s,t) = 1]

=

~— NI

lim,, o0 Pr(on(s,t) = 1|38

F1GURE 2. Condorcet Jury Theorem in|Bhattacharya, [2013]:
In any equilibrium sequence , lim,_,o Pr(o,(s,t) = 1|a) —
+ =limy, 00 3 — Pr(on(s,t) = 1|B) holds.

3 Possibility of Persuasion

3.1 Information

We consider a parametric class of information structures m,(g,r) with
S ={a,b, z}. We illustrate m,(q,r) by two diagrams:

2 2
3 a 3 N
1—¢ 1 - ﬁ
o1 — 51
1 1
3 3
s b >
a B 1
€2 n2
— a >
€1 1 —2e ﬁ 1 - n22
— a2 > z - Bo S
1
€2 n2
s b >

Information structure m,(q, ) in a. Information structure 7, (g, ) in .
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We set €1 = 1;;’0 1%% and ey = 1—;”1%(1#. First, nature draws the state
w € {a, B} according to pp. Then, a sub-state w; with j € {1,2} is drawn.
Conditional on w; voters receive independently and identically distributed
signals s € {a,b, z}. The probabilities by which the sub-states w; are drawn
and the probabilities by which the signals are sent to voters conditional on

wj are indicated along the arrows.

The parameters ¢, have an easy interpretation: By definition, the pos-
teriors conditional on the signal and Qg := {«y, Bg}ﬁ satisfy

(3.1) 1i_>m Pr(alz,Q9;q,7) = r, and
(3.2) Pr(als,Q2;q,7) = ¢q for s € {a,b} and all n € N.

Remark 4. When the electorate grows large, m,(q,r) converge to signals as
in the benchmark [2l Only in states Qg, the information structures 7, (q,r)
differ from an information structure in the benchmark. In €9, voters receive
an almost public signal z. Intuitively, in €29, in contrast to the usual calculus
of strategic voting, there is no further information about others’ signals
contained in the event of being pivotal: Information aggregation is ‘blocked’.
By concentrating the analysis on m,(q,r) we restrict a potential sender to
‘blocking’ information aggregation in states of vanishing probability.

Remark 5. The following story shall illustrate m,(q,r): Imagine a politician
who places ads (signals) on a webpage. Most of the time in «, ad a appears
with probability % to a visitor, and ad b appears with probability %, and
vice versa in . However, in state «, with small probability €;, ad a and
ad b appear each with probability ez, and ad z appears with probability
1 — 2¢5. In state 8, with small probability %, ad a and ad b appear each
with probability n—lg, and ad z appears with probability 1 — % This ad
placement strategy implements m,(q,r) when the arrival of voters to the
webpage is independently, and identically distributed.

3.2 Result

From now on, consider preferences GG such that there exists a common
belief on a under which less than a majority of voters prefers A. Formally,
this requires that ¢(p) takes values strictly below %ﬂ

Definition 3. The Qs-sincere strategy dq,(g,r) is the pure strategy that
votes A if and only if [T

ta - Pr(als, Q25 q,7) +tg - (1 — Pr(als,Q2;4,7)) > 0.

8Sirnilaurly7 we define Q; := {a1, 1} and we denote the generic element of ; by w;.

ot o(p) > % for all p € [0,1], A is the election outcome for n — oo under the ‘null’
information structure that always sends the same signal.

10Recall the interpretation of the parameters ¢ and r in terms of the posteriors

Pr(als,Q2;¢,7) in and
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The following Theorem [I]| gives a weak condition on G under which the
parameters ¢ and r of the information structure 7, (q,r) can be chosen such
that, for large n, A is elected with probability close to 1 in an equilibrium
of the unperturbed game. The equilibrium in which A is elected is simple
as it converges to {2o-sincere voting.

Theorem 1. If there exists a common belief ¢ € [0,1] such that a strict
magority of voters prefers A under q, ¢(q) > %, then there exists a belief T
such that 6q,(q,T) is the limit of some equilibrium sequence oy, in the games
I'.(q,7,0), and it holds that lim,_,~ Pr(A is elected|oy;q,7,0) =1 .

Weakened Bayes-Consistency Constraints: Note that under 6q,(q,7), for
n — 00, agents act upon the posterior ¢ with probability converging to 1.
The Bayes consistency constraints for persuasion of multiple voters vanish
completely for n — oo. This is in stark contrast to persuasion of a sin-
gle receiver where posteriors have the martingale property (Kamenica and
Gentzkow, [2011]).

The sufficient condition of Theorem [I| requires that there must exist a
common belief p under which a majority of voters prefers A. This is clearly
a necessary condition for A to be elected. Intuitively, the condition describes
two aspects of G:

No majority of B-partisans. The voters that prefer to vote B regardless
of their belief do not represent a majority, for n — oo. These are the types
with ¢ << 0.

Asymmetry of Information-Sensitive Types. There must be an asymme-
try between the voter types who prefer A only in state «, that is, those for
which ¢, > 0 and tg < 0, and the voter types who prefer A only in state 3,
that is, those for which ¢, < 0 and ¢g > 0. If both groups of voter types
are equally likely, and the density of GG is symmetric, meaning that it takes
the same values at (to,t3) and at (—to, —tg) for all (to,tg) with t, > 0 and
tg < 0, then the function ¢(p) = Prg(p-ta + (1 —p) - tg > 0) is constant
in p. Then the condition can only be fulfilled if ¢(p) > % for all p, hence
persuasion is trivially possible. So, in the fully symmetric situation, the
condition of Theorem [l either fails or persuasion is trivially possible.

3.3 Sketch of Proof

In the states 29, almost all voters receive the common signal z, for any
g, and . Conditional on observing z, a voter knows that most other
voters have also observed z. Intuitively, in contrast to the usual calculus
of strategic voting, there is no further information about others’ signals
contained in the event of being pivotal. Formally, we we establish Lemma
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(i) in the Appendix and apply it to 2, = Pr’(oy,(s,t) = 1|ag;on,q,7,0),
and y, := Pr‘s(an(s,t) = 1|B2;0n,q,7,9). We record

Lemma 2. For any sequence (0,)nen of weakly undominated strategies, it

. Pr(piv|ag;on,q,r,0
holds that hmn*)()o m =1.

Proof. In the Appendix.

o Pr(a|z,piv;on,q,r,6) — 15 PI‘(OL'Z;(],T,(;)
Consequently, lim, Br(Alz pivionqrd) = limy, oo Pr(Blzgrd) Therefore,

after signal z agents behave sincerely. This means that we can control the
behavior of agents getting z perfectly - and in particular make the election

arbitrarily close to being tied in wy by choosing r e= lim,, o0 Pr(az, Q2; ¢, 7)
appropriately. The assumption of Theorem [l| requires that there exists ¢
with ¢(q) > % Since ¢ is continuous, we can apply the intermediate value
theorem and obtain 7 with ¢(7) = 3, that is under the belief 7 a random
voter prefers A with probability % So, given 7, (q,7) and any equilibrium
sequence o, it holds

lim Pr(o,(z,t) = 1|lon;q,T,0)

n—oo

(3.3) L pra(te - THts (1—7) > 0) = ¢(7) = 5

Remark 6. We call the states Q9 the ‘states-of-confusion’, because informa-
tion aggregation is not possible in €9, since voters receive an almost public
signal z. Also, by the election outcome is purposefully highly uncertain
in QQ.

Lemma 3. If

1

(3.4) min || lim Pr’(o,(s,t) = 1|wa; q,7,68) — =|
w n—oo 2

1
< min|| lim Pr‘s(an(s,t) = llwisq,7,6) — =,
w n—oo 2

. Pr(als,pivion,q,r,0) _ Pr(als,Qa;q,7,0
holds, then lim, s PrEBI‘s,piv;oZ,q,r,ég = Pr((6|‘s,922;,q,7",5)) for s € {a,b}, and the

unique best response to oy, in the games I'y(q,r,0) converges to 6q,(q,r) for
n — o0o.

Proof. In the Appendix.

Lemma [3| shows that if the limit of the expected margin of victory in the
states wy is strictly larger than the limit of the expected margin of victory
in the states wy (call this the ‘margin-of-victory condition’), the unique best
response converges to (da-sincere voting dq,(q,r) for n — oo. Intuitively,
when the margin-of-victory-condition holds, conditional on being tied, the
states wy are much more likely than the states wi. Hence, being pivotal
contains the information that the states €); do not hold, but no information
beyond that, by Lemmal[2] This is precisely the information that Q-sincere
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voters condition on. Hence, the best reply converges to dq,.

. . . s . . . Pr(w1]s,piv;on,q,r,0
More precisely, the margin-of-victory condition implies lim,, Prgw'l }S’ijan’g’r’ 6% =
219 yOns4,h,

Pr(wilsig,r) Pr(pivjwison,gr) _ /
Pr(w] [55,1,0) Pr(pivlwaion g,rd) — 0 for s € {a,b} and any w,w’ € Q.

This can be seen as follows: The probability of the election being tied is de-
creasing exponentially faster in states w; than in states wy. Conditional on
the signal s € {a, b}, the states wy are less likely than the states w;. However,
note that the ratios %

to n3 for s € {a,b}. So, the exponentially decreasing terms —gigﬁmﬁigﬁgigg
dominate. So, the posteriors conditional on being pivotal and conditional
on s € {a,b} vanish on w;. Being pivotal contains the information that the
states 21 do not hold for n — oo.

are only increasing at a rate proportional

Equilibrium Construction. We can control the limit behaviour of agents

getting s € {a,b} by choosing ¢ e= Pr(a|s,Q9;q,7,0) appropriately by

Lemma By assumption, there exists a commmon belief ¢ € (0,1) such
that under ¢ a majority of voters prefers to vote for A,

(3.5) ¢(q) >

In the games I'), (g, 7, 0), under the Qo-sincere strategy dq, (g, 7) and for large
n, a strict majority of agents votes A after getting s € {a, b}: lim,_, Pr(dq,(s,t) =

11s;,7,0) P8 +BAp 4 aiti(1-g) > 0) = 6(g) = L for s € {a,b).
By under &g, (q,7), the limit of the expected margin of victory in the
states woy is zero. So, 6q,(q,7) satisfies the margin-of-victory condition
of Lemma So when agents vote {)o-sincerely or use a cut-off strategy
close—byH to 6q,(q,T), the best reply converges to q,(q,7). A fixed-point
argument, Lemma [ closes the loop of best replies. Hence, there exists a
sequence of equilibria that converge to 6q,(q,7). This shows the claim of
Theorem |1} because under any strategy close-by to 6q,(q,7), A gets elected
with certainty, for n — oo.

We illustrate the equilibrium construction:

11By close-by we mean that the Euclidean distance of the cut-offs is small.
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N[

q p

=
o
R

Under 60,(q,7) citizens vote A with probability ¢(7¥) = 3

after z; citizens vote A with probability ¢(g) > % after a and
b. This supports the belief that conditional on being pivotal
the states €27 do not hold, and justifies that voting according
to Pr(a|Qq, z;q,7) = 7 after z and Pr(a|Qq, s;q,7) = q after
s € {a, b} is optimal, for n — oo (see Lemma [3)).

Remark 7. (Stability of 6q,(q, 7)) There exists € > 0 such that the margin-
of-victory condition holds for all ¢ € B(dq,(g,7)). Consequently,
lim,, oo BR(0) = 6q,(q,7) for all ¢ € B(6q,(g,7)) by Lemma [3 Hence,
there exists n € N such that any cut-off strategy o € Be(Gq,(g,7)) is e-close
to its best reponse BR(o) for all n > n. Formally, this means that the
cut-offs of o and BR(o) are e-close. So, after any signal s, any type that
makes different choices under o and BR(o) must be e-close to the indifferent
type (the cut-off of BR(0)); consequently the type’s loss is smaller than e
conditional on being pivotal. We say that o is a conditional e—equz’libm’um@
The strategy Gq,(q,7) is stable or ‘safe’ in the sense that all strategies in a
neighbourhood of 6q, (g, ) are conditional e-equilibria.

12The classical notion of e-equilibrium (see e.g. |Radner| [1980]) is void for the voting
games analysed, since the probability of being pivotal converges to 0 for n — co. Therefore
any strategy is an e-equilibrium for n large enough.
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Computational Example. We specify the preferences, the prior and
the information structure by the assumptions that Pr(t, > 0,13 < 0) = 1@,

that Pr( t;iiﬁ < p) =pforall p € [0, 1] which implicitly defines G, and
1 3

that pg = i. Further we set r = 5, and ¢ = §. In the Appendix we show
that under these primitives an equilibrium o, close to conditional sincere
voting exists for n > 200. Additionally, in this equilibrium A is elected with
a probability of more than 99 percent.

To do so, we show that under the specified primitives the best reponse is a
self-map on the set of strategies o satisfying Pr(A|s) > 0.7 for s € {a,b},
and Pr(A|z) € [0.45,0.54] for n > 200. This yields an equilibrium in which
voters with an a-or b-signal vote A with at least 70%.

3.4 Robustness

Conditional Sincere Voting is Simple. The voting strategy is simple
to operationalise: If we want to tell a voter to behave conditionally sincere,
then this will only require the voter to calculate his personal beliefs. It
would not require knowledge of G or the strategies of others. It is simple
to rationalise: Conditional sincere voting is an equilibrium (limit) by the
simple logic that it is optimal to condition on the states €o if the expected
margin of victory is smallest in 9 (cf. Lemma |3); if all voters actually
condition on €y, the underlying assumption on the order of the margin of
victories is indeed true, intuitively, because voters receive an almost public
signal in Q9 which (by construction) induces a close election outcome.

Best Response Robustness. Recall that we use a stability argument
in the equilibrium construction of the proof of Theorem 1 (we use Lemma ,
recall also Remark([7). This implies that, in the games I', (g, 7, 0), conditional
sincere voting has a non-trivial basin of attraction with respect to the best
response dynamics for n sufficiently large. We prove a more general result
in the following. Denote by BR(o) the best response to a strategy o, and by
BR? the the twice iterated best response, BR?(c) = BR(BR(c)). Further
for any € > 0, and n € N define

Y2(e,n) := {0 : o cut-off strategy for which ||BR?*(c) — 6q,(q,7)|| < €}

I3Note that this is slightly inconsistent with the assumption that G has a strictly
positive density, but made for simplicity of presentation.

HMNote that this assumption is equivalent to saying that ¢(p) = p for all p € (0,1). One
distribution G on [0, 1] x [—1, 0] that induces such a uniform distribution of ‘thresholds of
doubt’ is given by the density

t t _ . —t
" tﬁ):{ L+ (£2)2 2 iy oy 1+ (20207 i 2 <

1

2
t i -1 : —is 1
L5202 (2 Jja sy V1 + (G2)%d0) if >3
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for 7 and g satisfying and respectively. We can identify cut-off-
strategies with their cut-offs (p(s))ses, and therefore understand %2 (e, n) as
a subset of [0, 1]3.

Proposition 1. (Global Basin of Attmctionﬁ

Under the benchmark assumptions: For any € > 0, the measure of ¥?(e,n)
in the space of cut-off-strategies [0,1]3 converges to 1, for n — oco. In par-
ticular, there exists n(e) € N such that all cut-off strategies o for which

1 1 _1
3.6)[I[Pr(a(s,t) = 1lar) = Il = [[Pr(a(s, ) = 1|61) = Sl > n™1 and

1 ) 1 _1
(hatin [|Pr(o (s, t) = Lwr) - S|l - min [Pr(o(s, ¢) = Ljwa) = S|l > n i
hold, are elements of ¥%(e,n) for n > n(e).

Proof. In the Appendix.

Propositionimplies that the best response dynamics converges to 6o, (q, )
for almost any starting point, when n is large.

Sketch of Proof. Whenever the expected vote shares are sufficiently larger
in 21 than in s, than - similar to the margin-of-victory condition - the
best response converges to conditional sincere voting &g, (¢, 7). Conversely,
whenever the expected vote shares are sufficiently smaller in £2; than in o,
for n — oo, being pivotal contains the information that states 25 do not
hold. However, by the same reasoning if the difference in expected vote
shares in «q and f; is sufficiently large, for n — oo,being pivotal contains
the information that either a1 does not hold or 1 does not hold after sig-
nals @ and b. In any case under the best response voter behaviour in € is
almost as if it is known that a specific state holds. Under the benchmark
assumptions, a strict majority of voters prefers A in « and B in 8. Since,
in any equilibrium the limit of the expected margin-of-victory is zero in
9, the best response satisfies the margin-of-victory condition Conse-
quently, the twice iterated best response converges to dq,(q,r) by Lemma

Conditional e-equilibrium BR?(0). By Remark [7] any strategy o in
a neighbourhood of conditional sincere voting 6q,(q, ) is e-close to its best
reponse BR(c); o is a conditional e-equilibrium. So, Proposition (1| implies
that for almost any o, the twice iterated best response BR?(c) is a condi-
tional e-equilibrium.

Level k-Implementability: Note that Proposition [I| and the remark af-
ter loosely relate to the concept of level k-implementability (de Clippel

I5The result holds more generally. If we consider any random (not necessarily cut-
off) strategy as starting point, for any € > 0 the probability that the twice iterated
best response lies in an e-neighbourhood of conditional sincere voting converges to 1, for
n — oo.
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et al.|[2016]). For approximately any strategy (a ‘behavioral anchor’), the
level-2-consistent strategies are conditional e-equilibria and e-close to con-
ditional sincere voting for n > n(e). In this sense, alternative A is level-2-
implementable.

Perturbation Robustness. Consider an agent with a misspecified be-
lief G’ # G (or alternatively a misspecified prior pf, # po. Consequently, he
has a wrong belief on the margin-of-victory in the states w; and wo under
conditional sincere voting q,(q, 7). If the misspecification is small, he be-
lieves that 6q,(q, T) satisfies the margin-of-victory condition so his best
response converges to equilibrium limit play 6q,(q,7) for n — oo.

Sender Robustness (Informational Requirements). Recall that
mn(q,r) are functions of the prior. Consider a sender who has a mis-
specified prior pg. Suppose, the sender commits to m,(¢’,r’) such that
under a believed prior pj, the induced posteriors conditional on the sig-
nal and conditional on g, satisfy lim,,_,. Pr(alz,Qo;¢/,7,p}) = 7/, and
Pr(als,Qo;¢', 7", py) = ¢ for s € {a,b}. If the true prior is py, the actual

Pr(a]z,Q2;¢',77,p0) /. po . 1=po

osteriors satisfy lim =7 .
p Y HMn—00 Pr(Blz Q34,7 po) Py 1)

chooses 7’ such that ¢(r') = 3 (compare , and ¢’ with ¢(¢') > 1. If
his misspecification on the prior is small, also the actual posteriors ¢ and
r satisfy ||¢(q) — || — [|¢(r) — 1| > 0. Then, the argument of the proof
of Theorem [I| goes through and there exists an equilibrium sequence that
converges to conditional sincere voting for n — co. A similar argument can

be applied if the sender has a slightly misspecified belief on G.

Suppose the sender

4 Exogeneous Private Signals

The results by [Feddersen and Pesendorfer| [1997] and Bhattacharya) [2013]
(see Theorem [0)) have shown that, within a broad class of monotone prefer-
ences and conditionally i.i.d. signals, equilibrium outcomes of large elections
are equivalent to the outcome with publicly known states, a version of the
Condorcet Jury Theorem holds. In the first part of the paper, we showed a
sender can manipulate elections by creating states-of-confusion 25 in which
voters receive an almost public signal z. (Theorem . This ‘blocks’ infor-
mation aggregation in {29 and we explained how this allows to steer voter
behaviour even in the states where no voter receives z.

The possibility of almost public signals relies on the assumption that the
sender is a monopolistic information provider. This is restrictive. For ex-
ample, the independent media are a major source of information for voters.
This section investigates the following natural question: Is manipulation
possible just by releasing additional information when voters already have
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private signals and a version of the Condorcet Jury Theorem would other-
wise hold in a large election?

In this section we consider a variation of the voting games I',,(gq,r,0)
from Section The information structure of voters contains signals S =
{a,b,z} x {u,d} from two sources. We look at the scenario in which vot-
ers receive both signals from 7, (g, ), and from an exogeneous information
structure 7, which sends binary signals {u,d} that are independently, and
identically distributed conditional on the state of the world w € §2. Signals
from 7 and m,(q,r), are send independently of each other conditional on the
state of the world w € 2. We make the usual assumption on informativeness
of signals, 1 > Pr(u|a) > Pr(u|8) > 0. So,

Pr(alu, 7) - Pr(ald, 7)
Pr(Blu,7) = Pr(fld,7)
For s € {a,b}, and v € {u,d}, in this setting, it holds that

(4.1)

. Pr(av, 2, my, 7) r  Pr(v|a)
4.2 | = . d
( ) nl—?;o PI‘(B|U7 2, QQ7 7Tn77_7) 1—r PI‘(U|B), an
(4.3) Pr(afv, s, gm0, @) ¢ Pr(vle)
' Pr(Blv,s,Q9;mp, @)  1—gq Pr(v]B)

where we used and

and the independence of 7 and m,(g,r). In

comparison with and the additional terms gig:’)l'gg come from the
learning through 7. The definitions of Section [3] are adapted to the setup
with exogeneous private signals 7; in particular Definition [] of sincere voting
&, Definition [3] of §s-sincere voting 6q,, and the definition of the voting

games '), (g, r,0). The possibility result still holds:

Theorem 2. Under the benchmark assumptions: For any 7w there exist
q > 7, such that 6q,(q,7) is the limit of an equilibrium sequence o, in
' (q,7,0) and it holds that lim, o, Pr(A is elected|oy,; 7, (q,7), 7) = 1.

Contrary to the case without exogeneous private signals 7, there is not
an almost public signal in 2. So, the expected vote share for A in as is not
necessarily close to the expected vote share for A in 52, and conditional on
)y being pivotal can obtain information, for n — oo (compare with Lemma
. So voters do not neccesarily vote sincerely after z. However, similarly,
voter behaviour after z is independent of the behaviour after a and b in
equilibrium and for n — oo, as the Lemma [6] below shows. For this, note
that conditional on {29, the voting game approximately describes a game
with binary signals u, d that are conditionally independent given the state
ag or 2. From Bhattacharyal [2013] we know that such a game has a unique
equilibrium limit for n — oco. The proof is made in three steps:

The first step establishes uniqueness of the limit of equilibrium play after z.
The second step shows that we can rationalise the equilibrium play after z
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as sincere voting. The third step constructs an equilibrium sequence along
the lines of the proof of Theorem [I} However, here the fixed point argument
is applied to a modified best response function.

Proof.

Definition 4. (Partial games)

Any information structure m,(q,r) induces a collection of (unperturbed)
Bayesian games of n voters, in which the voter behaviour after the signal
combinations s and v for s € {a,b} and v € {u,d} is fixed by a given
strategy. We call these games the partial games (of m,(q,7)).

Step 1: Equilibrium Play After z. After receiving z, and v € {u, d},
a voter weakly prefers to vote A if and only if
to - Pr(a|piv, z,v;0pn, mn(q, 1), T) + tg - (1 — Pr(a|piv, z,v; 00, mp(q, ), 7) > 0.

th Pr(a\piv,z,v;gn,wn(qm),T_r) — Pr(a‘pivzz§0n,7rn(q»r)7ﬁ) PI‘(’U|CM,7_I')
wi 1*Pr(a|piv,z,v;an,nn(q,r),ﬁ') - 17Pr(a|pivvz§an7ﬂ'n(er)’ﬁ') ' Pr(v‘ﬂ:ﬁ)
dence of m,(gq,r) and 7. So r, := Pr(a|z, piv;o,) is a sufficient statistic for
equilibrium behaviour after z. Identify r, € (0,1) with the pure strategy in
a partial game that votes optimally with respect to the belief p(v) after z

and v € {u,d}, for 132)()11) = 132 . Eig}gg So under 7, a citizen votes A if

and only if ¢, - p(v) +tg- (1 —p(v)) > 0.

by indepen-

Lemma 5. (Equal Margins of Victory in as, 32.)

For any given partial game, lim, o ||Pr(o(s,t) = 1|ag)— || —limp—o0 [[Pr(o(s, t) =
1162) — %H 1s strictly increasing in r,. Moreover, there exists a unique strat-

eqy 7, € (0,1) under which the margin of victory in ag is equal to the margin

of victory in Bo for n — oo, that is

. 1 ) 1
Jim [[Pr(o(s, t) = 1|az) — §H = lim [[Pr(o(s,t) =1]B2) — §H.
Proof. In the Appendix.

We understand the best response in a partial game as a function of r, €
(0,1).

Lemma 6. There exists ng € N such that: Let any partial game be given.
There exists a unique equilibrium r3 in this partial game if n > ng, and it
holds that lim,, o 75 = 7.

Proof. In the Appendix.

Step 2: Sincere Voting After z. Recall that r is the limit of the pos-
terior conditional on Q9 and conditional on z in the games I', (g, r,0) by
So, for r = r,, conditional on {3 being pivotal contains no information in
equilibrium, for n — oo, since Lemma@ implies that lim,,_, Pr(a|z, piv) =
7, = r = lim, o Pr(a|z,22). Hence, voters vote sincerely after z, for
n — oo. This is analogous to Lemma [2]in the situation without exogeneous
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private signals 7.

Step 3: Equilibrium Construction. As Lemma [3] followed from
Lemma |2} its analogue (with the necessary notational changes) holds with
exogeneous private signals 7 when r» = 7,. We write 7 = r, in the following.

Lemma 7. If for all w,0’ € {a, B},
1
(4.4) I Jim Pr(o(s,t) = 1jwh; ma(g, 7), 7) = 5|
1
< || lim Pr(o(s,t) = 1jwi;mn(g, 7), 7) = Sl

2
Pr(als,v,piv;o,m, (q,7),7) _ Pr(al|s,v,Qa;0,m.(¢,7),7) B3I ¢ Pr(v|a
then limy, o0 Pr(B]s,v,pivio,mn (p,7),7) Pr(ﬁ\s v,Q2;0,m0(q,7),%) — 1—q  Pr(v[B fO?"
s € {a,b} and v € {u,d}, and the unique best response to o in the games

I'n(q,7,0) converges to 6q,(q,T) for n — oo.

Equilibrium Construction: We can control the behaviour of agents getting
a or b by choosing g appropriately. Recall the first benchmark assumption
which assumes that ¢(p) is strictly increasing in p. So, the fraction of voters
that prefer A increases with the belief p. There exists ¢ < 7 such that for
all v,w € {u,d} and s € {a, b},

Pr(alv, z,wa; 7, (q,7),7) @@ T Pr(v|a)

U9 B BBl s @) 1—7 Pr(ul)
é q‘ Pr(w|a)

1—q Pr(w|g)

@3 Pr(ajw,s,Q;m,, )
B Pr(ﬁ‘wa‘S:QQ;ﬂ—naﬁ)'

By Step 1, the limit of the expected margin of victory in as is equal to
the limit of the expected margin of victory in B in equilibrium. By Step 2,
under 7,(q,r) the limit equilibrium play after z coincides with s-sincere
voting 6q,(q,7), for n — oo. Consider the games I',(g,7,0): By the first
benchmark assumption and strictly more voters vote for A in ag than
in B5. So, in equilibrium in ag a majority of agents votes for A, for n — oo.
But, for large n, by the choice of § and even more voters vote for A in
the states w;.

So, when playing a strategy close-by to 6q,(q,7) after s € {a,b} and the
corresponding partial game equilibrium after z, the limit of the expected
margin of victory in the states w; is strictly larger than the limit of the ex-
pected margin of victory in the states ws, so the condition [4.4] of Lemma [7]
is fulfilled, and the unique best response converges to éq,(q,7), for n — oo.
A fixed point argument closes the loop of best replies.

More precisely we invoke Lemma [10] (details in the Appendix). Hence, there
exists an equilibrium sequence that converges to 6q,(g,7). This shows the
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claim of Theorem [2| because under and strategy close-by to dq,(q,7) alter-
native A gets elected with certainty for n — oo.

limy, o0 Pr(on(s,t) = 1]a2)

1
2
limy, 00 Pr(on (s, t) = 1]582)

Under 6q,(q, 7) voters play the unique [Bhattacharya [2013]-
type equilibrium after z (cf. Figure . By choosing 7, we
rationalise this equilibrium as 2s-sincere voting after z, for
n — oo. Citizens vote A with probability ¢(g) after a and
b. This supports the belief that conditional on being piv-
otal a1 and (7 do not hold, and that voting according to
Pr(a|Qg, s,v, m,(q, 7)) is optimal, for n — oo.

4.1 General Persuasion

We show that the possibility result (Theorem [2) is not limited to imple-
mentation of A. Under the benchmark assumptions, we can implement any
outcome in «, together with any outcome in .

We define a class of parametric information structures m,(g,l,r) with
S ={a,b, z}. We illustrate m,(q,,r) by two diagramﬁ

165ce the text after the figure for 7n(g, ) in Section |1l on how to read these diagrams.
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1 0
— a > a
-6 1-5,
o — b1
0 1
L~ b > b
e! p 1
€2 n2
— a > a
1 1— 2
€1 l—€e—e3 n n?
L SN g 3 z L Bs > z
1
€3 n2
L b > b
Information structure m,(q,,r) in a. Information structure m, (g, [, ) in 3.
where €] = 1;’0&%, € = 1—;’"%_(]% and €3 = 1—;’"%% The parame-
ter [ has an easy interpretation: By definition, the posterior conditional on

b and )y satisfies
(4.6) Pr(alb,Q9;q,l,7) = 1

We consider a variation of the voting games from Section The infor-
mation structure of voters contains signals S = {a,b, 2z} x {u,d} from two
sources. We look at the scenario in which voters receive both signals from
mn(q,l,7), and from an exogeneous information structure 7, which sends bi-
nary signals {u,d} that are independently, and identically distributed con-
ditional on the state of the world w € Q. Signals from 7 and m,(q,7),
are send independently of each other conditional on the state of the world
w € Q2. We make the usual assumption on informativeness of signals,
1 > Pr(ula) > Pr(ulfs) > 0.

The definitions analogous to the ones in Section [4] are made; in particular
we define Qg-sincere voting 6q,(q,l,r), and denote the voting games by
I'(q,l,7,0). Note that under the benchmark assumptions, for any x €
{A, B} there exists a common belief p, € [0;1] such that a strict majority
of voters prefers x under p,.

Proposition 2. Under the benchmark assumptions: There exist 7,pa,pp

such that for any pair of alternatives (zq,x5) € {A, B}?, the Qq-sincere

strategy oq, (pxa,pxﬁ,f) is the limit of some equilibrium sequence o in the

games Uy (P, s Pug, 7, 0), and it holds that limy, oo Pr(zy, is elected|w; o, Tn(pry, Pag, T), T) =
1 for all w € Q.

Sketch of the Proof: Lemma [f and Lemma [6] hold independent of
voting behaviour after a and b. The slight change in the signal probability

of b in ag to Pr(blag) = hiﬁn—lg = €3 is immaterial. So, for n — oo,
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equilibrium voting behavior after z is fully captured by the (partial) strategy
7 implicitly defined by 1.4} Also, the analogue of Lemma[7]holds by the same
line of proof as before such that we can control the behaviour of agents
getting a by choosing ¢, the posterior conditional on €25 and conditional on
a, appropriately. We can control the behaviour after b by choosing [, the
posterior conditional on 5 and conditional on b, appropriately.

We set ¢ = pa,,, and | = p,,, where py and pp are defined as follows. We
choose pg > T, close to 1 such that for any v,w € {u,d} and s € {a, b},

(4.7) im Dr(a]v, 2, wa; n, T) r_ Pr(v]a)
n—oo Pr(fB|v, z,wa; mp, T) 1—7 Pr(v|B)
; pa  Pr(wla)

1—pa Pr(w|B)
@ PI'(O[|’U), CL, QQ, 7TTL) ﬁ-)
Pr(ﬁ‘w7 87 927 7Tn’ 7?) .

Under the benchmark assumptions this implies that when agents play 6q,(p4,(, 7)
more voters vote for A after getting a than after getting z, independent of

the signal v received from 7.

We choose pp > 7 close to 0 such that for v, w € {u,d} and any s € {a, b},

(4.8) lim Pr(a|v,z,w2;7rn,7:r) T . Pr(v|a)
n—oo Pr(f|v, z,wa; mp, T) 1—7 Pr(v|B)
! pp  Pr(w|a)
1—pp Pr(w[p)
@3 Pr(ajw, b, Qo;m,, 7)
Pr(Blw, s, Qo; 7, T)

Under the benchmark assumptions this implies that when agents play ¢q,(q, pB,7),
less voters vote for A after getting b than after getting z, independent of the
signal v received from .

Note that, as beforﬂ under 7, (P, ,Pzg,7), the limit equilibrium play
in g, coincides with (-sincere voting 6q, (pz,,Pzs,7) after z, for n — oo.
Recall that all voters receive a in a1, and all voters receive b in 8. So, when
playing a strategy close-by to &q, (P, , Pz 6,?) and the corresponding partial
game equilibrium after z, the limit of the expected margin of victory in o or
1 is strictly larger than in both ag and B2, by [£.7] and So the condition
of the analogue of Lemma [7] is fulfilled, and the unique best response
converges to (d-sincere voting G, (pPz.,Pzs,7), for n — oo. A fixed point
argument closes the loop of best replies. More precisely we apply Lemma
to a modified best response; hereby we proceed completely analogous to
the proof of Theorem Hence, there exists an equilibrium sequence that
converges t0 60, (Pza, Pz, T)-

175ee Step 2 of the proof of Theorem
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Under any strategy close-by to 6, (pz,,, Pz, T), a random citizen votes for

with probability ¢(p,,) > % in aq by thereby electing x, with certainty,
for n — oo. A random citizen votes for x, with probability ¢(p.,) < % in
51 by thereby electing xg with certainty, for n — oo. This shows the

claim of Proposition

4.2 Bayes-Correlated Equilibria

An important branch in the information design literature, next to per-
suasion, characterises robust predictions that hold under various informa-
tion structures, potentially for all Bayes-Correlated equilibria (Bergemann
and Morris| [2017]). In the benchmark voting game (see section [2), the Con-
dorcet Jury Theorem suggests robustness of elections. However, if an outside
observer only knows that voters have the preferences as in [Feddersen and
Pesendortfer| [1997] and access to information that is at least as fine as theirs,
then it is not certain that information is aggregated in equilibrium. With
this knowledge, no robust prediction (Bergemann and Morris [2017]) can be
made. In fact, by Proposition [2, we have that

Corollary 1. For all combinations of outcomes and states (xy,,w)weq with
xy, € {A, B}, there exists a sequence of Bayes-correlated equilibria o, of the
benchmark voting game such that lim,,_,~ Pr(z,, is elected|w,oy,) =1 for all
w € Q.

Proof. The proof follows directly by Proposition[2] and Theorem 1 in Berge-
mann and Morris| [2016].

5 Extensions
5.1 Persuasion With Public Signals

Alonso and Camaral [2015] study persuasion of voters through the re-
lease of public signals (and when voters do not receive signals from another
exogeneous source). Relative to |Alonso and Camaral [2015] we made two
departures in the baseline model in Section [3; We allowed for the release of
private signals, and we allowed for private preferences. This section [5| illus-
trates that, for large n, the departure to private preferences only becomes
substantial when also allowing for private signals.

For public signals, the unique equilibrium in undominated strategies is
sincere voting. In the limit, for n — oo, the sender is therefore perfectly in-
formed about the aggregate voter behaviour as a function of induced beliefs,
no matter if we assume private preferences or not. The posteriors conditional
on the public signal have the martingale property: The expected value of
the posteriors is equal to the prior.

More formally, by [Kamenica and Gentzkow, [2011] (Proposition 1), the set
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of feasible posteriors for an information structure with m public signals
($1,-..,8m) is given by

{(p(s1)s.--y0(sm)) : Ix1,...2p) : le =1 and Zml -p(si) = po}
i=1 i=1

For any public information structure, the (not necessarily convex) set W of
posteriors p € [0,1] that lead to election of A with certainty in the limit
n — oo is given by all p for which ¢(p) > %El The set of posteriors p that
lead to election of B with certainty in the limit n — oo is given by all p for
which ¢(p) < % The following possibility result holds for public signals:

Proposition 3. If there exist 0 < p1 < pg < p2 < 1 such that for i = 1,2,
we have ¢(p;) > %, then there exists a public information structure m such
that, for n — oo, the probability that A gets elected converges to 1 in the
sequence of sincere voting equilibria. The converse also holds.

Proof. If there exists a belief p; € W weakly lower than the prior belief,
p1 < po, and a belief po € W weakly larger than the prior belief, po > po,
then there exists a binary, public information structure with signals a and b
which realises these beliefs as posteriors, p(a) = p1, and p(b) = ng In the
induced sincere voting equilibrium sequence, A is elected with certainty in
the limit n — oo.

If there does not exist p; € W with p; < pg or if there does not exist po € W
with pa > pg, then for every public information structure there exists at least
one signal s such that after s alternative A does not get elected with certainty
for n — oo. This is because by the martingale property there exists at least
one signal s which induces a posterior larger or equal to the prior, p(s) > po,
and at least one signal s which induces a posterior smaller or equal to the

prior, p(s) < po.

The following picture illustrates the difference between persuasion with
private signals and persuasion with public signals:

18Recall the definition of ¢ from Section
19This is because we can write po = p1+ (p2—p1)x = (1 —z)p1+xps for some z € [0, 1].



ROBUST VOTER PERSUASION 27

Persuasion with private signals. Persuasion with public signals.

Different Winning Coalitions: Note that an optimal public information
structure induces different winning coalitions, as in |Alonso and Camara
[2015]. On the one hand, the winning coalition is inherently random, be-
cause preference types of voters are random. On the other hand, when voters
hold a common posterior py > pg, very different preference types ¢ elect A
than when voters hold a common posterior p; < pg.

Remark 8. In contrast to Theorem [2} when voters receive exogeneous pri-
vate signals and preferences are monotone, persuasion is not possible with
public signals: When adding a public signal to a setting as in |Feddersen and
Pesendorfer| [1997], this is equivalent to a shift in the common prior. How-
ever, we know that information is aggregated for all possible non-degenerate
priors. A degenerate prior can only be induced by revealing a state, but this
only helps information aggregation.

5.2 Pure Common Values

We drop the assumption that G has a strictly positive density, and assume
that all voters are of the same type t = (to,%3) = (1,—1). We assume that

po < % We keep the model of Section [1| otherwise. Preferences of each

single voter are then common knowledge. This allows for targeted persuasion
techniquesm

20Chan et al. [2016]), Proposition 1 also uses targeted persuasion techniques. Novel is
that we show that implementation of A is even possible in all non-degenerate equilibria of
the induced game that satisfy a sincerety refinement.
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Proposition 4. For any n > 1, there exists a binary information structure
T (S ={a,b}) such thatETI there exists a strict equilibrium o, that satisfies
Pr(A is elected|oy,) = 1. Forn > 3, under m, all non-degenerate, symmetric
equilibria 1, for which behaviour after signal b is consistent with sincere
voting satisfy Pr(A is elected|i),,) > 0.9.

6 Remarks

Section and Sectioncontains remarks on the voting games I'y, (¢, , §)
of Section |3| (no exogeneous private signals).

6.1 Feasibility

This section explains that information aggregation is feasible in the situ-
ation of Theorem [1} but fails only because of incentives. This is in contrast
to several reported failures of information aggregation in the literature: [Fed-
dersen and Pesendorfer| [1997] (Section 6) show that an invertibility problem
arises and information aggregation can fail when there is aggregate uncer-
tainty with respect to the preference distribution. Chan et al. [2016] (Propo-
sition 1) have provided an example of voter persuasion by using signals which
are close to the null information structure that always sends the same signal.

Consider for example the benchmark scenario (see Section [2)) in which the
median voter prefers A in state «, and B in state 8: ¢(1) > %, and ¢(0) > %
Since under 7,(g,7) we have Pr(a|a1) > £ > Pr(a|31), any strategy o which
prescribes to vote A after a, and to vote B after b elects the full information

outcome with certainty for n — oco.

6.2 Pivotal Voter Paradigm

The empirical literature has tested the pivotal voter paradigm, and pro-
vided correlational and causal evidence for the effect of beliefs about other
people’s behaviour on political decisions: Cantoni et al|[2017] conduct a
field experiment in the context of Hong Kong’s pro-democracy movement.
They identify a causal effect of beliefs about total turnout of protesters on
individual turnout decisions. In a laboratory experiment |(Guarnaschelli et al.
[2000] show that actual behaviour is consistent with the hypothesis that each
voter acts optimally against the strategies employed by other voters plus a
random error. In another experiment, Duffy and Tavits| [2008] observe a
positive correlation between the propensity of voting and the beliefs of be-
ing pivotal, but subjects systematically overestimate the probability of being
pivotal. |Coate et al.| [2008] provide descriptive evidence and show that field
data from small scale-elections on Texas liquor referenda is consistent with
strategic voter models in terms of predicted turnout, but not in terms of

2INote that equilibria in mixed strategies may exist, since the preference distribution
has an atom unlike in the model of Section
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margin of victory. Further evidence in favor of strategic voter models has
been provided by Ladha et al. [1996].

In this paper the assumption of strategic voting is particularly justified:
The probabilities of being pivotal are exceptionally high in the states-of-
confusion wy for the information structures m,(q,7) that establish the pos-
sibility result Theorem This is because 7 has been chosen to make the
election close to being tied in wg, such that [3.3] holds. For n sufficiently
large, when a random agent votes for A with probability % the probability
of being pivotal, (2:)(%)2", is of order n~2 by Stirling’s formula (see Feller
[1968], chapter II, formula 9.1)

6.3 Other Equilibria

We further analyze equilibrium sequences of the unperturbed games I',, (g, 7, 0)
with 7 satisfying and ¢ satisfying

Lemma 8. (Necessary conditions for other equilibria)
Under the benchmark assumptionﬂ: If 0 # 6q,(q,T) is the limit of an
equilibrium sequence oy, in the games I'y(q,T,0), it satisfies
1. the limit of the minimum of the margin of victory in the states
equals the limit of the minimum of the margin of victory in the states
Qs, namely lim,, oo min,, ||Pr(o(s, t) = 1jwi)—1|| = limy,_,c0 miny, [|Pr(o(s, t) =
1jws) — %H =0.
2. 0 is a cut-off strategy with cut-offs (p(s))ses that satisfy one of the
following conditions: Either p(s) =T for all s € S, or p(z) =7 and
0<p(b) <7 <pla) <.

Proof. In the Appendix.

Sketch of Proof. Consider o as in the statement. Property (1) of Lemma
[l must be satisfied since else the margin-of-victory-condition [3.4] of Lemma[3]

22More precisely, Stirling’s formula gives

(2n)! TR (2m)Botrtiptitiesin,
)2 PR (@mpntlen,

Consequently

which gives

23Gee section
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is satisfied which implies that o,, converges to dq,(q,7) # o. Contradiction.
We show that property (2) is implied by property (1) when preferences are
monotone (preference monotonicity is part of the benchmark assumptions).

Now, we will construct equilibrium sequences that aggregate information
perfectly. For the rest of this section, we assume that signals a and b are
informative enough such that sincere voting aggregates information for the
given prior (Signal Quality Assumption), meaning that

Jgngo Pr(a(s,t) = 1|la) = ZPr (s|la) - ¢(Pr(als)) > =

ses
> lim Pr(5(s,t) = 18) = > "Pr(s|B) - p(Pr(als)).
seS

Proposition 5. Let the benchmark assumptions and the Signal Quality As-
sumption hold, and let ¥ and q satisfy and [3.5 respectively: Then there
exists an equilibrium sequence oy, in the unperturbed games I'y(q, 7, 0) which

aggregates information, solim,_,o Pr(A is elected|a) = 1, and lim,_ o Pr(B is elected|) =

1.

7 Literature review

This paper is easily amenable both to the literature on voter persuasion,
as well as to the literature on information aggregation in elections. This
allows for insightful comparison with and across both streams of literature.

7.1 Voter Persuasion Literature

Alonso and Camara [2015] (AC) study persuasion of voters with public
signals by use of the methodology of Kamenica and Gentzkow| [2011] (KG)
in an environment with perfect information on preferences. We discussed
public persuasion in Section [5| and obtained results reminiscient of (AC)
(Proposition [3)). [Schnakenberg| [2015] considers a cheap talk model where a
sender publicly persuades voters. [Kolotilin et al. [2015] (K) study persuasion
of a single, privately informed receiver and show that efficient information
structures do not need to screen types. Correspondingly, we showed that
persuasion of large electorates with private signals is possible under a weak
condition without screening types (Theorem .

Chan et al.|[2016] (CH) study voter persuasion with private signals. They
focus on information structures that induce minimal winning coalitions, be-
cause else, in their model, any level of manipulation can be achieved for
any population size (see Proposition 1): The sender has perfect knowledge
on voter preferences and sends out recommendations to vote for A or for
B. In both states, with probability 1 — ¢, A is recommended to all voters.
Else, in state «, alternative A is recommended to a random minimal winning
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coalition, in state 3, alternative B is recommended to a random minimal
winning coalition. So voters with a-signal are only pivotal in «, and voter
with b-signal are only pivotal in 8. The common preference is A in «, and
B in g, so following the recommendation is a strict equilibrium.

Bardhi and Guo [2016a] (BG) study voter persuasion with private signals
and focus on the unanimity rule. They allow for heterogeneous, correlated
preferences that are only known to the sender. For non-unanimous rules
they show that persuasion is possible in a similar way as (CH).

In contrast to (CH) and (BG), we analyse an environment that allows for
non-monotone preferences. Some citizens vote for A when believing suffi-
ciently strong in «, and some voters prefer A when believing sufficiently
strong in . When the sender does not screen types, it is a priori unclear
which beliefs he should induce with a random receiver. In this paper the
informational requirements for persuasion are considerably weak (see discus-
sion at the end of Section 2.2); in particular we allow for private information
about preferences. Differently, both (CH) and (BG) assume perfect knowl-
edge on preference realisations by the sender. Also, in contrast to (CH) and
(BG), our focus lies on persuasion of large electorates n which makes the
results easily amenable to the literature on information aggregation. (CH)
and (BG) take an information design approach and study sender-prefered
equilibria. In this pape we study other equilibria also, and show that per-
suasion is robust in manyfold ways (Section and Section .

Several other papers study persuasion of groups, but are less closely related:
Liu| [2016] provides results on public persuasion of privately informed voters.
Bardhi and Guo| [2016b] study sequential persuasion of a group of receivers.

7.2 Information Aggregation Literature

The literature has identified several circumstances in which information
may fail to aggregate. We discuss the papers that are most closely related:
Feddersen and Pesendorfer| [1997] (FP, Section 6) show that an invertibility
problem causes a failure when there is aggregate uncertainty with respect
to the preference distribution conditional on the state.

Bhattacharyal [2013] (BH) shows that failure can happen when preference
monotonicity is violated in a model otherwise akin to (FP). With monotone
preferences however information is aggregated perfectly. (BH) is the paper
that is most closely related to our paper: We showed that a manipulator
can create states-of-confusion {29 and thereby ensure election of an intended
outcome with almost certainty by a large electorate in a robust equilibrium
of a model otherwises identical to (BH) (Theorem [I} Proposition [2). Only
a weak condition on voter preferences was needed. In Section [] we showed
that we can add signals to the monotone model and thereby cause failure.
This demonstrated that persuasion is possible even when voters receive in-
formation from an independent source. The study of Bayes-Nash equilibria
of the montone model with refined signals can be understood as an analysis
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of the Bayes-Correlated equilibria. Proposition [2| shows that no prediction
can be made for election outcomes that is robust across all Bayes-correlated
equilibria (Bergemann and Morris| [2016]).

In a pure common-values setting, Mandler| [2012] (MA) shows that fail-
ure can happen when there is aggregate signal uncertainty conditional on
the state. The paper does not discuss persuasion, but the results can be
understood in terms of it: Signals are send independently and identically
distributed conditional on a binary state and conditional on a sub-state, as
in this paper. The sub-state captures the signal precision ¢ = Pr(a|w) and
is continuous with density h(q). (MA) shows that, for n — oo, any limit of
an equilibrium sequence can be described by an intersection point ¢* of the
scaled densities Pr(w) - hy,(q), and vice versa (Proposition 1, the discussion
before, and Proposition 2). In a ¢*-equilibrium sequence alternative A is
elected with certainty, for n — oo, if ¢ > ¢* realises, and B is elected with
certainty if ¢ < ¢* realises, or vice versa (depending on whether Pr(a)-hq(q)
crosses from below or above). Hence, A can be implemented with arbitrary
high probability in an equilibrium sequence, by design of the scaled densities.
However, all equilibrium sequences are coequal in terms of robustness, unlike
in this paper. Moreover, the continuity of the densities prevents implemen-
tation in a unique equilibrium, as an example illustrates: Let Pr(a) = %
Consider scaled densities that are single-crossing at € > 0, with Pr(«)-ha(q)
crossing from below. So, any equilibrium sequence implements A, for ¢ > €
and B for ¢ < e. We must have

(1-Pr(a))-hglqg) < Pr(a)-ha(q) forall ¢ > e, thus

S-Prg<dp) <

(1-Pr(g<e€lp)) <

This implies that alternative B is elected at least with probability S in 3,
the more likely state, for n sufficiently large.

Gerardi et al|[2009] studies aggregation of expert information by an un-
informed decision maker. By giving each expert a small change of being
a dictator, information can be perfectly extracted at marginal loss, while
implementing any intended outcome otherwise. The states-of-confusion wo
serve a similar role in our analysis.

(1 —=Pr(¢g <ela)) , thus

©"HH‘H

8 Appendix

8.1 Appendix A

Theorem 0. (Bhattacharyd [2015] P
Under the benchmark assumptions: When voters receive binary signals that

24This theorem is implied by Theorem 1 in Bhattacharyal [2013] The notation for the
function ¢(-) is h(-) in Bhattacharya, [2013].
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are independently, and identically distributed conditional on the state w, with
1 > Pr(ala) > Pr(a|B) > 0, and when preferences are monotone, then the
probability that the full information outcome is elected, converges to 1 in any
sequence of equilibria.

Proof. Since signal a is indicative of state «, and signal b of 5, monotonicity

of preferences implies that in any equilibrium o, a random citizen votes A

with a strictly higher probability after a than after b, Pr(oy,(s,t) = 1]a) >

Pr(on(s,t) = 1|b). We claim that in any equilibrium sequence o, it must

hold that lim, oo Pr(o,(s,t) = 1|a) — & = limy, 00 3 — Pr(on(s, t) = 1|6)

(xx) and that lim,,_,o Pr(oy(s,t) = 1]|a) > QL (*x). This finishes the proof,

because it implies by the law of large numbers that A is elected with prob-

ability converging to 1 in a, and B in . Suppose that lim, . Pr(a|piv) €

{0,1}. Suppose w.l.o.g. lim,_,~ Pr(a|piv) = 0 which implies that lim,,_,~ Pr(a|piv, s) =
0 for all s € S. Consequently, for all w € 2 we have

nan;O Pr(on(s,t) = 1lla) = éPr(s\w) . ¢(nlgrolo Pr(a|piv, s))
Benchmark assumptions ]

For n sufficiently large, this implies 1 > Pr(o,(s,t) = 1|a) > Pr(oy(s,t) =

1]8). So, the election is more likely to being tied in « than in 5. Hence

the posterior conditional on being pivotal is bounded below by the prior

po € (0,1). Contradiction. Consequently, lim,,_,o Pr(a|piv) ¢ {0,1}. This

implies that 1 > lim,, o Pr(a|piv,a) > lim,, o Pr(a|piv,b) > 0, and hence,

by monotonicity of ¢, we have

lim Pr(o,(s,t) = 1|a) = ZPr(s|a) . ¢(n1i>11;)lo Pr(a|piv, s))

n—oo
SES

> Y Pr(s|B) - ¢( lim_Pr(alpiv,s)) = lim Pr(on(s,t) = 1/5)
s€S
If (#x) does not hold, (x) does not hold either. If (x) does not hold, the
probability of being pivotal must be infinitely larger in « than in 8 or vice
versa, for n — oo. Hence lim,,_, o Pr(a|piv) € {0, 1}, contradiction.

Lemma 1. Suppose {x,}°°; and {y,}7>, are such that lim, . z, € (0,1),
limy, 00 Y, € (0,1).

(i) If limp—oo [[l2n — &Il = llyn — 3l|l - % < ¢ for some ¢ > 0, then
. Tn(l—2n) _
llmn%m(iy”(l_yn) )= 1.1

(i) If limp—o0 |20 — %H -n2 = ¢ for some ¢ € R, and y, = %, then
limn%m(%)” = u for some p > 0.

. 1 : n —4n
(i) T 1imyp oo ([|2n — 31— llyn — 311)-nZ = 00, then limy, oo (L2 =20 ) =

0.
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Proof. Define z,, = x,, — %, and ¥, = yn — % With this notation it is easier
to calculate the following

=) _ (@0t 10—~ 7))
Yn(1 = yn) (n + %)(1 - % Jn)"
_ (5 — )"
- 2
(3 — 33"
T
)
In — Y
(8.1) = (=7
1" Yn
Proof of (i): Split the sequence ||@,| — ||yn|| into maximally two subse-
quences, consisting of the weakly positive elements, and the negative ele-
ments. Consider all n € N for which |75, — ||4,|| > 0. Denote a,, := 72 — 72
and b, := ||| — ||¥n|l. It holds that a, = 2b, |G| + b2 < by + b2 (x).
The assumption lim,, oo ||Z5|| — ||7a]|]| - % < ¢ and () imply that for all n
sufficiently large we have
Assumption ¢ c n sufficiently large 2¢
Now, on the one hand
S22 -2
(8.3) lim (1 — 22—y < 1
n—oo Z — yn
On the other hand,
T2 __ g2 R 1 9
lim (1 — 22— > lim (1 - —1——)"
! 1
> lim (1 — —m)® forall m e R
n—o00 n
(8.4) = e”™ forall meRC.

For the step to the second last line, recall that lim,,_~ y, € (0,1). Hence,
for n sufficiently large, i—gg is bounded above by i and below by a constant
strictly larger than 0. So +—= is bounded. From the last line we obtain

v2
that

4

1—
(8.5) lim (Lol = Tn)yn
n—=00" yn (1 — yn)
For the subsequence of all negative elements ||2,|| — ||yn| < 0, we can

do the same calculation as above, but we have to replace all greater equal
signs with smaller equal signs and vice versa. In any case, and

together yield that limnﬁw(%)n =1
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Proof of (ii): By assumption, we have that lim,, o [|Zy,]| .n? = ¢ with
c € R. So,

. ~2 o . ~ ) L)
Jim &5 = lim ([|2,] - n2)
(8.6) = 2
We obtain
lim (7%1(1 _ xn))”
n—00 yn(l — yn)
8.1} (yn = 2 72
PR g (1= Doy
n—oo =
1
1 n-32
= lim (1 —— - —7)"
n— 00 n i
—limp 00 nf%
= e T > 0.
Proof of (iii): By assumption, we have that lim,, o (||Zn|| — ||¥nll) n=c
with ¢ = co. So,
lim (Z3, — §5) - n = lim [[(Zn — Gn)(@n + ) - |
n—oo n—,oo
Reverse Triangle Inequality . B B 1
E Tim ([l — 1]} - n?)?
(8.7) = & = .
We obtain
lim (1 — an) )"
n—00 yn(l — yn)
B —limp o0 = Siiig%) B
= e I 0]

Lemma 2. For any sequence (op)nen of weakly undominated strategies, it

. Pr(piv|ag;on,q,r,6
holds that limy, o prlazionra

Proof. Define z,, := Pr®(0,(s,t) = 1|ag; on, q,7,0), and 3, := Pr (o, (s,t) =
a|B2; 0, q,7,6). Then, by definition

Pr(piv|ag;on,q,m6)  ()ap(l —2n)"
Pr(piv|B2; on, q, 7, 6) Cr)yr (1 —yo)"
Tn(l —xy)

We will show that the requirements of Lemma |1} (i) are fulfilled. The
probability that a voter is of type t >> 0 is strictly positive, since G has
a strictly positive density. But types ¢t >> 0 have the weakly dominant
strategy to vote for A, hence do so in any (voting) equilibrium. So, firstly,
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the probability that a random citizen votes for A in w is bounded below by
a strictly positive constant. The probability that a voter is of type ¢t << 0
is strictly positive. So, secondly, the probability that a random citizen votes
for A in w is bounded above by a constant strictly smaller than 1, because
Consequently, lim,,_, x, € (0,1), and lim,, oy, € (0, 1).

By definition

vy = lim (1 (2. 1;T1361732))[(1—5)-Pr(an(z,t):1|a2)+(5-Pr(6n(z,t):1]042)]
b (0 = 9)(Pr(on(a,0) = 1a) + Prlon.6) = 1jaa)

d(Pr(on(a,t) = 1az) + Pr(on(b, t) = 1]aw))]

and
g = T (1= 2)[(1-0) - Prlon(z 1) = 1/82) + 8- Pr(on(z1) = 1/65)]
1

+ 5[0 = 0)(Pr(on(a,t) = 1|B2) + Pr(on(b, t) = 1]62))
+ 6(Pr(on(a,t) = 1|82) + Pr(6a(b,t) = 1|52))]

In the states wo, almost all voters receive the same signal z. The prob-
ability that a voter receives a signal s # z is smaller than ¢ - n? for some
¢ > 0. Consequently, for all n € N we have

lzn —ymll < con7?

for some constant ¢ > 0. Therefore,

2

|Zn — ynll - 1 )

<
= llzn = Sl =llyn = 50" < llzn —yal - 0" <e.
where the step to the last line follows by application of the reverse triangle
inequality:.

Lemma 3. If

1
(3.4) rrgn | lim Prd(on(s,t) = 1|wa;q,r,8) —

A 5l

1
< min| lim Pr¥(o,(s,t) = 1|wi:q, 7 0) — =,
w n—oo 2

. Pr(als,pivion,q,r,0) _ Pr(als,Q9;q,r,0
holds, then lim,, PrEB;s,piv;an,q,r,ég = Pr((ﬁ|‘s7ﬂz;7q,T,(5)) for s € {a,b}, and the

unique best response to oy, in the games I'y(q,,6) converges to 6q,(q,r) for
n — oo.
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Proof. Set x, := Pr(o,(s,t) = 1|wi;0n,q,7,0), and y, := Prd(on(s,t) =
1|lwe; op,q,7,0). For s € {a,b}, consider

Pr(w1|87piv;o-naQaT7 5) — Pr(wl|q7r) . Pr(5|w1;Q)T) . Pr(piv|wl;0n7Qa’r)
Pr(wsa|s, piv;on, q,r,0) Pr(wa|q,r) Pr(s|we;q,r) Pr(piv|ws;opn,q, 1)
5 Pr(piv|wi;on, q,7)

Pr(piv|wz; on,q,7)
for n large enough, and some constant ¢ > 0 that only depends on ¢ and r.
We analyse

Pr(piv|wi; on, q,7) (:Un(l — Tp) °

Pr(pi’u]wg;an,q, 7’) yn(l - yn)

(20— 5)* = (yn — %)2)n
% — (yn — %)2 .

where the step to the last line follows by B1] By the assumption of Lemma

we have limy, o0 (2n — )% — (yn — 3)? > 0. Note that (y, — 3)? is bounded

above by a constant strictly below + 7 since a positive mass of voters is of type
t >> 0 and votes for A in equilibrium, and since a positive mass of voters is of

1 _ 1,2
type t << 0 and votes for B in equilibrium. Consequently, (@n T )(y (yf 2 2)
nT3

converges to a strictly positive number. But then implies that

c'n

(8.8) - (1-

(8.9) lim ¢-n3 - Pr(piv|wi; on, q,7) — 0
. n—00 Pr(piv|we; op, q, 1) :

Therefore the posterior after signal s (for s € {a,b}) and conditional
on being pivotal, converges to the posterior conditional on s and 29 with
n — 00, as the following shows:

Pl"(Oé|S,piU§ On,q,T, 5)

n—o0 Pr(B|s, piv; oy, q,7,6)

_ iy Pr(@) 2512 Prleyles ¢,r) - Pr(s|ag; ¢,7) - Pr(piviag, ; 0w, 4,7, 9)
n—oo Pr(B8) >0, 15 Pr(B)|B;q,7) - Pr(s|B), q,7) - Pr(piv|B;, s;0n, 4,7, 6)
SR lim Pr(a) Pr(ag|a; q,7) - Pr(s|ag; ¢, 7) - Pr(piv|ag, s;on, ¢,1,9)
n=o0 Pr(f) Pr(f2|f;¢,7) - Pr( |B2; ;1) - Pr(piv|Ba, 500, ¢, 7, 0)
Leména lim ( )PI"(O(2|OC q,r ) PI‘( \ag,q, )
n—ro0 Pr(8) Pr(B2|B; q,7) - Pr(s|f2; ¢, 7)

(8.10)

_ i Pr(als, Q2;0n,q,7,0)

n—00 PI‘(,B‘S, Qos0on,q,, 5)

For the application of Lemma [2| note that the probability that a random
voter j € —i votes for A is independent of voter i’s signal, since signals are
independent conditional on wo.

The unique undominated best response is fully described by the posteriors
conditional on being pivotal and conditional on s by Consequently,
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by the unique undominated best response after s for s € {a, b} con-
verges to acting optimally upon the posterior belief conditional on €29 and
conditional on s, when n — oo. This is by definition the strategy ¢q,.

The following Lemma is invoked in the proof of Theorem

Lemma 4. (Fized Point Argument for Equilibrium Sequence Construction)
If for some strategy o, there exists € > 0, such that the best reponse converges
uniformly to o for n — oo, for all o' € Be(c), then there erists a sequence
of equilibria that converges to o.

Proof. The best reponse function is continuous in all Bayesian games anal-
ysed in this paper. By assumption, there exists m € N such that for all
m > m € N we can find i(m) € N such that the best response function
is a self-map on B (o) for all n > n(m). The Brouwer Fixed Point The-
orem yields fixed points o,(m) € Bi (o)) in the games with n > n(m)
voters. For n < n(m) select any equilibrium of the game of n voters, and
denote it by o,. For any m > m, and any n(m + 1) > n > n(m), set
on = on(m). Then (oy,)nen is a sequence of equilibria that converges to o,
that is lim, o 05, = 0.

Computational Example. Consider any strategy o which satisfies
Pr(Als) > 0.7 for s € {a,b}, and Pr(A|z) € [0.45,0.54]. We have the
following bounds on voting probabilities conditional on the substates w; for
w € {a,B} and j € {1,2}:

Pr(A|Q1) > 0.7,
Pr(Alws) > 0.45 for w € {a, 5},
q 92 n>200
Pr(Alag) < 0544+ ——- — < 0.55.
l1—qg n
This gives us
Pr(piv|Q2)
Pr(piv|€)
Lemmal (1} (i), Equation [8.1] Pr(A — 12 _prd _ 152
0! 2 B A+ mn (Pr( \wl1) 5)° — (Pr( 1|°ﬂ122) 2)7
we{a,f} i (Pr(A\wl) — 5)
9 _ 1
> (1+ 1(130 300 )n
4 100
35 3
(811) > L+ > ()

64 2
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The posterior belief ratios conditional on being pivotal and conditional on
s € {a, b} then satisfy
Pr(alpiv, s)
Pr(B|piv, s)
po 2 j—12Pr(eylasg,r) - Pr(sla;iq,r) - Pr(piv|ey, s;on, g, 1, 0)

L—po 315 Pr(B;18;q,7) - Pr(s|B;,q,7) - Pr(piv|B;, s:00,4,7,0)
622) 1 5+ 5 - Pr(piv|ag)
T3 L Pr(piv|Be) + (1 — &) - 2 - Pr(piv|y)

For n > 200, we have that 2n3%7n(1 — %)% < 10727, Consequently, by
and for s € {a, b} we have
Pr(a|piv, s)
Pr(B|piv, s)
Pr(piv|ag) 1
Pr(piv|fy) 1410727

(8.13)

Note that for any z,y € [0, 1] it holds that |22 — 32| = ||(z + y)(z — y)|| <
|z — y|| (%). The ratio of pivotal probabilities in ay and [32 is bounded by

Pr(piv|asz)

Pr(piv|Bz)

tommall () BvaionBD | [(Pr(las) = §)° = (PridlB) ~ 1]
- 1~ (Pr(A]g2) — 3)?

_ IIPr(Afaz) — Pr(A|2)]|

)n

—
*
~

> (1 )"
1~ (Pr(A]f2) — 3)?
_q %
17
> (=)
4~ 100
5
= (1 -1 1 )n
1~ 100
n>200
(8.14) > 0.885.
Therefore
; 1—- 8 >200
Pr(oz|pl.v,z) > 20,885 0 8
Pr(Blpiv,z) — 1- %
Therefore
) 0.88
Pr(«a|piv, z) = Pr(A|z; BR(0)) > 0.46,
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where BR(0) denotes the best response to 0. On the other hand, we have
Pr(piv|ag)
Pr(piv|f2)

Lemmal 1} (i), Eguation-i— (%) - |Pr(A|ag)Pr(A|Ss)||

- = (Pr(A]) - 1)?

)'I’L

4.2
4~ 400
&
= (1+ 1 - 1 )"
4~ 400
n>200
(8.15) < 1.13
Therefore
Prlofpiv.2) 175 13113,
Pr(Blpiv,z) — 1- %
Therefore
Pr(alpiv, 2) = Pr(Alz: BR(0)) < —55 < 0.54
r(a|piv, z) = Pr(A|z; o ———— < 0.54.
e ’ =~ 1+113
Together and imply that for s € {a, b},
Pr(a|piv, )
Pr(f|piv, s)

> 3-0.884 = 2.652

Therefore, for s € {a, b},

. 2.652
Pr(alpiv, s) = Pr(A|s; BR(0)) > T+ 2.652 > 0.7.
We conclude, that the best response is a self-map on the set of strategies
which satisfy Pr(A|s) > 0.7 for s € {a, b}, and Pr(A|z) € [0.45,0.54]. Eval-
uation of the binomial distribution show that Pr(B(2n + 1,z)) > n) >
0.999999 if n > 200 and = > 0.7. Therefore, the Brouwer fixed point theo-

rem yields an equilibrium which satisfies

3 n>200
Pr(A is elected) > 0.999999(1 — 2—) > 99%.
n

8.2 Appendix B (Robustness)

Proposition 1. (Global Basin of Attmctionﬁ
Under the benchmark assumptions: For any e > 0, the measure of ¥2(e,n)

25The result holds more generally. If we consider any random (not necessarily cut-
off) strategy as starting point, for any € > 0 the probability that the twice iterated
best response lies in an e-neighbourhood of conditional sincere voting converges to 1, for
n — oo.
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in the space of cut-off-strategies [0,1]% converges to 1, for n — oo. In par-
ticular, there exists n(e) € N such that all cut-off strategies o for which

1 1 1
B6)IPr(o(5.1) = 1lax) = 31 = [Prlo(s.) = 118) = 21 > 0~ and

1 1 1
(Butiin |[Pr(o(s, t) = Hwr) — 5[l = min |[Pr(o(s, ¢) = Lwz) — Sl > n72

hold, are elements of X2(e,n) for n > n(e).

Proof. Since the measure of the cut-off strategies o that satisfy [3.6] and
converges to 1, it is sufficient to show the second claim.

Case 1: min,, |Pr(o(s,t) = 1|wi) — 4[| — miny, [|[Pr(o(s,t) = Ljws) — 5| >
n_% )
Note that lim,,_ oo % = lim;, oo ni = oo. By application of Lemma
(iii) to =, = Pr(a(stlt) = 1/Q1) and y,, = Pr(o(s,t) = 1|Q2), we obtain that
lim,, o0 Pr(Q2|s, piv;o,q,7,8) = 1 for s € {a,b}. Being pivotal contains the
information that €9 holds, for n — oo, and no information beyond that
by Lemma [2| Consequently lim,,_,~, Pr(«a|piv, s;0) = Pr(a|Q2, s;0), so the
cut-offs of the best response to o converge to the cut-offs of conditional sin-
cere voting. A more detailed version of this proof can be done in complete
analogy to the proof of Lemma

NI

Case 2: min,, |Pr(o(s,t) = 1|wi)— 35| —min, |[Pr(c(s,t) = Ljws)—1[ < n
By application of Lemma [I} (iii)to z, = Pr(o(s,t) = 1|€1) and y,
Pr(o(s,t) = 1|Q2), we obtain that lim, . Pr(]s, piv;o,q,r,0) = 1 for
s € {a,b}, and by application of Lemma [1| (iii) to =, = Pr(o(s,t) = 1]a)
and y, = Pr(o(s,t) = 1|51), we obtain that lim,,_,~ Pr(au|s, piv;o,q,r,0) €
{0,1} for s € {a,b}. Being pivotal contains the information that either ay
or 31 holds, for n — oo. Since preferences are monotone by benchmark
assumption 1, the margin of victory under the best response is large in ag
and B; for n sufficiently large. However, by the margin of victory in
Q9 is zero, for n — co. So, the best response satisfies the margin-of-victory
condition of Lemmal3] and consequently the twice iterated best response
converges to conditional sincere voting.

8.3 Appendix C (Exogeneous Private Signals)

Lemma 5. (Equal Margins of Victory in ag, 52.)

For any given partial game, lim,,_,o |Pr(o(s, ) = 1|ag)— || —limy, o0 [|[Pr(o(s, t) =
1|B2) — % || is strictly increasing in .. Moreover, there ezists a unique strat-

egy 7> € (0,1) under which the margin of victory in g is equal to the margin

of victory in By for n — oo, that is

. 1 , 1
Jim [[Pr(o(s,t) = Laz) = 5| = lim [[Pr(a(s,t) = 1|82) - S|
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Proof. Condition [£.4] is equivalent to saying that the limit of the expected
margin of victory is the same in as and s, for n — co. By the benchmark
assumption ¢(p) is strictly increasing in p. So, the fraction of voters that
prefer A strictly increases with the belief p. So, more voters vote for A after
getting u than after getting d by Since more voters receive u in « than
in 3, the expected vote share of A is strictly higher in state as than in state
B9, for n sufficiently large.

For r, sufficiently close to 0 less than a strict majority of citizens votes A
under 7, in both as and fBs, by and since ¢(0) < % by the benchmark
assumptions, that is a random voter votes A with probability smaller % when
he knows that 3 holds. This implies that the RHS of [£.4] is larger than the
LHS.

For r, sufficiently close to 1, a strict majority of citizens votes A under r, in
both as, and (s, by and since ¢(1) > 3 by the benchmark assumptions,
that is a random voter votes A with probability larger % when he knows
that o holds. This implies that the RHS of [£.4] is smaller than the LHS.
The function

. 1 . 1
lim [[Pr(o(s,t) = 1a) = 5| = lm [[Pr(o(s,t) = 1/2) = 5|

=i Z Pr(v’a’ﬁ) Pr(o(s,t) = 1‘U7Z;F277rn(Q>7“)a7_r)> o %H
v=u,d
_H( Z Pr(v|g, ) - PI‘((U(S,t) = 1‘1),2’;7";,7['”((],7'),7?)) - %Ha
v=u,d
_ (vla ) - T, 'Pr(v|a) 1
= ||(Uzu:,dP (v]er, 7) - d(4 — Pr(vyﬁ))) 5|
A a2 B

v=u,d

is continuous and strictly increasing, and since ¢ is continuou@ and strictly
increasing by the benchmark assumptions. Hence, there exists unique 7,
such that the equality [£.4] holds.

Lemma 6. There exists ng € N such that: Let any partial game be given.
There exists a unique equilibrium r3 in this partial game if n > ng, and it
holds that lim,,_,oc 75 = 7.

Proof. Consider any equilibrium sequence r ,. We prove that lim, oo 7., =
7, by contradiction. By the benchmark assumption ¢(p) is strictly increas-
ing in p. So, the fraction of voters that prefer A strictly increases with the
belief p. So, more voters vote for A after getting u than after getting d by
Since more voters receive u in « than in 3, the expected vote share of
A is strictly higher in state ao than in state 8o, for n sufficiently large under

26Recall that G has a density.
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an strategy 7., that is Pr(o(s,t) = 1|ag) > Pr(o(s,t) = 1|82).

Case 1: If lim,, o 7., = 0, we have

lim Pr(on(s, ) = 1|a) = lim Pr(on(s,t) = 1|8) = 6(0) < ~.
n— n—o0 2
Since Pr(o(s,t) = 1|lag) > Pr(o(s,t) = 1|82) for any n sufficiently large,
the election is more likely to being tied in o than in 8. Hence the posterior
conditional on being pivotal and conditional on z, r; 5, is bounded below by
the prior pg € (0,1). Contradiction. Consequently, by a similar argument
for the case limy,, o0 72, = 1, we see that lim,, oo 7., ¢ {0,1}.

Case 2: If 0 < limy, 0072, < 7 (see Lemma [5| for a definition of r7),
then the limit of the expected margin of victory in ao is smaller than in
B2, for n large enough. Conditional on being tied, as is much more likely
than [y (because the probability of the election being tied is decreasing

exponentially faster in [y than in «ag). Consequently, lim, 13”

lim Pr(as|z,pivirz n,mn,)
n—o0 Pr(B2]2,piv;rz,n,Tn,T)

(0,1).

= oo . Contradiction to lim, 07, < 7, €

Case 3: If 1 > lim;, o 7, > 72, then similarly the limit of the expected
margin of victory is larger in ao than in fs, for n large enough. Conditional
on being tied, agy is much less likely than [y (because the probability of
the election being tied is decreasing exponentially faster in ao than in (53).

. IERT Pr(as|z,pivirs n,mn, @) .
Consequently, lim,, o0 72, = limy, o0 Br(Balz pivire e 7) = 0. This follows,

because, Contradiction, and consequently lim, oo 7 p = 7.

Recall that by Lemmalp|lim, o0 [Pr(o(s, ) = 1|az)— 5| —limp o0 [|Pr(o(s, ) =
1/B2)— 4| has a unique zero at 7, and is strictly increasing in r.. This implies
that for any fixed voting behaviour after a¢ and b, and n sufficiently large,
|Pr(o(s,t) = 1|ag) — 4[| and ||Pr(o(s,t) = 1|B2) — 4| are single-crossing at
SOMe Terossing € (0,1) with limy, o0 Terossing = T». For n sufficiently large,
when increasing 7., starting from 7¢rossing, the best reponse converges al-
most exponentially fast to approximately 0. For n sufficiently large, when
decreasing 7., starting from r;ossing, the best reponse converges almost ex-
ponentially fast to approximately 1. So the best response BR(r) € [0,1] is
strictly decreasing in an environment around 7¢yossing, as well as BR(r,)—r,.
By continuity, BR(r,) —r, has a zero in neighbourhood of Terossing, and the
zero is unique by strict monotonicity of BR(r,) — 7.

Consider the model with exogeneous private signals 7 (Section [4]). For
any strategy o, denote o,y := O15\{(2,0),(z,d)}x[~1,1]2 tO be the strategy re-
stricted to actions after ¢ and b. Denote by o, the partial game equilibrium
associated to ogp.
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Lemma 10. If for conditional voting o = 6q,(q,7.) with 7, as in Lemma
@ there exists € > 0 such that for all cut-off-strategies o’ € Be(o), we have
lim (BR(0q4,02))ab = Tabs
n—oo
then there exists an equilibrium sequence oy, in Ty (g, T2, 0) with limg, o0y =
.

Proof. Define (0! ;) = (BR(0),;,0.))ap where BR denotes the best re-
sponse correspondehce. Note that there exists ng such that ¢ is continuous
for all n > ng. This follows by the continuity and uniqueness of the partial
game equilibrium o’, for n > ng (recall Lemma @

Consider m with % < €. Consequently, for all m > m € N we can find
n(m) > ny € N such that ¢ is a self-map on B1 (04y) for all n > n(m). We
can choose n(m) to be strictly increasing in m. The Brouwer Fixed Point
Theorem yields fixed points 0], € B1 (04y) in the games of n > n(m)
voters. "

For n < n(1) select any equilibrium of the game of n voters, and denote it
by o,. For any m > m, and any n(m) <n < n(m+ 1), let o, := 0, after
a and b, and by the (unique) partial game equilibrium (07,°%), after z. Note
that o, is an equilibrium by construction. The restricted strategies o,
converge to o, for n — oo by construction, and any sequence of partial
game equilibria converges to 7, by Lemma By Step 2 of the proof of
Theorem 7, coincides with conditional sincere voting o under (g, 7,), for
n — 00, S0, (0n)nen is a sequence of equilibria in T', (g, 7, 0) that converges
to o.

8.4 Appendix D (Extensions and Remarks)

Proposition 4. For any n > 1, there exists a binary information structure
n (S ={a,b}) such thatlﬂ there exists a strict equilibrium o, that satisfies
Pr(A is elected|oy,) = 1. Forn > 3, under m, all non-degenerate, symmetric
equilibria 1, for which behaviour after signal b is consistent with sincere
voting satisfy Pr(A is elected|vy,) > 0.9.

Proof. Define m, as follows: Let S = {a,b}. In state a, with probability
1 — ¢, all 2n 4+ 1 voters receive a. With probability e, let m, randomize over
all signal profiles in which n + 1 voters receive a, and n voters receive b. In
state (8, with probability 1 — e, all 2n 4+ 1 voters receive a. With probability
€, let m, randomize over all signal profiles in which n voters receive a, and
n + 1 voters receive b. Denote the voting probabilities of a strategy o by

r:= Pr(A|a;0) and q := Pr(A|b; o).

Pure strategy equilibrium. If r = 1, and g = 1, voters with an a-signal
are only pivotal in «, and voters with a b-signal are only pivotal in §,

2"Note that equilibria in mixed strategies may exist, since the preference distribution
has an atom unlike in the model of Section
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Pr(a|piv,a;r,q) = 1, Pr(a|piv,b;r,q) = 0. Hence, voting A after a, and
B after b is a strict equilibrium. Note that voting B after b is consistent
with sincere voting, since py < %

Mixed strategy equilibrium. Consider any non-degenerate equilibrium
that is consistent with sincere voting after b, that is which satisfies ¢ = 1.
Then

Pr(piv|a,a;¢) = (1 —¢) (2:>r" (I=r)"4€-r",

Pripioliai) = (=02 )=
Therefore

Pripivlayais) _ e (o).

Pr(piv|B,a;1p) 1+1—6((n>(1 R

A Stirling approximation giveﬁ
2
< ”) (1— )"~ (27) 22803 (4(1 — 1))".
n
Hence

(8.16) lim <2n> (1—p)" = {0 if. (1—-7)< % |

n—oo \ N

Consequently,

Pr(piv|a, a; ) co if r> %,
im ——— L =
n—oo Pr(piv|f5, a; ) 1 if r< %.

Recall that py < % There exists 7 € N such that for all » < 0.74 and all
n > n, we have
Pr(piv|a,a;0) 1 —po

- < .
Pr(piv|B,a;0) ~ po
Choose € > 0 small enough, such that also holds for any n < 7. Then,
for all n € N voting A after a is not a best response if » < 0.74. Note that
Pr(B(2n + 1,0.74)) > ().91@ for n > 3. There exists € > 0 small enough
such that any non-degenerate equilibrium 1 that is consistent with sincere
voting after b satisfies Pr(A is elected|t)) > 0.9. This finishes the proof.

(8.17)

We note that by for n sufficiently large there exists r* > 0.74 such
that holds,
Pr(piv|o, a;0) € (<2n) (1= )1 + 1 —Po

=1
Pr(piv] 3, a; 0) 1=\ 7o

28For Stirling’s formula see Section
29B(y, z) denotes the binomial distribution with parameters y and x.
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Note that r* is unique for any n, since (1 — r)~" is strictly increasing with
r.

Lemma 8. (Necessary conditions for other equilibria)
Under the benchmark assumptionﬂ: If 0 # 6q,(q,T) is the limit of an
equilibrium sequence oy, in the games I'y(q,T,0), it satisfies
1. the limit of the minimum of the margin of victory in the states
equals the limit of the minimum of the margin of victory in the states
Qo, namely lim,, oo min,, ||Pr(o(s, t) = 1jwi)—1|| = lim,_,oc miny, [|[Pr(o(s, t) =
1) — 4 = 0.
2. 0 is a cut-off strategy with cut-offs (p(s))ses that satisfy one of the
following conditions: Either p(s) =T for all s € S, or p(z) =7 and
0<p) <7 <pla) <1.

Proof. Consider an equilibrium sequence (o, )pen with limy, 000, = 0. Re-
call that in any equilibrium sequence, the margin of victory in {29 converges
to zero by Lemma 2| If condition (1.) does not hold, the margin of victory
in a1 and f; is strictly larger than the margin of victory in s under o,
for n sufficiently large. So, the margin-of-victory condition of Lemma
holds and the best response to o, converges to conditional sincere voting
and not to o,,. Contradiction, because (0, )nen is a sequence of equilibriaﬂ
Condition (2.) is an implication of (1.): First, o is a cut-off strategy with
cut-offs p(s) = lim,,_,oc Pr(a|piv, a; o,,) since o is the limit of the equilibrium
sequence o,. Since for any equilibrium strategy Pr(«a|piv,a) > Pr(S|piv, b)
holds, we must have p(a) > p(b). So the margin of victory in «y or 1 can
only be zero if the expected vote shares after both signals ¢ and b are %,
which is equivalent to p(a) = p(b) = 7, or if the expected vote share after
a is strictly larger %, and smaller % after b, which implies 0 < p(b) < 7 <
pla) < 1.

The following Lemma is needed in the proof of Proposition

Lemma 11. For any strategy sequence o, and any w € ) denote ¢ :=

limy, o0 (Pr(on (s, ) = Ljw) — 3) - ns (we allow for ¢ = £o0). Then

lim Pr(A gets elected|w;oy,) = @(850).
n—oo

Proof. Denote z,, := Pr(o,(s,t) = 1|w). By using the normal approxima-

tion@

B2n+1,x,) 2~ N((2n+ Dy, (2n 4+ D, (1 — ),

30See section

31We omit an alternative proof that uses Proposition

32For this normal approximation we cannot rely on the standard central limit theorem,
because x, varies with n. However, the central limit theorem for triangular sequences
holds for triangular sequences of Bernoulli distributions B(y,z) with = bounded away
from 0 and 1, by an application of the Berry-Esseen-Theorem.
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we see that the probability that A wins the election in w converges to
@%@n+1y—@n+1yxn
((2n + V(1 — z,))2

where ®(—) denotes the cumulative distribution of the standard normal
distribution. Taking limits n — oo, gives us

lon+1) - @2n+1) 2,

)

2n+1)3 — 2n+ 1) + (2, — 3))

lim (2 Y = lim ®( - . )
noo 2n+ 1)zp(1 —xp))2 n—roo 2n+1)2(xp(l —x,))2
= Jim ®((@n 4+ 1)¥ () (all — 2)) )
= lim ®((an(1 - 2n))"222¢) = B(82¢).

Proposition 5. Let the benchmark assumptions and the Signal Quality As-

sumption hold, and let ¥ and q satisfy and [3.5] respectively: Then there

exists an equilibrium sequence o, in the unperturbed games I'y(g,T,0) which

aggregates information, so lim,,_,o Pr(A is elected|a) = 1, and lim,,_, Pr(B is elected|3) =
1.

Proof. Step 1 (Equilibrium Construction): Any strategy o entails prob-
abilities by which a random citizen votes A in wj, for w € Q and j € {1, 2},
denoted by Pr(o(s,t) = 1|w;). These probabilities are a sufficient statistic
for the posteriors conditional on being pivotal and having received s, for any
s € S, and consequently a sufficient statistic for the unique best response by
Hence, we can write the best response as a function in these probabil-
ities Pr(o(s,t) = 1|w;). Consider the modified best response function that
sets the probability to vote for A in 1, Pr(o(s,t) = 1|61), to % whenever
this probability is weakly larger than % under the actual best response. The
modified best reponse is continuous, and an endomorphism on the closed
and convex set of strategies that imply that B receives in expectation % or
more of the votes in $;. The modified best response function has a fixed
point by the Brouwer Fixed Point Theorem, and we claim that any fixed
point is interior for n sufficiently large. By construction, this is sufficient to
show that any fixed point corresponds to an equilibrium.

Suppose otherwise. Then, there exists a (sub)sequence of fixed points for
which the vote share of B in ; is exactly one half. We lead a slightly more
general case to a contradiction. Consider any sequence of fixed points for
which the vote share of B in 81 converges to % relatively fast: More precisely,

assume that (Pr(o(s,t) = 1(81) —3) -n? = ¢ for some ¢ < 0. The probability
of being pivotal in wy, for w € {a, B}, is maximal when the probability to
vote A in ws is exactly % Even then, the fraction of the probability of being
pivotal in 81 and the probability of being pivotal in wy does not converge to
zero by application of Lemma (i) to zn, = Pr(o(s,t) = 1|B1), and y,, = 3.
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This implies that 5y is infinitely more likely than ao and (2 conditional on
being pivotal and having received signal a or b,

Pr(WQ ‘8, Piv; Oy, 7Tn)

lim

=0
n—oo Pr(f1|s, piv; oy, mp)

for s € {a,b} (since the signals a and b have probability less than % in
wg). So the posteriors conditional on being pivotal and conditional on a
or b vanish on 3. Moreover, conditional on being pivotal, the state is
weakly more likely to be §; than «ay: To see this, note that the posterior
conditional on being pivotal and a is higher than the posterior conditional
on being pivotal and b, because a is indicative of 1, and b of 81 (Pr(ala;y) >
Pr(a|B1), Pr(blay) < Pr(b|B1)). Since preferences are strictly monotone, in
expectation strictly more voters vote A after a than after b. More voters
receive a in o than in 1, so the expected vote share for A is weakly larger
in a1 than in ;. Since under the given fixed point, the expected vote share
for A in (7 is % under the modified best response, the expected vote share
for A in (81 is weakly larger than % under the actual best response, and
therefore the expected vote share for A is strictly farther away from % in oy
relative to 3.

So, the limit of the posterior conditional on being pivotal must be strictly
smaller than the prior. But we assumed at the start that given the prior, B
receives a strict majority in 8; under sincere voting, for n sufficiently large.
So, the best response to the fixed point must be interior for n sufficiently
large (even more, it must imply a strictly larger vote share of B in 31 than
under the sincere voting strategy, so a vote share that is bounded away from
1.). Contradiction.

Step 2 (Full information equivalence): So far we showed that there
exist equilibria that correspond to (interior) fixed points of a modified best
reponse, for n sufficiently large. We claim, that any sequence of such equi-
libria aggregates information, meaning that A gets elected with certainty in
a, and B in 8, for n — oo (recall the benchmark assumptions). Consider
any sequence of interior fixed points.

Information aggregation in (§: Firstly, suppose that the probability
that B gets elected in 3 does not converge to 1 (hence it does not converge
to 1 in (; either). By Lemma this implies that the probability that a
random citizen votes for B in $; must converge to % sufficiently fast, namely
that lim, o (Pr(c(s,t) = 1[81) — 1) - n = ¢ for some ¢ < 0. We showed in
the preceding paragraph that this implies that the limit of the probability
that a random citizen votes B in 8 does not converge to % . Contradiction.

A receives more vote shares in «; (for large n): Secondly, note that
the limit of the probability that a random citizen votes A is weakly larger
in a1 than in 81, because preferences are monotone and signals informative.
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The latter is weakly smaller than % by definition of the fixed points. Suppose
that there is a subsequence along which the probability to vote A in a; is
weakly smaller than %, too. We consider two cases.

Case 1: lim,_,~ Pr(a|piv,s) =0 for s € {a,b}

This means that the posterior conditional on being pivotal and conditional
on a vanishes on «7. This implies that it also vanishes on 1, because the
probability of being pivotal in 1 is weakly smaller than the probability of
being pivotal in «q, since the expected vote share for A is weakly larger in
a1 (so weakly closer to %) Then the posterior conditional on being pivotal
and conditional on a or b converges to the posterior conditional on €2 and

conditional on a or b, that is for s € {a,b} we have

lim Pr(a|piv,s) = Pr(a|Qs, s) @q,
n—oo

So, by definition of g, a strict majority votes A after a or b, hence in ;.
Contradiction.

Case 2: lim,,_,o Pr(ai|piv,a) # 0 for s € {a,b}

This means that the posterior conditional on being pivotal and conditional
on a or b does not vanish on a;. Then the limit of the posterior conditional
on being pivotal and conditional on s is strictly larger if s = a than if s = b,
because signals are strictly informative in aq and (1:

. Pr(alpiv,a)
lim ————=
"% Br(Blpiv, )
lim p > iz12 Pr(aila) - Pr(ala;) - Pr(piv|ey)
= 0 .
n—o0 Zi:m Pr(Bi]B) - Pr(alB:) - Pr(piv|5;)
Pr(blay)<Pr(alaq) .
CEIC I > i=12 Pr(aila) - Pr(bla;) - Pr(piv|e;)
im pg - .
oo 0SS o Pr(BilB) - Pr(b]B;) - Pr(piv]B;)

B lim Pr(a|piv, b)
= B Bi(Bipin,)

Consequently, the limit of the probability to vote A in «y is strictly larger
than in (7, since a is received more often in a7, and b more often in [1,
and since preferences are monotone. Since by assumption the expected vote
share of A is weakly smaller than %, conditional on being pivotal, a; is
infinitely more likely than £; for n — oo. So, the posterior conditional on



50 ROBUST VOTER PERSUASION

being pivotal vanishes on ;. So, for s € {a, b}

lim Pr(«a|piv, s) _ lim po - >iz19 Pr(aila) - Pr(s|a;) - Pr(piv|ay)
n—oo Pr(Bpiv, s) n—oo" 3 1 o Pr(BilB) - Pr(s|Bs) - Pr(piv|B;)
_ lim p 21_1,2 Pr(a;|a) - Pr(s|ay) - Pr(piv]ay)

n—00 Pr(B2|B) - Pr(s|B2) - Pr(piv|B2)

. . |ag) - Pr(piv]asz)
> lim po Pr(532|B) - Pr(s|Ba) - Pr(piv|Bs)

Lemma@  Pr(affs, ) g

So, by definition of ¢, a strict majority of voters votes A after a or b, and
hence in a. Contradiction. We conlude that we showed that the probability
to vote A in « is strictly larger than % for n sufficiently large.

Information aggregation in «a: Suppose that the probability that A
gets elected in o does not converge to 1 (hence it does not converge to 1 in
aq either). By Lemma this implies that the probability that a random
citizen votes for A in <y must converge to % sufficiently fast, namely that

IPr(o(s,t) = 1|az) — & - nz = c for some ¢ > 0. Since we showed that the
probability that a random citizen votes for A does not converge to % in 51 at
a similarly high rate, namely that |[Pr(c(s,t) = 1|81) — 1| ‘n? = 0o, Lemma
(iii) applied to z, = Pr(o(s,t) = 1|51) and y,, = Pr(o(s,t) = 1|a;) shows
that conditional on being pivotal state « is infinitely more likely than 3y, for
n — oo. The probability of being pivotal in ws, for w € {«, 8}, is maximal
when the probability to vote A in ws is exactly % Consequently, even
then, the fraction of the probabilities of being pivotal in o1 and ws does not
converge to zero by application of Lemmal[l], (i) to @, = Pr(o(s,t) = 1|oq).
This implies that « is infinitely more likely than as and 2 conditional on

Pr(Q2|s,pivion,mn) -0

being pivotal and having received signal a or b, lim,,_ Pr(ar]s pivion.mm)
9. Wnyitn

for s € {a,b} (since the signals a and b have probability less than 1 in wy,
and probability % or % in a1). Hence, the probability of a; (and hence «)
conditional on being pivotal and a or b, converges to 1. Since A is the full
information outcome when voters know that « holds, A gets elected with

certainty, for n — oo. Contradiction.

References

Ricardo Alonso and Odilon Camara. Persuading voters. Awvailable at SSRN
2688969, 2015.

Arjada Bardhi and Yingni Guo. Sequential group persuasion. 2016a.

Arjada Bardhi and Yingni Guo. Modes of persuasion toward unanimous
consent. Work, 2016b.



ROBUST VOTER PERSUASION 51

Dirk Bergemann and Stephen Morris. Bayes correlated equilibrium and the
comparison of information structures in games. Theoretical Economics,
11(2):487-522, 2016.

Dirk Bergemann and Stephen Morris. Information design: A unified per-
spective. 2017.

Sourav Bhattacharya. Preference monotonicity and information aggregation
in elections. Econometrica, 81(3):1229-1247, 2013.

Davide Cantoni, David Y Yang, Noam Yuchtman, and Y Jane Zhang. Are
protests games of strategic complements or substitutes? experimental evi-
dence from hong kong’s democracy movement. Technical report, National
Bureau of Economic Research, 2017.

Jimmy Chan, Seher Gupta, Fei Li, and Yun Wang. Pivotal persuasion. 2016.

Stephen Coate, Michael Conlin, and Andrea Moro. The performance of
pivotal-voter models in small-scale elections: Evidence from texas liquor
referenda. Journal of Public Economics, 92(3):582-596, 2008.

JAN Condorcet. Caritat marquis de.(1976).”. Condorcet: Selected writings,
1793.

Geoffroy de Clippel, Rene Saran, and Roberto Serrano. Level-k mechanism
design. 2016.

John Duffy and Margit Tavits. Beliefs and voting decisions: A test of the
pivotal voter model. American Journal of Political Science, 52(3):603—
618, 2008.

Timothy Feddersen and Wolfgang Pesendorfer. Voting behavior and infor-
mation aggregation in elections with private information. Econometrica:
Journal of the Econometric Society, pages 1029-1058, 1997.

William Feller. Stirlings formula. An introduction to probability theory and
its applications, 1(3):50-53, 1968.

Dino Gerardi, Richard McLean, and Andrew Postlewaite. Aggregation of
expert opinions. Games and Economic Behavior, 65(2):339-371, 2009.
Serena Guarnaschelli, Richard D McKelvey, and Thomas R Palfrey. An
experimental study of jury decision rules. American Political Science

Review, 94(2):407-423, 2000.

Yingni Guo and Eran Shmaya. The interval structure of optimal disclosure.
Technical report, Working Paper, 2017.

Emir Kamenica and Matthew Gentzkow. Bayesian persuasion. The Ameri-
can Economic Review, 101(6):2590-2615, 2011.

Anton Kolotilin, Ming Li, Tymofiy Mylovanov, and Andriy Zapechelnyuk.
Persuasion of a privately informed receiver. Technical report, Working
paper, 2015.

Krishna Ladha, Gary Miller, and Joseph Oppenheimer. Information aggre-
gation by majority rule: Theory and experiments. University of Maryland.
Typescript, 1996.

Shuo Liu. Voting with public information. 2016.

Michael Mandler. The fragility of information aggregation in large elections.
Games and Economic Behavior, 74(1):257-268, 2012.



52 ROBUST VOTER PERSUASION

Laurent Mathevet, Jacopo Perego, and Ina Taneva. Information design: The
epistemic approach. Technical report, Tech. rep., Working Paper, 2016.
Roy Radner. Collusive behavior in noncooperative epsilon-equilibria of
oligopolies with long but finite lives. Journal of economic theory, 22(2):
136-154, 1980.

Keith E Schnakenberg. Expert advice to a voting body. Journal of Economic
Theory, 160:102-113, 2015.

Yun Wang. Bayesian persuasion with multiple receivers. 2013.



	The Model
	Benchmark: Condorcet Jury theorem
	Possibility of Persuasion
	Information
	Result
	Sketch of Proof
	Robustness

	Exogeneous Private Signals
	General Persuasion
	Bayes-Correlated Equilibria

	Extensions
	Persuasion With Public Signals
	Pure Common Values

	Remarks
	Feasibility
	Pivotal Voter Paradigm
	Other Equilibria

	Literature review
	Voter Persuasion Literature
	Information Aggregation Literature

	Appendix
	Appendix A
	Appendix B (Robustness)
	Appendix C (Exogeneous Private Signals)
	Appendix D (Extensions and Remarks)


