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Abstract

We study a persuasion game between a sender and a group of voters. When the sender
can access any information structure, he can always persuade the group to make his pre-
ferred decision. When the sender is restricted to using only minimal winning coalitions, he
sends private and correlated signals to take advantage of the voters’ heterogenous prefer-
ences. The optimal persuasion structure in the latter case induces multiple winning coali-
tions for the sender’s preferred action. Interestingly, some of the winning coalitions involves
voters who are not the easiest to persuade. The insight from pivotal persuasion is then ap-
plied to understand (i) the use of non-monotone voting rules, and (ii) the benefit of private

persuasion when voters’ signals are independent.
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1 Introduction

This paper considers an information design problem where an interested party (informa-
tion designer) provides information to influence the outcome of a vote by N voters. Examples
of this type of group persuasion include an interest group lobbying a legislative committee, a
CEO trying to convince a board of directors, or a candidate seeking the support of different
constituents.

In our model a group of N voters must decide between two actions: a and b. Action b is
the default choice; action a is chosen only if it receives at least K votes. There are two states:
A and B. Each voter prefers action a if and only if she believes that the probability of state A
is above a cutoff belief. An interested party, henceforth the sender, controls the information
of the voters by choosing the state-dependent distribution of the voters’ signals. We adopt the
information design approach: The signal structure is fixed and observed by all voters after it is
chosen. Voting occurs after each voter observes her own private signal. The objective of the
sender is to maximize the probability that his preferred action is chosen.

In principle the sender can persuade with a public signal. But in many cases the sender
may opt to send different information to different voters. Interest groups, for example, typically
lobby legislators privately, and political campaigns sometimes target different constituents with
different messages. Our primary interest is to understand how the sender can do strictly better
by employing private persuasion. It is well known that under any non-unanimity rule it is a
Nash equilibrium for every voter to vote for the sender’s preferred action. But relying on non-
pivotal events is not the only channel. In this paper we study the case of pivotal persuasion,
where the sender is restricted to equilibria in which his preferred action is never selected by
a non-minimal coalition. We show that in this environment the sender may exploit a limita-
tion on strategic voting: while in equilibrium each voter votes as if she knows that her vote is
pivotal, she would not be able to infer who else are also voting for the alternative. By sending
private signals, the sender can create minimum multiple winning coalitions to take advantage
of the voters’ heterogenous preferences. Under the optimal persuasion structure the incentive-
compatibility constraint is binding for every voter who votes for the sender’s preferred action.
By contrast, under public persuasion only the obedient constraint of the most unwilling voter is
binding, while everyone else’s in the minimum winning coalition is slack. An interesting feature
of the optimal information structure is that a voter may nevertheless be persuaded to voter for
the preferred action even if she is not among those who are the easiest to persuade. Interestedly,
under pivotal persuasion, the sender cannot achieve a persuasion probability close to one if the
all voters prefer b ex ante.



Our analysis takes several steps. Following Taneva (2014) we apply the revelation princi-
ple to show that we can focus on obedient mechanisms where each voter follows the state-
dependent binary recommendation from the sender. Consequently, the information design
problem is equivalent to one where the sender chooses a probability distribution over winning
coalitions in each state, subject to the incentive compatibility constraint that each voter i’s pos-
terior belief, conditional on being pivotal, exceeds her cutoff belief. This problem is hard to
solve directly as there are Cg minimal winning coalitions for each action in each state. Our
main technical contribution is to show that instead of working with the large number of win-
ning coalitions, the sender can solve a much simpler problem that involves choosing the pivotal
probability of each voter subject to an overall “budget constraint” that the total probability of
voting for the preferred action of the sender cannot exceed an upper bound.

Throughout the paper we assume the sender has perfect commitment power and full access
to all information structures. In reality, a sender may face significant restrictions. For example,
a lobbyist may engage multiple consulting firms or NGOs and rely on their reputations to pro-
duce credible reports to target different legislators. At the commission stage, the lobbyist will
have certain influence over the scope and methodology. He can choose a more critical method-
ology in order to persuade a more skeptical legislator. He may affect the correlation between the
conclusions of two reports by having them use similar or different methodologies and scopes
of studies. Still, the control is unlikely to be perfect. Incorporating realistic constraints on in-
formation structure, however, is hard as the revelation principle may no longer hold, and the
resulting constrained information design problem can be messy. Our view is to interpret the
sender as a metaphorical information designer as in Bergemann and Morris (2017). The com-
mitment solution bounds what could happen under any communication protocol and with any
sets of available persuasion technologies.

One may question the relevance of optimal pivotal persuasion given that the sender could
apparently achieve more by resorting to non-pivotal events. There are two ways to under-
stand our results. First, given how easily the sender can manipulate majority rules through
non-pivotal events, it is of interest to search for decision rules less susceptible to outside influ-
ence. Our results show that non-monotone voting rules that adopt an alternative only when
it is supported by a specific number of votes are still manipulable through a different channel,
although in this case the sender cannot achieve a persuasion probability close to one unless all
voters prefer the sender’s preferred alternative ex ante. Second, and perhaps more importantly,
because many features that are important in reality are left out, it is inappropriate to use the
current model to compare the effectiveness of different mechanisms of private persuasion. The
purpose of the exercise is to use a tractable model to gain insights about how the sender can



exploit private signals. What we learn in turn helps us better understand more complex situa-
tions. We illustrate the last point by briefly considering the case where the sender is constrained
to using independent signals. We identify a condition under which, despite the restriction, the

sender can use private signals to achieve a higher persuasion probability.

Related Literature. Our work belongs to the growing literature about information design and
Bayes correlated equilibria (BCE) developed by Bergemann and Morris (2013, 2016a,b, 2017)
and Taneva (2014). As in the aforementioned papers, we use a linear programming approach
to characterize the sender’s optimal implementable information structures. Our contribution
is to analyze the benefit of private persuading in a strategic voting environment.

Our paper is also related to the Bayesian persuasion literature, which uses a belief-based
approach to analyze information design problems. In a one-sender-one-receiver model, Ka-
menica and Gentzkow (2011) show that the sender’s problem is simply to split the receiver’s
belief about the state subject to the standard Bayes’ rule (or Bayes plausible condition).! There-
fore, the sender’s optimal payoff, as a function of prior distributions of states, must belong to
the concavification of the set of payoffs of the sender in the absence of information design.
Alonso and Camara (2016) consider the case of public persuasion in a Bayesian persuasion
game between one sender and multiple voters. They show that when there are more than two
payoff-dependent states, the optimal public signal may give rise to multiple distinct winning
coalitions that adopt the sender’s preferred action.? In our model, because there are only two
payoff-dependent states, and voters have common preference conditional on each state, the
optimal public signal always targets the K voters who are the easiest to persuade. In our mo-
del the sender can select any correlated information structure. Wang (2015) considers private
persuasion with independent and identically distributed (i.i.d.) signals. Bardhi and Guo (2017)
investigate persuasion under unanimous rule when voters’ preferences are correlated. Also see
Shimoji (2016) for a persuasion model where voters have heterogenous prior beliefs. However,
the belief-based concavification approach loses its tractability in our private persuasion con-
text. When multiple voters receive private signals and then interact strategically, voters form
private beliefs, and their higher-order beliefs are also payoff-relevant. See Mathevet, Perego,
and Taneva (2017) who proposes an epistemic approach to information design.

There is a large body of literature considering information aggregation through strategic
voting since the seminal contributions of Austen-Smith and Banks (1996), Feddersen and Pe-

ISee also Brocas and Carrillo (2007) and Rayo and Segal (2010).
2Schnakenberg (2015) considers a cheap talk model where a sender publicly persuades voters. He also finds

that in equilibrium, the sender randomizes over multiple minimum winning coalitions.



sendorfer (1997), Feddersen and Pesendorfer (1998), and Li, Rosen, and Suen (2001).3 The key
insight of this literature is that, despite voting simultaneously, each voter votes as if she knows
that her vote is pivotal. Here we show that the sender can adjust the probabilities of different
winning coalitions to increase the influence on the voters whose preferences are closer to her
own.

The rest of the paper is organized as follows. We present the model in section 2. Section
3 provides some preliminary results. Section 4 characterizes the information structure in the
optimal pivotal persuasion. In section 5, we discuss information design when the signals are

independent across voters. Section 6 concludes. Omitted proofs are left in the appendix.

2 Model

A group of N voters needs to decide between x € {a, b}. The collective decision is made
according to a K-majority rule where action a is chosen if and only if it receives K or more
votes. We focus on non-unanimity rule, so K < N. The payoff of each action depends on a
binary state

w € {A, B}.

If the final decision is b, each voter i obtains 0; otherwise, her payoff is state-dependent:
1 ifw=A,
-1 i ifw=B ,

where /; > 0 measures voter i’s cutoff belief—the limit beyond which she prefers action a. We
assume

so that voter 1 is the easiest to persuade and voter N the hardest. Voters are uncertain about the
state and share a common prior belief py = Pr(w = A). We assume that yy = 0.5 and Ix > 1, so
that fewer than K voters prefer a at the prior belief.*

3This literature has been enriched in many dimensions: Gerardi and Yariv (2007) compare various voting rules
when voters are allowed to deliberate before casting their votes. Jackson and Tan (2013) allow voters to consult
experts before voting and examine how disclosure and voting vary with different voting rules and with the signal
precision of the experts. Li (2001), Persico (2004), Gerardi and Yariv (2008) and Cai (2009) assume that voters (or
committee members) endogenously collect their information individually.

4The assumption of the prior belief being 0.5 is without loss of generality, as what matters is that Ix > o/ (1 - o)
and one can always normalize I =1;0- o)/ o, Yi. Similarly, one can extend our analysis to the settings where
voters have heterogenous prior beliefs.



A sender, who prefers a regardless of the state, tries to influence the voting outcome by

controlling the information of the voters.

Definition 1. An information structure consists of a set of finite realization spaces {S'}i=12..n
and a pair of probabilities {m (-|w)}y=a,B € A(S), where S I denotes the realization space for voter i

and S = x i:1,2,_,NSl.

An information structure (S, ) specifies a state-contingent distribution over signal profiles

s=(s1,$2,...,SN), where
1. voter i can only observe her own signal s; € S?, and
2. n(s|lw) denotes the probability that signal profile s is realized in state w.

The game proceeds as follows. First, the sender chooses an information structure 7. Then w
and s are realized. Finally, the voters vote after observing their private signals to maximize their
expected utilities respectively.

Formally, the K-majority rule, the state space, the voters’s action space, preference profiles
and common prior yy, and an information structure (S, ) together define a Bayesian voting
game. A mixed strategy of voter i is a function o; : St — [0,1] that maps each of her private
signal s; to the probability of voting for a.

Definition 2. A strategy profileo is an equilibrium of (S, ) if (i) o is a Bayesian Nash equilibrium

and (ii) if ¥.s,e5i 0 (si) > 0, then voter i is pivotal for action a with strictly positive probability.

The second condition rules out trivial equilibria where more than K voters always vote a.
We focus on “the sender-preferred equilibrium” when there are multiple equilibria.’

3 The Information Design Problem

We call an information structure (S, ) binary if each S* = {a, b}. Under a binary information
structure, each voter simply receives a recommendation about how she should vote. We call
an equilibrium of ({a, b 1) in which every voter i follows the sender’s recommendation (i.e.,

oi(a)=1-0;(b) =1) an obedient equilibrium.

5The equilibrium selection assumption in our setting, requiring coordination among multiple voters, is stronger
than the one in Kamenica and Gentzkow (2011), where only one receiver is involved. Goldstein and Huang (2016)
and Inostroza and Pavan (2017) study information design in coordination games. In contrast to us, they focus on
the designer’s lest preferred equilibrium. See Bergemann and Morris (2017) and Mathevet, Perego, and Taneva
(2017) for discussion on the equilibrium selection in information design problems.



Lemma 1. For any information structure (S, ), if there is an equilibrium o of (S, ) in which a is
chosen with probability Q, then there exists a binary signal distribution ' such that a is chosen
with probability Q in an obedient equilibrium of ({a, n, 7).

Lemma 1 follows the revelation principle. Given the assumption that the sender can select
his preferred equilibrium, we can without loss of generality consider only obedient equilibria.
Let S}, = {s:|s; = al = K} denote the set of minimal a-winning signal profiles, and Sz ={s:|s; =
al = K — 1} the set of minimal b-winning signal profiles. For x € {a, b}, let S} = {s€ Sy|s; = x}
denote the subset of S} that involves i voting for x.

It is well known that in equilibrium each voter votes as if her vote is pivotal, so the relevant
belief for a voter is her pivotal belief, i.e., the posterior belief conditional on being pivotal. If
a voter receives a recommendation to vote for x, it will update her pivotal belief according to

Bayes’ rule:
Ysesy 7(slA)

Yses: T(SIA) + X ses: 7(sIB)

whenever it is well-defined. In an obedient equilibrium, a voter is willing to follow recommen-

pi(x) =

dation a if and only if u;(a) = I;/(1+1;), while she is willing to follow recommendation b if either
wi(b) < 1;/(1+1;) or u;(b) is not well-defined (she is never pivotal). The goal of the sender is to
choose an information structure to maximize the equilibrium persuasion probability, i.e., the
probability that a is elected.

A simple strategy for the sender is to persuade publicly by allowing voters to observe the re-
alized signal of a public experiment. It is easy to see that it is optimal for the sender to target the
first K voters, who are the easiest to persuade. In state A, they receive recommendation a for
sure; while in state B, they receive recommendation a with probability 1//x and recommenda-
tion b with probability 1 —1/Ik. Other voters are always given the recommendation to vote for
b.

The following proposition shows that when the sender can choose any information struc-
ture, there is a strict obedient equilibrium in which a is chosen with probability arbitrarily close

to one.’

Proposition 1 (Virtually Full Manipulation). Suppose the sender can select any information struc-
ture. Then for anye > 0 there exists (i, S) such that there is a strict obedient equilibrium in which

a is adopted with probability greater than 1 —e¢.

Proof. When the state is B, with probability 1 — ¢ all voters are asked to vote for a, and with

probability € the sender randomly selects one of the minimal b-winning coalitions with equal

6Bardhi and Guo (2017) independently obtain a similar result.
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probability. When the state is A, the sender randomly selects one of the minimal a-winning
coalitions with equal probability. O

Proposition 1 says that when the sender commits to any signal, he can almost fully ma-
nipulate the collective decision regardless of the voters’ prior beliefs and preference profiles!
The intuition is simple. Non-pivotal events, no matter how likely, do not affect voters’ incen-
tives. The sender, therefore, can convince a voter by making her pivotal with an arbitrary small
but positive probability. The result in Proposition 1 looks like it is just one step away from the
well-known trivial equilibrium in the strategic voting game, but it is more disturbing. Since it is
supported by a strict equilibrium, it will survive if the game is perturbed or if voters need to pay
a small cost to vote. The result, however, depends crucially on the assumption that the sender

can commit to any information structure. We will return to this issue in Section 5.

4 Optimal Pivotal Persuasion

In this section, we focus on the case of pivotal persuasion where the sender is restricted to
binary-information structures that recommend a to at most K voters. The purpose of this exer-
cise is twofold. First, from the proof of Proposition 1, it is clear that any decision rule whereby
the sender’s preferred action can be selected by a coalition in which no voter is pivotal is al-
most fully manipulable. Hence, non-monotone rules whereby a is selected when it receives
exactly K votes is the first step in the search for less manipulable decision rules. Under such
rules, it is optimal for the sender to adopt pivotal persuasion strategies. Second, because the
pivotal-persuasion problem is tractable, we can clearly identify alternative channels the sender
can exploit. The insights are useful in understanding more complex constrained information
design problems.

Let [17” denote the set of state-contingent signal distributions over {a, b}"¥ such that 7 (s| A) =
7 (s|B) = 0 for any s where |s; = a| > K. The sender’s optimal persuasion problem is

max 0.5 Y 7m(s|A)+0.5 ) 7(s|B) (P-0)
TP sesy, s€S;,
such that for every voter i:
Y w(slA) = I ) w(s|B); 6))
sesz‘ya seSj’a
Y. mw(slAd) = I; ) 7(s|B). ¥))
seSlf‘,b seSl’.‘,h



The first (1) is the obedient constraint for voting a; the second (2) is the obedient constraint for
voting b.

Since both the sender and voters prefer a in state A, raising 7(s|A) for any s € S, both in-
creases the persuasion probability and relaxes the voters’ obedient constraints. It follows that
Y ses; (s|A) =1 and (2) is not binding. We can therefore rewrite the sender’s problem as:

Qp = max Y 7(s|B) (P-1)

REMPIY (S
such that } cs: 7(s|A) = 1 and (1) holds for each voter i. Intuitively, the goal of the sender is
to get a adopted in the “wrong” state B. But to induce a voter to vote for a in state B, the
sender must also assign the voter to vote for a in state A with a sufficiently high probability.
The sender’s problem is to choose the probabilities of different minimal a-winning coalitions
to maximize the persuasion probability in state B.

4.1 A Three-Voter Case

We illustrate the main ideas with a simple example where N = 3 and K = 2. Suppose [, > 1

so that the median voter prefers b ex ante. In this case, the sender’s problem (P-1) becomes

max {m(aab|B)+n(aba|B)+ n(baa|B)} 3)
(- |w)EA(S)

s.t. m(aab|B)) + n(aba|B) < l—ll[n(aablA) +n(abalA)] 4)
n(aab|B) + n(baa|B) < l—lz[n(aablA) +n(baalA)] 5)
n(aba|B) + n(baa|B) < l—ls[n(abalA) +n(baalA)] (6)

n(aab|A) + n(abalA) + t(baalA) = 1. @

Under public persuasion, the sender should target voters 1 and 2. The optimal public signal is:

n(baalA) =0 ; n(baalB)=0;
n(abalA) =0 ; n(aba|B)=0;

1
n(aablA) =1; n(aab|B) = o
2

There is a unique a-winning coalition consisting of voters 1 and 2. Note that while voter 2’s
obedient constraint is binding, voter 1’s is slack. The obedient constraint for voter 3, who never
votes for a, is trivially satisfied.

The sender can benefit from the following procedure.

8



1. Decrease n(aab|A) by € and increase n(baalA) by €. Inequality (5) is still binding and
both (4) and (6) are slack if € > 0 is sufficiently small.

2. Increase n(abalB) by e/ 13 > 0. Now (5) and (6) are both binding. As long as € is sufficiently
small, (4) will still be slack. Qp, increases by €/1.

Reassigning probability from aab to baa in state A allows the sender to take full advantage
of the slackness in voter 1’s obedient constraint. The procedure relies on the fact that a voter’s
obedient constraint is only required to hold on average. If voter 3 knew that the recommenda-
tions are aba (and not baa), she would not vote for a.”

The following proposition describes the optimal information structure in the three-voter

case.

Proposition 2. Under the optimal information structure, the persuasion probability is

Q m_n(1l2+l3 1)
=min|— 11,
B LI+ l3
When Qp < 1, any optimal information structure must satisfy
I3, -1
n(baalA)==>2"1 ; n(baa|B)=0;
lz l1 + l3
1L-1
n(abalA)=0 ; n(aba|B)=— ;
lz ll + 13
I I3+1 1
m(aablA)=22"2 : 7(aab|B)=—.
LlLi+13 b

The information structure in Proposition 2 can be obtained by choosing € in the above pro-
cedure such that (4) also binds. In this case all three obedient constraints for voting a are bind-
ing. Note that voter 3, who is the hardest to persuade, votes for a with positive probability. As
voter 2’s obedient constraint is already binding under public persuasion, voter 3 must be in-
volved to raise the probability of voter 1 voting for a. It is straightforward to check that a voter
who is easier to persuade is more likely to vote for a in state B:

n(aab|B) + w(abal|B) > n(aab|B) + n(baa|B) > n(baa|B) + n(aba|B),

As common in the literature, the sender finds it optimal to obfuscates the states. By pool-
ing two states under the same recommendation, a pivotal voter is convinced that the recom-

mended action matches the true state sufficiently likely, and therefore is willing to obey the

In fact, aba is a perfect signal of state B in the sense that n(abalA) = 0 and n(abalB) > 0.



recommendation. A remarkable feature of private persuasion is that the sender also obfuscates
the winning coalitions: he randomizes over multiple winning coalitions.? This additional ob-
fuscation is beneficial for the sender for the following reason. In the absence of obfuscation of
winning coalitions, pivotal voters’ pivotal beliefs are derived conditional on the realized win-
ning coalition. Information will be fully aggregated among pivotal voters within winning coali-
tion, making pivotal voters’ pivotal beliefs identical. As voters have heterogenous preferences,
some pivotal voters are “over-convinced,”i.e., their obedient constraints are slack. To maximize
the persuasion probability, the sender would like to discriminatorily obfuscate by pooling mul-
tiple pivotal events. Such a persuasion strategy is feasible only when the sender can persuade
voters privately.

The gain from private over public persuasion is

-1

ba|B) = ———,
#(abalB) lllg+lgl3

8)

which decreases in /5 and /; and vanishes as either I; — I, or I3 — oo. At the first limit, the slack-
ness in voter 1’s obedient constraint disappears. At the second limit, voter 3 becomes almost
impossible to persuade, and the slackness in voter 1’s obedient constraint has a very small ef-
fect. Since we assume [/ > 1, Qp can equal one only when /; < 1 and /; < 2. Intuitively, under
the optimal information structure, both voters 2 and 3 prefer a when the signal profile is baa,
which is a perfect signal for state A. Since voter 1 is supposed to vote b then, the votes of both
voters 2 and 3 are critical. The optimal signal structure leverages the strict preferences of voters
2 and 3 for a in the same event baa in state A to get them to vote for a in two different events in

state B; namely, aab for voter 2 and aba for voter 3.

4.2 General Case

We saw that the information structure described in Proposition 2 strictly dominates the op-
timal public signal. But to prove that it is optimal, we need to show that it is not strictly domi-
nated by another private information structure. Even with only three voters, the problem is not
trivial as there are three potential minimum a-winning coalitions to deal with. With N voters
there are C}}] minimum a-winning coalitions.

In this section we show that the key properties of the optimal information structure can be

8The randomization over multiple winning coalitions also implies that some winning coalitions contain voters
who are not among the easiest to persuade, which is also present in an example in Alonso and Camara (2016).
Despite the similarity of the results, the mechanisms behind them are very different.

10



derived without fully solving the sender’s problem (P-1). Define

ai = ) 7(slA), 9)
sES;a

i = ) n(slB), (10)
sES;a

as the total probabilities that i belongs to a minimal a-winning coalition in state A and state B,
respectively. Let a = (ay,...,an) and = (,61, o P N). Since each minimum a-winning coalition
includes K voters voting for a, the probabilities that a is chosen in states A and B are, respec-
tively,

1
(11)

N

Zai = 1,
i=1

N

Y Bi = 1 (12)
i=1

~Nl= =l

For each state the probability that voter i belongs to a minimum a-winning coalition must be
less than the probability that a is selected. Hence,

a; € [0,1],Vi, (13)

1 N
Bi € QEZm,w. (14)
i=1

Lemma 2. For any (a, ) that satisfy (11), (12), (13), and (14), there exists 7 € 1P such that (9)
and (10) hold.

Lemma 2 means that we can directly work with (&, 8). Consider the following problem:

1 N
— il . P-2
s ??K;m (B-2)
such that
liﬁ,’ <a; Vi, (15)

and (11), (12), (13) and (14) hold.

Lemma 3 follows immediately.

Lemma 3. If 7 € TIP" is a solution to problem (P-1), then (a,f) defined by (9) and (10) is a
solution to problem (P-2). Conversely, if (a, ) is a solution to problem (P-2), then there exists a
solution i € TIP'Y to problem (P-1) such that (9) and (10) hold.

11



Lemma 3 shows that the sender can choose each voter’s probability of belonging to a mini-
mum a-winning coalition, subject to an overall “budget constraint” that the total probability of

voting for a does not exceed K. The next proposition characterizes the optimal solution when
Qp<1.

Proposition 3. Suppose that Qg < 1 in problem (P-2). Then the optimal solution (a*, *) must
satisfy the following conditions:

L LiB; =a; Vi,
2. a;.“ =min(1,/;Qp) ifa;f >0 for some j > 1.,
3. B} decreases ini, ] = Qp, and By, > 0.

Proposition 3 generalizes Proposition 2. Part 1 says that under the optimal information
structure, each voter’s incentive constraint is binding. If the constraint for some voter i were
not binding, the sender could either increase f; or reduce «; (and increase some other a).
Part 2 says that the sender should use the “budget” of probability of voting a on voters who are
the easiest to persuade. If he expends part of the budget on voter j —i.e., a}'f > (0 — then it must
be that for all i < j either a} or 7 hits the upper bound in (13) or (14). Recall that in the three-
voter case, all three voters votes for a with strictly positive probability. In general that need not
be the case. Since /; increases in i, part 2 implies that a; < a;+; whenever a;;, > 0. Part 3 says
that voters who are easier to persuade are more likely to vote for a in state B than voters who
are harder to persuade. Voter 1, who is the easiest to persuade, belongs to every minimum a-
winning coalition in state B. This, together with part 1, implies that the persuasion probability
must be strictly less than one when [; > 1. Finally, voter K + 1 votes for a with strictly posi-
tive probability. Since each minimum winning coalition has only K votes for a, there must be

multiple minimum winning coalitions.

Proof. Part 1. Since, by definition, Qp = I%Zfi L B}, there must exist some (7 < Q. If, by way of
contradiction, that [; ,B}'f < a;f for some j, then the sender could increase the objective function
by reducing a}f by €, and increasing a; by € and §; by e/1;.

Part 2. Consider the following problem:

N
Uy) = %m%xz ] (P-3)

&P =1
st. ;i = a;,Vi (16)
Z(X,’ = K,aie[O,l];,B,-E[O,Y],Vi (17)

12



Problem (P-3) differs from problem (P-2) in that the inequality sign in (15) is replaced by an
equality sign in (16) and the endogenous variable }_; §;/K in (14) is replaced by a parameter Y
in (17). From part 1, we know that a solution to problem (P-2) must be feasible in problem (P-3)
with Y = Qp. Conversely, if (@, f) is feasible in problem (P-3) for some Y <1 and ¥; §;/K €
(Y,1), then it is also feasible in problem (P-2). It follows that if (a*, #*) is a solution to problem
(P-2), then it is also a solution to problem (P-3) with Y = Q.

We can therefore derive part 2 by solving problem (P-3). Substituting out ;, the sender’s
problem becomes choosing {a;};=;, n to maximize Zﬁ\i @i/ l; subject to (17). The Lagrangian

function is

n
via;— ) & (a;—min(;Y,1). (18)

1 i=1

$=é(;}<)—p(iai—l()+

n
i=1 —

1
The Kuhn-Tucker conditions for «; are that

02 1 _ +y;—¢;=0Vi
6a,~_l,-K pEYi t ’

and p, ¥;, and ¢; be positive (zero) if the corresponding constraints are binding (non-binding).
Part 2 follows from the fact that /; is increasing in i.

Part 3. That B} decreases in i follows immediately from parts 1 and 2 and the fact that [; is
increasing.

By part 1 and 2, we have
1

Bt = =% =min{—, Qp}.
L L
We want to show that 7 = Qp < 1/1;. Suppose not. Then ] = min{%, Qp} = % < Qg. Since [; is
increasing in i, (a;‘,ﬁ;‘) would be equal to (1,1//;) for i < K and (0, 0) for i > K. But then

1 &1 1
QB:_ —<-,
Kizzili L

contradicting the supposition that 1/1; < Qp. This proves that ; = Qp < 1/1;.
Finally, since a} = [;Qp < 1, ¥X | a} < K. It then follows from the fact that ¥ ¥, a} = K that
@y, and B, are strictly positive.
O

Proposition 3 characterizes the optimal solution when Qp < 1. The next proposition pro-

vides a necessary and sufficient condition for Qp < 1.
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Proposition 4. In problem (P-2), Qp =1 if and only if

i* i*
% Zmin(l,%)+(K—Zmin(1,lj)) l 1 > 1, (19)
i=1 j

j=1 i*+1

wherei* = max{i < N|Z§:1min(1, 1) < K} and I+ = co. When Qg < 1, Qgis strictly decreasing
inliifa; >0, and Qp — 1/lkas either Iy — Ixor g1 — oo.

The left-hand side of (19) is U (1)as defined in problem (P-3). The first part of Proposition 4
says that Qp = lif and only if the value of problem (P-3) is greater than one. The remaining parts
of the proposition generalize the discussion of (8) in the three-voter case: Qgwill be higher if any
voter who votes awith a strictly positive probability becomes easier to persuade, and the gain
from private persuasion disappears if either voters 1to Khave the same preferences or voters
K + 1to Nare impossible to persuade.

4.3 Implications on Institutional Design

In ancient Jewish law (see Epstein, 1978), a suspect cannot be unanimously convicted of
a capital crime. It is because the absence of even one dissenting opinion among the judges
indicates that there must remain some form of undiscovered exculpatory evidence. See more
discussion on non-monotone voting rule in Chwe (2010). Our analysis contributes another
rationale of a non-monotone voting rule: preventing information manipulation. When ac-
tion ais chosen if and only if it receives exactly Kvotes, it is optimal for the sender to use a
pivotal-persuasion strategy. As we have shown, the persuasion probability Qgis less than one
as long as the voter who is the easiest to persuade prefers bex ante. By contrast, under any non-
unanimous majority rule, the sender can manipulate the group to implement awith probability
arbitrarily close to one, regardless of the preferences of the voters.

It is well known that a group may choose a large majority requirement to encourage infor-
mation acquisition when information is costly (see Li, 2001). Our results suggest that doing so
may also have the benefit of limiting the influence of interested third parties. In our model a
larger K, in addition to forcing the sender to persuade more voters, also reduces the number of

minimum winning coalitions, making it harder to manipulate the collective decision.
Proposition 5. The persuasion probability Qg is decreasing in K.

Given the optimal pivotal persuasion outcome, voter i's expected payoffis pio— (1 — o) Qpl;.
Therefore, every voter is better off as K increases. It is thus in the voters’ best interests to adopt

a unanimous voting rule favoring b. But this implication is predicated on the assumption that

14



the sender’s bias is known. In our model, if the sender actually prefers b, unanimous voting rule

favoring b will make the collective decision extremely vulnerable to manipulation.

5 Independent Signals

Thus far, we have assumed that the sender can fully control the information structure. In
realty, the sender may face additional informational constraints. For example, the set of avail-
able experiments may be limited. The arbitrary correlation between voters’ experiments may
be hard to obtain. More importantly, voters may have multiple information sources: they may
have private information. Insights from the pivotal persuasion problem are relevant to other
constrained information design problems. Consider the case where voters’ signals are con-
strained to be conditional independent. Imagine a sender who hires N agents, each of whom
produces a signal for a different voter. Whether a signal supports a depends on the state w, as
well as on extraneous factors uncorrelated across agents. Ex ante, the sender can control g; x4,
the probability that voter i’s signal supports x € {a, b} when the state is w € {A, B} (by manipulat-
ing the methodology the agent uses to produce the signal). But, ex post, the agents would not
falsify or suppress the signal (due to reputation concerns).

Write

q= (Cll,a,A, q1,b,A)91,a,B>q1,b,B>---» dN,a,A» YN,b,A» N, a,B> CIN,b,B) .

for a profile of marginal probabilities that fully characterize the information structure. Given q,

the probability of signal profile s in state w is
7 (slo,q) =Y., gi 5;.0-

We assume that the sender has full control over q. Denote S, = {s: |s; = al = K} as the set of
a-winning signal profiles. Thus, the sender’s optimization problem with independent signals is

max0.5 ) 7 (s|A,q)+0.5 ) 7(s|B,q)

q=0 S€S, $€S,
such that
LY #(siBq)|-| ) =n(slAq)| = o
_seS;f"a ] Lses;“u
;| Y w(siB,q)|+]| ) n(slAq)| = o
_sesj‘b ] hsesz“b
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and, fori=1,..,Nand w = A, B,
Gi,awt q9ibw =1

Note that the obedient constraints imply that q; 4,4 = g 4,5 for each voter i.

The restriction to conditionally independent signals complicates the information design
problem significantly. Consider the case N = 3 and K = 2. In addition, assume I3 = [5. Then
the obedient constraints for voting a become

n(aablA,q) +n(abalA,q) = I (n(aablB,q)+n(abalB,q));

n(aablA,q)+7(baalA,q) = I(n(aab|B,q)+n(baalB,q));
n(abalA,q) +n(baalA,q) = I (n(abalB,q)+n(baalB,q)).

Set
42,4 = G3aA=q1,pa=1;
Go.p,A = q3bA=q1,aA=0;
1
q42,aB = {(3,aB=——;
Vi
1
Q2B = q3pB=1——=;
Vi
1,8 = 1—q1,5b8=0.
We have

1
7 (baalA,q) = 1,7 (baalB,q) = T,
2

and 7 (s|A,q),7 (s|B,q) =0 Vs € S, \ {baa}. All three obedient constraints are satisfied.” Under
this feasible solution, a is chosen only when voters 2 and 3 vote for it. Voter 1 who is the easiest
to persuade always votes b. This does not entail a loss, as we assume I3 = I, > [;. The total
persuasion probability is ug + (1 — ug)/l, making the strategy as good as the optimal public
persuasion.

Ignore the independent constraint for the moment. Suppose we can directly assign the
probability of each minimal a-winning coalition as in the last section. Similar to the argument
in Section 4.1, we can increase the persuasion probability in state B by the following steps to
take advantage of the fact that [; < I,.

1. Decrease n(baal|B) by € and increase both n(aba|B) and n(aab|B) by €. This will keep the
obedient constraints for voters 2 and 3 binding. But the obedient constraint for voter 1

will be violated.

91t is straightforward to verify that the obedient constraints in state B are also satisfied.
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2. Increase 7 (abalA) and 7 (aab| A) each by l;e and decrease 7 (baal A) by 2l1e and 7 (baa|B)
by lye/l,. All three obedient constraints are satisfied and the persuasion probability in-

creases by (I, — 1) e/ l,.

With the independent constraint, we cannot directly transfer probability from one mini-
mum winning coalition to another. To (roughly) reproduce step 1 above, we need to raise q 4 5
from 0 and reduce g2 4,5 and g3 4 5 from 1/ \/E This creates two extra effects. First, since we
need q1,4,4 = q1,4,8, We need to increase q1,4,4, which reduces 7 (baal| A). Hence, we need to fur-
ther lower 7 (baa|B), which lowers the persuasion probability, to avoid violating the obedient
constraints of voters 2 and 3. Second, increasing ¢, 4 p also increase 7 (aaalB), which raises the
persuasion probability. It turns out that for small € these two extra effects balance each other
out.

Reproducing step 2 is more problematic. To decrease 7 (baal A) and increase 7 (abal|A) and
7 (aab|A), we must increase ¢4 4 from 0 and reduce ¢ 4,4 and g3 4, 4 from 1, which in turn
increases m(abb|A), w (bbalA), 7 (bab|A) and w(bbb| A) from 0. As a result, a is no longer imple-
mented with probability one in state A. This directly lowers the persuasion probability. As the
left-hand side of the obedient constraints for voting a is lowered, the right-hand side needs to
be lowered as well, which further reduces the persuasion probability. However, note that the ex-
tent to which 7 (abal A) and 7 (aab| A) needs to increase in step 2 is proportional to /;. When [;
is small, these extra negative effects would be small as well. Hence, the persuasion probability
increases as a result.

We have assumed I3 = l,. But since the persuasion probability is continuous in /3, the same
conclusion must hold when I3 is slightly greater than /,. Hence, we have the following proposi-

tion.

Proposition 6. For any Iy, ..., li, Iy > 1, there exists Tes1 and 1 such that the optimal persuasion
probability is strictly greater than 1/l when ly; € (lk,TkH] andl € (O,Tl].

Solving for the constrained optimal information structure is messy as the feasible set is non-
convex and the obedient constraints are non-linear in q.!° Analyzing the “cleaner” pivotal per-
suasion case helps us to identify conditions under which private signals can outperform the
optimal public signal. Wang (2015) argues that the persuasion probability under identical and
independent private signals cannot be greater than that under the optimal public signal. Propo-
sition 6 shows that her conclusion depends critically on the assumption of identical signals. As
we illustrate in Propositions 1 and 2, the advantage of private pivotal persuasion comes from (1)

10See Wang (2015) for a numerical illustration in a three-voter example.
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the sender’s ability to freely use non-pivotal events, and (2) discriminatory obfuscating states

across voters. When the sender is restricted to i.i.d. signals, neither is feasible.

6 Conclusion

How to aggregate diverse and private information is a central question in the design of vot-
ing mechanisms. In this paper we consider the information design problem of a sender who is
restricted to using minimal winning coalitions. We characterize the optimal information struc-
ture and explain why private persuasion strictly outperforms public persuasion. As an applica-
tion, the insight from the pivotal-persuasion problem is used to investigate the value of using
private persuasion when signals are independent across voters. By comparing the persuasion
outcome with and without pivotally constraints, we also provide a justification for using a non-
monotone voting rule.

We assume that the sender has no private information about the state before choosing the
information structure. It is natural to ask what happens alternatively, especially in our voting
context where the interested party or politician engaged in persuading has better information
about the state than voters. Alonso and Camara (2016) use the results from Alonso and Camara
(2017) to argue that, if the sender knows the state before persuasion, then the sender’s favorite
equilibrium in this informed-sender game is an equilibrium in which all informed senders pool
on the same signal used by an uninformed sender. Their result extends to the current paper.
That is, if the information designer knows the true state before choosing the information struc-
ture, there is an equilibrium in this informed-designer game where all types of senders pool on
the same signal as the uninformed sender. It is also natural to ask what happens if voters have
private information, as in Kolotilin, Li, Mylovanov, and Zapechelnyuk (2017), Kolotilin (2017)
and Bergemann, Bonatti, and Smolin (2017). We leave this extension for future work.

While it is standard in the persuasion game literature to assume that the sender can select
any signal structure, in reality he is likely to face substantial restrictions, particularly when mul-
tiple players are involved. In this paper we have restricted the sender to equilibria in which the
sender’s preferred action is chosen only by minimal coalitions. The assumption allows us to
clarify the logic of pivotal persuasion in a tractable way. In future work, it would be worthwhile
to explore other plausible restrictions.
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A Appendix: Omitted Proofs

Proof of Lemma 1. The proof follows directly from the Revelation Principle as in Bergemann
and Morris (2016a) and Taneva (2014) and is omitted. O

Proof of Proposition 2. Suppose Qg = 1. By Proposition 3, 7 = Qg and @; =min (1, >Qp) = 1. It
follows that 7 (baa|B) = w (abal A) = 0. The solution is the only one that makes (4),(5), (6), and
(7) bind. Qg = min (7 (aba|B) + n (aab|B),1). O

Proof of Lemma 2. We show that for any a such that (11) and (13), there exists 7 (s|A) such that
(9) holds.

Let h = C}}’ be the number of pivotal signals. It is convenient to state the proposition in
matrix form. Let s/, ..., s/ be an order of the pivotal signals for voting a. Let 0 = (ay, ..., @,). Let
W be a N x h matrix with .

1 if s(j)=a,
I/Vl] = . [i] (
0 if s(j)=n.
We need to show that there is an h-th vector m4 = (71 4,...,mpa) such that ) ;w4 =1and ;4 €
[0,1], and
WJT}; =07,

Suppose by way of contradiction that no such 7 4 exists. By Farkas’ lemma, there exists an n-th

vector A = (14,...,,Ay) such that

wiAT = o (20)
0 21)

Note that the row of WS that corresponds to the signal profile where players 1 to K observe
a begins with K + 1 ones followed by N — K zeros. Thus, (20) implies that

K
Z A;=0.
i=1

Since the player ordering is arbitrary, we can assume without loss of generality that A; is as-
cending in i. Hence
N N

n}cinZA,-x,- s.t. x; €[0,1] Vi, in =K,
T =1 i=1

K
= Z/li =0.
i=1

19



Since a; € [0,1] forall i,and ¥ | x; = K,

IV

which contradicts (21).
Similarly, one can show that for any § such that (12) and (14), there exists 7 (s|B) such that
(10) holds. O

Proof of Proposition 4. Define

Uuw,h,..1 {me( 11,) (K—imin(l,lj)) ! } (22)

j:l ll*+1

where

i
i" max(ileZmin(l,le)<K

j=1

INy1 = oo

For part 1 we need to show that Qg =1 if and only if U (1, /,...,In) = 1. Suppose Qp =1
and (a*, f*) is a solution to problem (P-2). Define 8 such that f; = a;/l; i=1,..N. By con-
struction (a*, B) is feasible in problem (P-3) with Y = 1 and YN g; = ¥ N g% = K. It follows that
U,1l,..,In) = 1. Conversely, suppose (a,ﬁ) is a solution to problem (P-3) with Y =1 and
U(,l,...,Iy) = 1. Then any positive g’ < (a,,B’) is feasible in problem (P-2). Hence, we can
pick f such that ¥V g/ = K

Part 2. Let (a*,*) denote a solution to problem (P-2). We have showed in the proof of
Proposition 3 that when Qg < 1, (a*, *) is the solution to problem (P-3) with Y = Qp. That is,
U (Qp) = Qp. By the envelop theorem,

du _0Z
dlily-q;  Olily=q;
For any i such that a;* >0and [;Qg <1
0L Qs
- @ (L,
0li ly=0, I l;
= —pQp<0.

The first equality follows from the first-order condition and the last inequality follows from the
that ) ; a; = K is binding when Qg < 1. For any i such that a;.“ >0and [;Qp>1

0«

=—-—=<0.
0l;

v=0s I
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Hence, U is strictly decreasing in /; for any i such that a} > 0. Since any solution to problem
(P-3) when Y < 1 is feasible in problem (P-2), Qp must also be strictly decreasing in /;.

Part 3. Since 1/lg can always be achieved public persuasion, Qp = 1/lg. For any Y > 1/,
(K - Z;il min (Y, l ])) < 0 when /; (and therefore also I, ..., [x_1) is sufficient close to [x. Hence,

1 X 1
lim U (Y, h,..., In) < = Zmin(Y,—) <Y.
h—Ik K3 lj

As we argued in part 2, U (Qg) = Qp. Since forall Y > 1/l
lim U(Y, ll,..., lN) < Y,
h—lg

it follows that

lim Qp <1/Ig.
h—Ik

A similar argument applies when Ik, (and therefore Ik, ..., [y) becomes sufficiently large, i.e.,

lim Qp<1/Ig,
Ix41—00

asforall Y > 1/,

lim U(Y,,...,In),

lg41—00
1 1y 1 K 1

< —|) min|Y,—|+—+ lim [K—-) min(1,1) ,
K|i3 lj Ik h—ik j=1 Ik

Ik

1 (K=l 1 1
—(Zmin(Y,—)+—)<Y.
K\i3 lj
O

Proof of Proposition 5. Suppose Qp < 1. Let k* denote the last voter who votes a with strictly
positive probability. From Proposition 3 we know that §; is decreasing in i, with f; = Qp and
Br« < Qp. Suppose K increases by 1. Keeping Qp constant for now. From Proposition 3 we know
that we will allocate the new unit of pivotal probability to voter k* and voter k* + 1. This will
increase the sum of all §; by less than Qp as ;. < Qp and [; is increasing. This means that the
new average (now with denominator K + 1) will be strictly less than Qp. Hence Qp is no longer
the solution. Since U(Y) is monotone in Y, the new solution must be smaller. O

Proof of Proposition 6. We prove Proposition 6 by analyzing a restricted problem that sets

Gijaa = i,aB=0,4ipa=qipp=1Yi>K+1; (23)
GiaA = 24ipa=1-2,q4iap=0,qipp=1-vVi=2,.,K+1; (24)
Giaa = l—-wreqipa=w—€q1a8=1—W,q1,p5=W. (25)
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Substituting (23), (24), and (25) into the sender’s problem, we have the restricted sender’s prob-
lem

max 0.5(z" +K(1-w+e)z" 1 (1-2)+0.5(v" +K1-w) "' (1-v))
Z, 0, W,

suchthatz,v,w,e=0,z,v<1, w+e<1, and

L(A-wKv* T 1-v)-0-w+ekzX"11-2) =< 0, (26)
~l (wKv* P (1- )+ (w-e) KX 11 -2) 27)

IA
A

and, forall j =2,..,K+1,

L(o*w+®-Dv5 T a-v-w)-(Fw-e+K-1DZT1-200-w+e) =<0, (28)

L (" wa -+ K -Dr*PA- 0P -w)
+(Z* T w-e(1-2+(K-1Z521-220-w+e) <0, (29)

and, for j > K+1,
— 1 (wKv* ' 1= 0) + 05K (K- 1) (1 - w) v* 72 (1 - v)?)
+(w-6)KzZK 11 -2)+05K(K-1)1-w+e)zK21-22%<0. (30)

We prove Proposition 6 by showing that the claim holds for the restricted problem. First, con-
sider the case that [y =e¢ =1-z =0and lg,; = Ix. In this case, we can ignore (26) and (27), voter
1's obedient constraints, as they are always satisfied. Consider the potential solution

w*=1,v" = (1/1)¥. 31

It is straightforward to verify that the solution is feasible with persuasion probability 1//x. The

obedient constraint to vote for b for any voter j > 1, (29) and (30), are non-binding, so are the

obedient constraint to vote for a, (28), for any voter j # K + 1. The only binding constraints,

therefore, are the obedient constraint to vote for a for voter K +1 and the constraints that w < 1.
Define the Lagrangian function

L =05+ K1 -w) " Q- 0))+Aks1,0 (W -l (VEw+ (K =D)v5 (1 - 0) (1 - w)))—x(w-1).
Differentiating L with respect to w and v and substituting 1/ v*X for Iy yield

0¥
YN 1

=-05KW) (1= v") + dksralenn 0T 1-v*) (K-1D-x;  (32)
OW |y =1,07 =01/ 1) K
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0Z

- L = 05K T~ Agr g KX (33)

w*=1v*=1/Ilgs1) K

It follows that

0Z 0«

+— (1-v*)(K-1)/K=-050" "1 (1-v*) -k <0.
OW | =1, =/ g,k OV X

w*=1,v*=1/Ilg+1) K

This implies that there exist no Ax.1,4,k = 0 such that

0%
ow

0

1 1
w=1,0"=/lc,)® OV lw*=1,0°=(1/ 1k, 1)K

=0.

Hence, by the Kuhn-Tucker condition, w* = 1,v* = (lllK)% cannot be a solution to the re-
stricted problem when I} =€ =1—-2z =0 and Ix;+; = Ix. This implies that there is some v and
w, that together with € = 1 — z = 0, constitute a feasible solution to the restricted problem with
persuasion probability p* > 1/Ix when [ =0 and Ig; = Ik.

Since persuasion probability is continuous in v, starting with this solution with persuasion
probability p*, we can slightly change the value of v so that the persuasion probability remains
greater than 1/lg, and (28), (29) for j = 2,...,K +1, and (30) for j > K+ 1 are all non-binding.
Since the persuasion probability is continuous in z, there is some z such that for any z € [Z, 1),
the persuasion probability is strictly greater than 1/I/x and (28), (29) for j =2,..., K+ 1, and (30)
for j > K +1 all remain non-binding. Since (28) is continuous in [}, there is some TK+ 1 such that
forall Ig4; € (lk,TK+1], (28) remains non-binding for Ix.,. When z < 1, (26) is non-binding. Pick
71 > 0 such that there is some z € [Z, 1) so that (26) and (27) hold with equality when [; = Tl Then
forall [; € (0, 71], there is some z (/1) € [Z,1) that makes (26) and (27) holds with equality. Finally,
we can make (26) and (27) non-binding by slightly raising €. Since the persuasion probability is
continuous in €, the persuasion probability is still strictly higher than 1/ . O
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