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Abstract

Rational expectations equilibrium seeks a proper treatment of behavior under private
information by assuming that the information revealed by prices is taken into account
by consumers in their decisions. Typically agents are supposed to maximize a condi-
tional expectation of state-dependent utility function and to consume the same bundles
in indistiguishable states [see Allen (Econometrica 49(5):1173—-1199, 1981), Radner
(Econometrica 47(3):655-678, 1979)]. A problem with this model is that a rational
expectations equilibrium may not exist even under very restrictive assumptions, may
not be efficient, may not be incentive compatible, and may not be implementable as
a perfect Bayesian equilibrium (Glycopantis et al. in Econ Theory 26(4):765-791,
2005). We introduce a notion of rational expectations equilibrium with two main
features: agents may consume different bundles in indistinguishable states and ambi-
guity is allowed in individuals’ preferences. We show that such an equilibrium exists
universally and not only generically without freezing a particular preferences represen-
tation. Moreover, if we particularize the preferences to a specific form of the maxmin
expected utility model introduced in Gilboa and Schmeidler (J Math Econ 18(2):
141-153, 1989), then we are able to prove efficiency and incentive compatibility. These
properties do not hold for the traditional (Bayesian) Rational Expectation Equilibrium.
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1 Introduction

Some of the most important developments in economics were related to modeling
of information and the study of its use by agents in certain economic situations. The
introduction of the rational expectations paradigm is a good example of such break-
throughs. Rational expectation equilibrium (REE) theory offers a rigorous conceptual
framework to modeling the information conveyed by prices into the decision of eco-
nomic agents. The fact that prices may convey useful information to market participants
is well known at least since Hayek (1945). The main feature of REE is the require-
ment of consistency of the optimal actions of economic agents and the information
that those optimal actions reveal through prices.

Agents are typically assumed to maximize a conditional expected utility function
and to consume the same bundles in indistinguishable states (see Allen 1981; Radner
1979; Einy et al. 2000a,b and among others). A problem with this model is that a
rational expectations equilibrium may not exist even under very restrictive assump-
tions. This fact was established by Kreps (1977) (see also Green 1977), through an
influential and well-known example, which we revisit in Sect. 1.1 (see also Sect. 4).
In seminal papers, Radner (1979) and Allen (1981) prove the generic existence of
REE when individuals are Bayesians. Moreover, a REE may not be efficient, may
not be incentive compatible,! and may not be implementable as a perfect Bayesian
equilibrium (Glycopantis et al. 2005).

1 Sun et al. (2013) provides a counterexample for a large economy in which REE does not possess the
desirable property of incentive compatibility for each agent.
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A new approach to the rational expectations equilibrium...

We introduce a notion of rational expectations equilibrium and prove that it exists
universally (not generically) for a general class of preferences with ambiguity. Spe-
cializing the preferences to maxmin expected utility (MEU), we prove that the REE
is also efficient and further specializing to a particular kind of MEU, we show that it
is incentive compatible. We present an alternative to the traditional rational expecta-
tions equilibrium of Radner (1979) and Allen (1981) (see also Einy et al. 2000a, b;
Balder and Yannelis 2009) where individuals are ambiguous and allowed to consume
different bundles in states they do not distinguish. Specifically, our notion of rational
expectations equilibrium differs from the traditional REE in two main perspectives.
First, we allow for ambiguity in agents’ consumption choices and second, we do not
impose optimal allocations to fulfill the private information measurability condition.

We consider a general class of ambiguous preferences which includes as particular
cases most of the popular utility representations modeled in the literature such as MEU,
«-MEU, invariant biseparable preferences, smooth preferences, e-contamination, vari-
ation preferences among others. Clearly, it also includes the Bayesian formulation so
that our solution even specializes to the setting with no ambiguity.

We prove the existence of a REE with this general class of preferences. For the
existence it is crucial to not impose any private information measurability restriction.
Indeed, the second important departure of our model from the literature (Allen 1981;
Einy et al. 2000a,b) is that agents are not always able to infer the state from the
endowments they receive or from the consumption goods they consume (see Sects. 2.3
and 3.1 for details).

The lack of measurability requirement is particularly motivated in those economies,
we will mainly refer to throughout the paper, in which all markets participants have
maxmin preferences. Indeed, according to the maxmin formulation, any agent con-
siders the worst possible scenario, that is she expects to receive the bundle which
minimizes her welfare. Therefore, she is indifferent among bundles in indistinguish-
able states, because whatever she will receive ex post, she is sure to obtain something
ensuring her the lowest possible bound of happiness. The following reexamination of
the financial example introduced by Kreps (1977) clarifies our existence result.

The idea is to consider a family of associated complete information economies (one
for each state) and show that any selection from its Walrasian equilibrium correspon-
dence is a REE. Computing the Walrasian equilibrium, two possibilities arise: either
prices are fully revealing, i.e., different complete information economies have differ-
ent market clearing prices, in which case the equilibrium exists and is equivalent to
the traditional rational expectations equilibrium a la Allen (1981) and Radner (1979);
or prices are partially revealing, i.e., different complete information economies have
the same equilibrium prices. In this case, a selection out of the Walrasian equilibrium
correspondence is found that guarantees market clearing. The selected allocation may
not be private information measurable. From the existence of an ex post Walrasian
equilibrium we deduce the non emptiness of the set of REE with a general class of
preferences. We show that this inclusion is strict but it becomes an equivalence under
an additional requirement satisfied by the Bayesian expected utility function and not
by the MEU. To study the efficiency and incentive compatibility of a REE we spe-
cialize preferences to the maxmin expected utility and prove that in this case the REE
is indeed efficient and incentive compatible. We compare the notion of maxmin REE
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L. 1. de Castro et al.

with the traditional one by using the example of Kreps (1977). We show that the two
notions are in general different. We illustrate some properties of the maxmin REE and
list the assumptions guaranteeing its efficiency and its incentive compatibility. Several
examples complete the analysis by underling the role of each assumption.

1.1 Kreps’ example

Kreps (1977) provides a simple financial example that allows us to understand the
heart of our contribution. He assumes that there are two assets: a riskless asset that
costs and pays 1 and a risky asset that is sold at period # = 1 by the price p(w) € R+
and pays V(w) in period t = 2, where w denotes the state of the world. There are
two individuals, both with utility U(c) = —e™¢ for the consumption of ¢ units at
t = 2. Individual 1 knows whether V (w) is distributed according to a normal with
mean m | and variance o2 or according to a normal with mean m, and variance o2 Let
s1 denote the first distribution and s;, the second. That is, individual 1 knows which
distribution s; (j = 1, 2) governs V (). On the other hand, individual 2 only knows
that the distribution governing V (w) is in the set S = {s1, 52}, but she can infer s
once she observes the prices.” To complete the description, assume that individual i
is endowed with k;; units of the risky asset if s; occurs, for i, j € {1, 2}. Endowments
of the riskless asset are constant and, therefore, ignored.

Now if an individual knows s and buys ¢ units of the risky asset, her consumption
will be x(w) = —p(w) - g + (¢ + ki.) - V(w), leading to the expected utility:

ui(s,x) = Es{—exp[—(=p-q+ (g +ki)-V)]}, ey

where E; denotes expectation with respectto s € {s1, s2}. As natural, we assume that
the price p(w) depends only on s and write p(w) = p; if s =5, j = 1, 2. Given the
normality of the risky asset returns, we have for j = 1, 2:

2
ui(sj,x)z—exp[pq—mj (q +kij)+%(q+kij)21|, )

which leads to the following optimal quantity if the individual knows which s obtains:

TP g, fori=1,2ands =s;, j = 1,2. 3)
o

qij =
Let us consider the case in which both individuals are Bayesian. If individual 2 is
uniformed, that is, p; = p7, then she considers a mixture of normals (s; and s7). In
any case, her optimal choice, although not given by (3), is a single quantity g1 =
q22. Kreps first observes that if m| # m> and k1; = 0, for j = 1, 2 then prices
cannot be uninformative, that is, we cannot have p; = p». Indeed, in this case g1 #

2 Nothing changes in the analysis if we assume that individual 2 considers all convex combinations of s
and s, as possible.
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A new approach to the rational expectations equilibrium...

q12, but since q2; = —qj, this would imply g21 # ¢22, contradicting the previous
observation.’

Thus, assume that p; # p> and individual 2 is informed, that is, all choices are
given by (3). Kreps notes thatif my =4, my = 5, ko1 = 2, kpp =4 and 02 =1, then
p1 = p2 = 3, which contradicts p; # p;. This contradiction shows that no rational
expectations equilibrium exists.

Let us now observe what happens with the MEU formulation. Under full infor-
mation, there is no ambiguity and the individuals’ behaviors are exactly as above.
However, in the case that 2 is uniformed (p; = p»), then she faces ambiguity and takes
the worst-case scenario in her evaluation. She is, therefore, indifferent among a set of
different quantities ¢;;; in particular, she is indifferent among quantities that promises
utilities above the minimum between the two states.* Which among her equally good
quantities will be selected? It is standard to think that a Walrasian auctioneer selects
the quantity that clears the market, but the information about the quantity chosen by
the Walrasian auctioneer is available to the individual only after all choices are made
and, therefore, cannot affect her behavior. This means that the restriction g1 = g2
used above no longer holds. She could receive different quantities on different states.
For example, an equilibrium with the above parameters would be p; = p» = 3 and
q21 = —land g = 2.

Remark 1.1 Notice that in the original Kreps’ model, private information measurability
of the quantities plays a crucial role in the failure of existence. Basically, the problem is
that if prices do not reveal information, we may end up requiring that quantities bought
in different states be different, but this is possible only if prices do reveal information.
The requirement of measurability makes sense if each individual is buying the quantity
itself, but it is natural to dispense with this restriction if we see this as a negotiation of
contracts in the interim period, whose quantities are finally determined in the ex post
period. Relaxation of private information measurability is also an important ingredient
in our theory (please see discussion in Sect. 3.1).

1.2 Relevant literature

With respect to the traditional REE literature, it is well known by now that a REE as
formulated by Radner (1979), Allen (1981) and Grossman (1981) exists only generi-
cally.

Condie and Ganguli (201 1a) extends the Radner (1979) model to ambiguous agents’
preferences which are represented by the Choquet expected utility with a convex
capacity. They provide the existence of fully revealing REE for almost all sets of
beliefs. Condie and Ganguli (201 1b) study the existence problem of partially revealing
REE when at least one individual has ambiguity averse preferences. Our model mainly
differs from Condie and Ganguli (2011a,b) in the way the information is treated.
We describe the information via a partition of the state space as used by Radner

3 Another way of describing the same problem is to think that the decision on quantities is measurable with
respect to the information partition that the individual has after observing prices.

4 Note that she is indifferent taking in account the information that she has when making decisions. Obvi-
ously, she is not indifferent ex post.
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L. 1. de Castro et al.

(1968) and Allen (1981). In contrast, Radner (1979) and Condie and Ganguli (2011a)
use a model based on signals. In particular, Radner (1979) and Condie and Ganguli
(2011a) fix a state-dependent utility and specify various economies by the appropriate
notion of conditional beliefs. Radner (1979) describes signals as providing information
on the conditional probability distribution over a set of states. All information in
Radner (1979) is obtained by knowing everyone’s joint signal. As such, the partitions
observable by traders are over the space of joint signals as opposed to the state space
over which consumption occurs. Radner calls these consumption states the “payoff-
relevant part of the environment” (page 659). If an individual receives signal #; then
she knows that the joint signal is in the set of joint signals for which she receives the
signal #;. This imposes additional structure on the types of partitions over the signal
space that agents observe.

In Tallon (1998) individuals’ conditional belief are only superadditive. Conse-
quently even when the equilibrium price is fully revealing, uninformed agents,
perceiving ambiguously the price signal, may not know which state occurred; and
therefore it may be worthwhile for them to buy “redundant” information. On the con-
trary in our model a fully revealing REE and equilibria of the full information economy
coincide.

Polemarchakis and Siconolfi (1993) prove the existence of noninformative REE in
which prices convey no information. They consider only nominal assets and reduce
the existence of noninformative REE to the existence of competitive equilibria in a
particular economy with restricted participation in the asset markets. Crucial and also
restrictive is the assumption of signal invariance of the utility function, without which
the existence of noninformative equilibrium is not guaranteed.

Citanna and Villanacci (2000) do not restrict the analysis of fully revealing or non
revealing REE but they consider a partially revealing REE by allowing any degree
of information revelation through the prices. Balder and Yannelis (2009) show that
if agents correctly predict equilibrium prices (every agent has her own price estimate
based on her own private information), then a REE exists universally.

In a series of papers Correia-da Silva and Hervés-Beloso (2008, 2009, 2012, 2014),
to whom we refer with CH, introduce economies with uncertain delivery, where:

“instead of choosing bundles, agents choose lists of bundles out of which the
market then selects one bundles for delivery”.

We keep their idea of uncertainty delivery in the sense that each individual, given
an event of her information partition (informational signal), submits a demand corre-
spondence (not necessarily a function) and accepts to get ex post any of the bundles
contracted for delivery in indistinguishable states belonging in the given event. The
selection must guarantee market clearing.

In spite of this similarity, our paper differs from the works by CH in many aspects.
We consider an interim model and we focus on the notion of rational expectations
equilibrium according to which agents trade is based on their private information and
on the information revealed by prices. This is not captured by CH who instead study
models in which trade takes place ex ante. Indeed they write “an agent cannot infer
the information of the others because, at the moment of trade, the other agents still

@ Springer



A new approach to the rational expectations equilibrium...

have not received their information. From the deliveries made at date 1, agents could
be able to infer the true state of nature. But we assume that the information obtained
through these inferences cannot be used (in a court of law, for example) to enforce
contracts.” [see Footnote 4 in Correia-da Silva and Hervés-Beloso (2012)].

This difference is clear in the example illustrated in the Appendix 2 of Correia-
da Silva and Hervés-Beloso (2012), in which their equilibrium does not exist, while
a rational expectations equilibrium, as defined in our paper, exists. One can easily
construct additional examples to show that our REE concept is different that the one
of CH. As a matter of fact, the CH does not capture the idea of REE as in their set-up
agents do not condition their expectations on the information the equilibrium prices
generate, which is the basic feature of a REE notion.

We continue the research project begun by de Castro and Yannelis (2008) who
show that only MEU preferences solve the conflict arising between efficiency and
incentive compatibility. A similar framework is used in de Castro et al. (2011) in
order to prove the existence of core allocations and equilibria in ex ante and interim
asymmetric information economies. Efficiency and incentive compatibility properties
of equilibria are also analyzed. In de Castro et al. (2011), contrary to this paper, agents
do not consider the information revealed by the prices. He and Yannelis (2015) extend
de Castroetal. (2011) to economies with countably many states of nature and also prove
the Core-Walras equivalence theorem. Zhiwei (2014) and Zhiwei (2016) consider our
REE solution concept and study respectively the ex ante efficiency properties and the
implementation problem of a maxmin REE as a maxmin equilibrium (see de Castro
et al. 2017 for an extension). In this paper we do not consider ex ante models, we
do not deal with cooperative solution concepts (i.e., core or value), neither with the
implementation problem. It should be pointed out that our work differs from all the
above papers as we focus on universal existence of REE and also its efficiency and
incentive compatibility, that have not been examined up to now. Also, we do not provide
any applications in finance, although in view of recent work (see Faria and Correia-da
Silva 2012; Ma et al. 2008; Yi et al. 2015; Munk and Rubtsov 2014) indicates that our
modeling is applicable to financial markets.

1.3 Organization of the paper

The paper is organized as follows: in Sect. 2 we describe the economic model and the
general class of agents’ preferences which may allow for ambiguity. In Sect. 3 we adapt
to our framework a very general rational expectations equilibrium notion, called V-
REE, and establish its existence. In Sect. 4 we particularize agents’ preferences to the
maxmin expected utility. We compare the traditional notion of REE with the maxmin
REE for which we also provide some properties. Sects. 5 and 6 deal respectively with
the efficiency and incentive compatibility of maxmin REE. Some open questions are
collected in Sect. 7. The “Appendix” collects longer proofs and useful examples.
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L. 1. de Castro et al.

2 Model: asymmetric information economy

We use the following notations. For two vectors x = (x',...,x% and y =
(yl,...,yg) in R¢, we write x > y when x¥ > yk forallk € {l,...,¢};x >y
when x > yand x # y;and x > y when x¥ > y* forall k € {1,...,¢}. A
function u : ]Rﬁ — R is (strictly) monotone if for all x, y € R, (x > y) x>y
implies that u(x) > u(y); and it is (strictly) quasi-concave if for all x,y € Rf_
and all @ € (0, 1) we have that (u(ax + (1 — a)y) > min{u(x), u(y)} if x # y)
u(ax + (1 — a)y) = min{u(x), u(y)}. Given two sets A and B, the notation A\ B
refers to the set-theoretic difference, i.e., AA\B ={a : a € Aanda ¢ B}.

2.1 Asymmetric information economy

We consider an exchange economy with uncertainty and asymmetrically informed
agents. The uncertainty is represented by a measurable space (S, F), where S is a
finite set of possible states of nature and F is the algebra of all the events, i.e., F is
the power set of S. Let Rﬂ be the commodity space and [ be a set of n agents, i.e.,
I ={1,...,n}. An asymmetric information exchange economy ¢ is the following
collection:

E={(S,F); (Fi,ui,e)ier},

where forall i €

— F; is a partition of S, representing the private information of agent i. The inter-
pretation is as usual: if s € S is the state of nature that is going to be realized, agent
i observes F; (s), the unique element of F; containing s. By an abuse of notation,
we still denote by F; the algebra generated by the partition F;.
— a random utility function (or state-dependent utility) representing her (ex post)
preferences u; : S x ]Rﬂ — R. We assume that for all s € S, u; (s, -) is continuous
and monotone.’
— a random initial endowment of physical resources represented by a function
e .S — Rﬁ_.
Given a vector-valued random variable f : (S, F) — (R¢, B(RY)), where B(R?) is
the o-field of Borel subsets of R, let o (f) denote the smallest sub-algebra of F for
which f(-) is measurable. For some results, we need to assume that o (u;) € F; or
o (e;) € F; referring respectively to u; (-, t) is F;-measurable for all t € Rﬁ and ¢; ()
is F;-measurable. Finally o (4;, ¢;) € JF; means that o (#;) € F; and o (e;) C F;.

A price p is a function from S to Rﬂ. In some other papers, a price is defined as
a non-zero function from S to Ri, meaning that for some s (not necessarily for all s)
p(s) > 0. However, with standard arguments it can be proved that if there is at least
one agent i such that u; (s, -) is monotone for all s € S, then the equilibrium price
p 1s positive in any state (i.e., p(s) > 0 for any s € §). Moreover, if p : § — A,

5 Ttis known that if u i (s, -) is continuous and monotone, then it is also monotonically increasing, i.e., x > y
implies u; (s, x) > u; (s, y).
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where A is the (¢ — 1)-dimensional unit simplex in Rﬂ, (as defined for example in
Allen 1981) then in particular p(s) > 0 for any s € S. Since throughout the paper
we assume that u; (s, -) is monotone for all s € S and all i € I, the equilibrium price
p is positive in each state, i.e., p : § — Rﬁ_\{O}. The algebra o (p) represents the
information generated by the price function p. We denote by g{’ = F; vo(p) the
smallest algebra containing both F; and o (p).

A function x : [ x § — Rﬁ is said to be a random consumption vector or
allocation. For each i, the function x; : S — Rﬁ is said to be an allocation® of agent
i, while for each s, the vector x; (s) € ]Rﬂ is abundle of agent i in state s. An allocation
x is said to be feasible if } ; _; x;(s) = D _;c; €i(s) forall s € S.

We will describe the agents’ preferences below. The above structure, including each
agent’s preference, is common knowledge for all agents.

2.2 Preferences

In this section, we discuss preferences which may allow for ambiguity. Given, any
event F' € F and any two functions f, g : S — R, we consider the function V (-|F)
such that

(A1) V(fl{s}) = f(s) foranys € S;

(A2) f(s") = g(s') for some s’ € F implies V(f|F) > V(h|F), where

h(s) = {g(s’) ifs = s"
f(s) otherwise.

Let IT = (I1;);c; be an information structure, meaning that for any agent i, IT;
is a partition of S. In particular, if IT; = F; for any i € [, then the information
structure is the initial private information. Let F' be an event of I1; for some agent
i (i.e., F = I1;(s) for some state s) and f and g be the utility of i at two different
allocations x and y (i.e., f(s) = u; (s, x(s)) and g(s) = u; (s, y(s))), then V represents
the interim preferences of agent i while conditions (A1) and (A2) are the consistency
requirements between interim and ex post preferences. For the rest of this section
we avoid to use the subscript i referring to any agent. With an abuse of notation, for
any allocation x : § — Rﬁ and any event F' € F, V(x|F) denotes V (u(-, x(-))|F).
Notice that (A2) is a monotonicity condition meaning that if V (y|F) > V(x|F) then
u(s’, y(s')) > u(s’, x(s)) for some state s’ € F [see also Axiom 4 in de Castro et al.
2011].

Most of the typical ambiguity preferences representation in finance and in eco-
nomics obeys the two conditions above. Moreover, V' is not restricted to ambiguous
preferences as it can be the standard (Bayesian) interim expected utility function
once there is a unique known probability 7 on F with 7w (s) > O for any s, i.e.,

(s)
n(F)

VX[F) = Ex (u(,x())|F) = Zu(s,x(s)) “

seF

6 For simplicity, we will often use the symbol x; (s) € Rﬁ to denote x (i, s) € Ri Similarly, x; (-) refers
to the function x(i, -) : § — Rﬁ_. Finally, x (s) refers to the function x(-, s) : I — Rﬁ_.
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Let CF be the set of all probabilities with support contained on F and M’ be a
non empty, closed and convex subset of C* containing the priors of the agent.” If an
agent is ambiguous on the set M’ and she considers the worst possible scenario when
evaluating her payoff, then for any two allocations x, y, she prefers x to y if

inf E,[u(,x()] > inf E,[uC, y(-)].
neMF neMF

Thus, for any allocation x the utility V with respect to the information IT in state s is:

Vx|F)= inf E,[u(-,x(-))], where F' = TI(s). 5)
neM¥F

In the case of a state-independent utility, (5) represents the seminal conditional pref-
erences in the Gilboa-Schmeidler form. For this reason we call it maxmin expected
utility (MEU) and we denote it by u' (s, x).

Remark 2.1 1f M¥ is a singleton set then the maxmin expected utility (MEU) reduces
to the standard Bayesian expected utility (4). If MF = CF then it is the maxmin
expected utility considered in de Castro and Yannelis (2008) where it is shown that

V(x|F)= inf E,[u(-,x(-)]= migu(s’,x(s’)). (6)
s'e

neCF

It is proved in de Castro and Yannelis (2008) that efficient allocations are incentive
compatible if and only if individuals’ preferences are represented by (6).

Whenever for each agent i the partition IT; is her initial private information J;,
then we do not use the superscript, i.e., u; (s, x;) = mingcz () i (s’, x; (s")). When
we deal with the notion of rational expectations equilibrium according to which each
agent i takes into account also the information that the equilibrium prices generate, F'
is an event of the information partition Q’ip , where Qip = F; V o(p). In this case the
utility V is denoted by V (x;|F) = ufE (s, x;) = ming_gr o ui(s', xi (s")).

We now observe that conditions (A2) and (A1) above alre also satisfied by further
extensions of the MEU model that allow for a distinction between ambiguity and
ambiguity aversion.

Ghirardato et al. (2004) introduced the invariant biseparable preferences repre-
sented by the following function adapted to our framework [see Lemma 1 and Theorem
11 in Ghirardato et al. (2004)].

ValF) =a(x]) min 3 uls, x6)u)+0 —alxD) max Y uls x6)uls).  (7)
me seF me seF

where M is a non empty, compact and convex set of probabilities on 27, [x] is the

setof y : F — Rﬁ such that ZSE Fu(s, x(s))u(s) is a positive affine transformation

7 In particular if ¢ € CF, then p(s’) = O forany s’ ¢ F and 3"y ju(s") = 1. For applications of those
preferences see Ravanelli and Svindland (2019).

@ Springer



A new approach to the rational expectations equilibrium...

of Y cpu(s, y(s))u(s) for all u € MF; and a([x]) € [0, 1]. Clearly the MEU
preference model and more generally the «-MEU preference model, in which «([-])
is respectively constantly equal to one or equal to @ € [0, 1], are special cases of the
above representation. Moreover, if MF = {m} then the function «([-]) disappears and
(7) reduces to (4). Notice that (7) satisfies condition (A2); moreover once F = {s},
the set M’ contains only the measure 11 assigning zero to @ and one to {s} and hence
(7) also obeys condition (A1) above.

Klibanoff et al. (2005) introduced the smooth ambiguity model that, with suitable
adaptations to our framework, represents individuals’ preferences by the function

VxlF)= ) @ (Zu(s,x(s)ms)) B(w), ®)

MECF seF

where CF" is the set of all probability measures with support on F, ® : R — Risa
strictly increasing function reflecting attitude towards ambiguity and B is a probabil-
ity measure on C*'. Since u and ® are monotone, (8) satisfies condition (A2) above.
Moreover, once F is a singleton {s}, the set /" contains only one prior i and conse-
quently B(u) = 1. Thus, (8) also satisfies condition (A1) if @ is the identity function
D) =1t.

Variational preferences introduced by Maccheroni et al. (2006) and adapted to our
framework have the following representation

Vx|F) = miCnF {Zu(s, x(5))pa(s) +C(M)} , &)

ne seF

where CF is the set of all the probability measures with support on F and ¢ : CF' —
[0, +00) is a convex function on C¥. Multiplier preferences introduced by Hansen
and Sargent (2008) are the special case of (9) where c is the relative entropy. The
monotonicity condition (A2) trivially holds, and (A1) is also verified for c(u) = 0,
where p is the unique measure assigning zero to the event ¢ and one to the event
F = {s}.

A further ambiguity model consists in taking the convex combination of two quan-
tities: first (6), the minimum expected utility with respect to all possible probability
measures with support on F' and second (4), the expected utility with respect to a
particular probability measure in this set. The following function represents in our
framework the so-called e-contamination preferences

V(x|F) = G?éi}:l u(s, x(s)) + (1 — G)SEZFM(S, x($))m(s). (10)

Remark 2.2 In Sect. 3 we introduce a notion of rational expectations equilibrium and
prove its existence with the general function V satisfying only conditions (A2) and
(A1) above in economies with strictly positive endowment and quasi-concave (ex
post) utility function. Moreover, by strengthening (A2) our notion coincides with the
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ex post Walrasian equilibrium (see Proposition 3.4). We prove the efficiency of the
REE for an expected utility represented by (5) and the incentive compatibility for an
expected utility represented by (6).

2.3 Timing

We can specify the timing of the economy as follows. There are three periods: ex ante
(t = 0), interim (¢ = 1) and ex post (t = 2). Although consumption takes place only
at the ex post stage, the other events occur as follows:

o Att = 0, the state space, the partitions, the structure of the economy and the price
function p : § — Rﬁ are common knowledge. This stage does not play any role
in our analysis and it is assumed just for a matter of clarity.

e Att = 1, a particular state of nature s has obtained. Each individual learns her
private information signal F; (s) and the prevailing price p(s) € Rﬁ. Therefore,
she learns Qip (s), where g;’ = F; V o(p), meaning that she only knows that one
of the states s’ € g}’ (s) obtains but not exactly which. With this information, the
individual plans how much she wish to consume in any indistinguishable states
s’ € Qip (s) and evaluates the utility of this choice by means of the function V
(conditional to the event Qf (s)). Since her actual consumption, as her endowment,
may be contingent to the realized state of nature, she need to be sure that she will
be able to pay her consumption plan x;(s’) for all s" € g{’ (s). This leads to the
following budget set

Bi(s,p) = {yi + p(s) - yi(s) < p(s') - ei(s') foralls’ e G ()},  (11)

In particular an individual submits a demand correspondence assigning to each
s € S the set {x;(s"),s’ € g{’ (s)} of contingent bundles in indistinguishable
states. This contract gives to i the right to consume ex post one bundle of the
demand set which contains indifferent alternatives for i at the time of contracting.
Obviously, the individual is not indifferent ex post. The interpretation of this model
is that the plan that the individual makes at the interim stage (+ = 1) serves as the
channel through which her information is passed to the system, or to the “Walrasian
auctioneer,” if one prefers. This is necessary for the purpose of aggregation of
information among the individuals and to guarantee the feasibility of the final
allocations.

e Att = 2, whether or not the “Walrasian auctioneer” delivers truthfully, individual
i receives and consumes one of the bundles x; (s”) with s’ € g{’ (s), not necessarily
x; (5).8 Thus, agents are allowed to consume different bundles in indistiguishable
states.

8 The information about the bundle chosen by the “Walrasian auctioneer” is available to the individual i
only after all choices are made and, therefore, cannot affect her behavior.
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3 Rational expectations equilibrium and its existence

This section adopts a variant of a rational expectations equilibrium (REE) notion
introduced by Allen (1981), where agents’ preferences are represented by the function
V and without the private information measurability restrictions on allocations. We
show that such a REE equilibrium (universally) exists under mild assumptions.

Definition 3.1 A V-rational expectations equilibrium (V-REE) is a pair (p, x),
where p is a price function and x is a feasible allocation such that

(1) foralli e I andall s € S, p(s) - xi(s) < p(s) - e;i (s), and
(i) foralli € [ and foralls € S, Vi(x;|G7 (s)) = maxy,ep; (s, py Vi 0i1GY (5)).

Once agents’ preferences are represented by (6), the pair (p, x) is called maxmin
REE. Notice that contrary to the traditional REE notion the optimal allocation is not
required to be measurable with respect to the private information and the information
generated by the equilibrium price. This allows agents to consume different bundles
in indistinguishable states. However, the private information measurability of allo-
cations requirement is automatically satisfied under strict concavity assumption [see
Proposition 4.3 in this paper, Theorem A.6 in Allen (1981) and Section 5 of Kreps
(1977)]. Definition 3.1 includes as particular case the traditional notion of REE, when
ambiguity does not matter, as the function V is the (Bayesian) expected utility function
and o (x;) C g{’, o(e;j) € F; are imposed for any agenti € [.

Either a traditional (Bayesian)9 REE or a V-REE are said to be (i) fully revealing
if the equilibrium price reveals to each agent all states of nature, i.e., o (p) = F; (ii)
non revealing if the equilibrium price reveals nothing, that is g{’ = F;foralli € I or,
equivalently, if o (p) € /\,;c; Fi: finally (iii) partially revealing if the equilibrium
price reveals some but not all states of nature, i.e., /\ie ; Fi Co(p) C F. We first
notice that whenever the equilibrium price p is fully revealing, i.e., o (p) = F, since
g{’ = F; vV o(p), it follows that Qip = F foralli € I. Thus, for any state s € §
and any agenti € I, Qip(s) = {s}, and hence E (u;(, xi(-))|g{’(s)) = u; (s, x;(s))
as well as v,-(x,-|gf (8)) = u;(s, x;(s)) [see (Al)]. Moreover, the g{’ -measurability
assumption of the traditional REE allocations plays no role. Therefore, fully revealing
traditional REE and fully revealing V-REE coincide, as they both become ex post
Walrasian equilibrium.

3.1 Private information measurability

In the literature on the Bayesian rational expectations equilibrium, for any agent i
the endowment e¢; and the optimal allocation x; are required to be private information
measurable, i.e., o (¢;, x;) C g;’ (see for example Allen 1981; Einy et al. 2000a, b).
This means that at time = 1, once a particular state of nature s is realized, agent
i, observing also her endowment ¢;(s) € R, can choose the optimal bundle x; (s)
among those z € ]R/i satisfying the budget inequality p(s)-z < p(s)-e;(s). Moreover,
since o (x;) € gip agent i knows perfectly the bundle x; she is purchasing but she is

9 By traditional in this paper we mean Bayesian.
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uncertain about the welfare she will derive from its consumption, since she only knows
that she will derive one of the utilities u; (s’, x;) with s’ € gf (s).

An important departure of our model from the literature (Allen 1981; Einy et al.
2000a,b) is that agents are allowed to consume different bundles in indistinguish-
able states. In other words, the private information measurability conditions are not
imposed. Despite this, in our model the selection of a consumption vector from agents’
demand correspondence does not reveal additional information to the agents beyond
their private information and the information transmitted by the price, because agents
receive the optimal bundle only after all choices are made and therefore their behavior
is not affected.

The lack of the private information measurability of allocations makes sense in
economies in which agents have maxmin preferences. Suppose, for example, that
S = {a,b,c} and for some i € I, G’ = {{a,b},{c}} and x; : S — RY is an
allocation for i. If a is the realized state of nature, agent i receives the informa-
tional signal {a, b}, meaning that she is not able to understand which states between
a and b is realized. Since, according to the maxmin expected utility, i € [ con-
siders the worst possible scenario, she expects to receive the bundle x; (s) such that
ui(x;(s)) = min{u; (x;(a)); u; (x; (b))}. Therefore, she is indifferent between x; (a)
and x; (b) because, whatever she will receive ex post, she is sure to obtain something
ensuring her the lowest possible bound of happiness. Moreover, if we impose alloca-
tions to be private information measurable, in the event {a, b} agent i is obligated to
consider the same bundle in states @ and » meaning that x; (@) = x; (b). But since she
always considers the worst possible scenario, nothing really changes because from the
maxmin point of view the private information measurability makes just a meaning-
less restriction. A similar assumption is made in Correia-da Silva and Hervés-Beloso
(2009), who allow agents to choose a plan of lists of bundles and to consume one
of the bundles in the list, where agents’ lists are merely non empty finite subsets
of Rfr.

The lack of the private information measurability is particularly motivated in
economies where all individuals have MEU preferences because de Castro and Yan-
nelis show that every efficient allocation is incentive compatible if and only if all
individuals have maxmin preferences (see de Castro and Yannelis 2008). It is known
that in ex ante expected utility model (e.g. Radner 1968 and Yannelis 1991), in the
one good case the private information measurability of allocations is a necessary and
sufficient condition to ensure that trades are incentive compatible (e.g., Krasa and
Yannelis 1994; Koutsougeras and Yannelis 1993; Podczeck and Yannelis 2008), and
in the multi good case it is a sufficient condition to ensure incentive compatibility.
Thus, the private information measurability seems to be a desirable assumption in the
ex ante case as it ensures that ex ante private information Pareto optimal allocations
are always interim incentive compatible (Hahn and Yannelis 1997).

However, this is not the case with the traditional REE as itis not necessarily incentive
compatible, it is not efficient neither implementable (Glycopantis et al. 2005). On the
other hand our equilibrium notion universally exists and, under the MEU formulation,
it is efficient and incentive compatible.
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3.2 The existence theorem

We now show that our notion of REE (universally) exists under mild assumptions. In
studies of rational expectations equilibria, it is common to appeal to an artificial family
of complete information economies (see e.g., Allen 1981; Einy et al. 2000a,b; De
Simone and Tarantino 2010). Given an asymmetric information economy & described
in Sect. 2, since S is finite, there is a finite number of complete information economies
{E(s)}ses- For each fixed s in S, the complete information economy £ (s) is given as
follows:

@) = {1 RL, (i(s), eiier |

where I = {1, ..., n} is still the set of n agents, and for each i € I, u;(s) = u; (s, -) :
]R‘i — R and ¢;(s) € Rﬂr represent respectively the utility function and the initial
endowment of agent i. Let W(E(s)) be the set of Walrasian equilibrium allocations
of £(s), and W (&) be the set of ex post Walrasian equilibrium allocations, i.e.,

W(E) =={x:1 xS — Rist x(s) € W(E()) for any s € S}.

The idea is to show that the set of V-REE allocations contains all the selections from
the Walrasian equilibrium correspondence of the associated family of complete infor-
mation economies. From the existence of a Walrasian equilibrium in each complete
information economy £(s), we deduce the existence of a V-REE. A related result has
been shown by De Simone and Tarantino (2010) and Einy et al. (2000b) but under the
additional private information measurability assumption of the utility functions and of
the initial endowments. The same assumptions are also used by Correia-da Silva and
Hervés-Beloso (2012) to establish the existence of their equilibrium. They assume that
preferences are represented by an ex ante expected utility function, where the utility
on bundles is continuous, concave, strictly monotone and private information mea-
surable; initial endowments are strictly positive and constant across indistinguishable
states; finally any state of nature can be verified by at least one of the agents [see The-
orem 1 in Correia-da Silva and Hervés-Beloso (2012)]. Our existence theorem just
requires continuous, monotone and quasi-concave state-dependent utility functions
and strictly positive endowments. No private information measurability of allocations
is imposed on endowments neither on utility function. Moreover, we consider gen-
eral preferences which may allow for ambiguity and also include as a particular case
the Bayesian expected utility. Once, additionally, the agents’ initial endowment and
utility are private information measurable, our equilibrium coincides with a selection
from the Walrasian equilibrium correspondence of the associated family of complete
information economies (Proposition 4.8). These private information meascurability
requirements are necessary for such equivalence as proved in Example 3.3. A similar
result is obtained in CH 2009, in which agents have prudent preferences as they expect
to receive the worst of the possibilities in the list, and the equilibrium with prudent
expectations coincides with the equilibrium of an associated auxiliary Arrow-Debreu
economy. With prudent expectations, agents insure themselves completely against
being deceived, and the equilibrium is ex post efficient and incentive compatible.
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This might be no longer true for subjective expectations equilibria (see CH 2008). A
related intuition is behind our efficiency and incentive compatibility results for which
we consider the maxmin expected utility of Gilboa and Schmeidler.

Theorem 3.2 [ffor anyi € I and s € S the function u;(s, -) is quasi-concave and
ei (s) > 0, then there exists a V-rational expectations equilibrium in &.

Proof See “Appendix”. O

Clearly from Theorem 3.2 we deduce the existence of a maxmin REE once agents’
preferences are represented by (6). It is worth noting that according to Definition 3.1 we
may also consider the more realistic situation in which different agents have different
attitude toward ambiguity. Consequently, Theorem 3.2 guarantees the existence of
the equilibrium in economies where some agents’ preferences are Bayesian (4) some
other are MEU or one of the ambiguous preferences of Sect. 2.2.

We already noticed that the full revealing traditional REE and full revealing V-REE
coincide as they are both ex post Walrasian equilibrium. Such an equivalence is not true
in general since the traditional REE may not exist even in well defined economies (see
Example 4.1 below) while the V-REE universally exists. The following example shows
that there may exist partial revealing V-REE which is not a Walrasian equilibrium in
some complete information economy £ (s).

Example 3.3 Consider an asymmetric information economy & with three states of
nature, S = {a, b, ¢}, two goods, £ = 2 (the first good is considered as numeraire)
and two agents, / = {1, 2} whose characteristics are given as follows:

ui(a,x,y) =./xy ui(b,x,y) = /xy ui(c,x,y) =log (%—i—xy) foralli =1,2
ei(@=e(d)=@2,1 e(c)=(1,2) e2(a) = ex(c) = (1,2) ex(b) = (2, 1)
F1 = {{a, b}; {c}} Fr = {{a, c}; {b}}.

Notice that the initial endowment is private information measurable, while the utility
functions are not.'?
The set W (E) of ex post Walrasian equilibrium has only one element, i.e.,

(pa),q@@) =1, 1) (xi@), yi1@) =(3,3) (2@, @)= (3,3)
(pb),q(b)) = (1,2) (x1(b), y1()) = (2, 1) (x2(b), y2(b)) = (2, 1)
(P(e).q() = (1, 5) x1(©), y1(©) = (1,2)  (x2(c), y2(c)) = (1,2).

Clearly, this equilibrium is also a fully revealing V-REE, since (p(a), g(a)) #
(p(b), q(b)) # (p(c),q(c)) and hence G = o(p,q) = {{a}. {b}, {c}} for any i =
1, 2. However if, for any agent i and any state s € S, Vl-(x,-|gl.p(s)) = ngE(s, Xj) =
min, €GP (5) Ui (s’, x; (s")), then the following is another V-REE:

(P@.q@) = (1.3) @w@.y@) =(33) @@, n@=(G1)
(), q®) = (1,2) (1B), BN = Q1) (), n®) = C
)

2.
(P(©),q(@) = (1. 3) (100, y1(©) =(1,2)  (x2(e), y2()) = (1,2).

10 Hence, this example does not contradict Lemma 8.2 in the “Appendix” and Proposition 4.7.
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This is a partially revealing equilibrium, since (p(a), g(a)) = (p(c), q(c)) #
(p(b), q(b)) and hence o (p, q) = {{a, c}, {b}}, that is Qf = {{a}, {b}, {c}}, while
g§ = J>. Notice that the equilibrium allocations are not Qip -measurable.

The above example shows that W (€) is in general strictly contained in the set of V-
REE allocations. We now observe that in some cases, the set of V-REE coincides with
the set of ex post Walrasian equilibria. Precisely, consider the next further property
which is the strict version of (A2): given an event F' € F and two functions f, g :
S —> R,

(A2*%) f(s") > g(s') for some s’ € F implies V(f|F) > V(h|F), where

el ifs=s
his) = {f(s) otherwise.

The following holds.

Proposition 3.4 Any ex post Walrasian equilibrium is a V-REE. The converse is also
true if (A2*) above holds.

Proof See “Appendix”. O

Notice that condition (A2*) is satisfied by the invariant biseparable preferences and
a fortiori by the (general) maxmin function (5) as well as by the Bayesian expected
utility, provided that MF contains only positive priors (i.e., ;(s) > 0 for any state
s € F), otherwise V(f|F) > V(h|F) and not strictly preferred (see Sect. 8.5).

Therefore, if we remove the private information measurability requirement from the
traditional notion of REE we end up with the notion of ex post Walrasian equilibrium.
This does not hold for the maxmin REE (see Example 3.3), unless we additionally
assume that agents’ initial endowment and utility function are private information
measurable (see Proposition 4.7).

4 Maxmin rational expectations equilibrium

We now focus on economies in which all market participants have MEU preferences
(6) and analyse the notion of maxmin REE comparing it with the traditional (Bayesian)
REE. Finally, we establish further properties of the maxmin REE.

4.1 Maxmin REE: comparison with the traditional Bayesian notion

The existence of a maxmin REE follows from Theorem 3.2 as any ex post Walrasian
equilibrium is a MREE. The converse needs not hold as shown in Example 3.3. The
MREE, except at some particular cases (see for example Proposition 4.7), also differs
from the traditional REE. Below we consider again the economy described in Kreps’s
example (Kreps 1977) with two states, two agents and two goods. Endowments are
identical and positive. Preferences are state-dependent and such that in state one (two),
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the agent type one (two) prefers good one relatively more. In an asymmetric infor-
mation economy in which the preferences of all agents are represented by Bayesian
expected utility function [see (4)], since the setup is symmetric, the full information
equilibrium price is the same in both states.

Now suppose that agent one can distinguish the states but agent two cannot. There
cannot be a fully revealing traditional REE: it would have to coincide with the full
information equilibrium, and that equilibrium has a constant price across states, which
is not compatible with revelation. Also, there cannot be a non revealing equilibrium.
In a non revealing equilibrium with equal prices across states, demand of the unin-
formed agent would have to be the same across states. But demand of the informed
agent would be different across states, and therefore there will not be market clear-
ing. Note that a key reason for the nonexistence of a non revealing equilibrium is
that the demand of the uninformed agent is measurable with respect to her private
information.

On the other hand, if we impose maxmin evaluation of plans, then we can have a
non revealing equilibrium. In such an equilibrium the uniformed agent chooses the
worst state out of the two states. Thus, she is indifferent between any two consumption
bundles in the better state - her optimal demand is a correspondence. Therefore, we can
select an element from the correspondence to clear the market. Note that the allocation
is then typically not measurable with respect to the uninformed agent’s information
and this overcomes the non-existence problem.

Below, we explicitly consider Kreps’ example and show that while the traditional
REE does not exist, a maxmin rational expectations equilibrium does exist. From this
we can conclude that the sets of MREE and REE are different.

Example 4.1 (Kreps'!) There are two agents, two commodities and two equally prob-
able states of nature S = {s1, s2}. The primitives of the economy are:

33 33

e = ((za E) s (5, 5)) Fi = {{s1}, {s2});
33 33

ey = ((5, E) s (5, E)) Fr = {{s1, s2}}.

The utility functions of agents 1 and 2 in states s1 and s, are given as follows

uy(sy, x1, y1) =logxy +y1  ui(s2, x1, y1) = 2logx; + y;
uz(s1,x2, y2) = 2logxa +y2  u2(s2, x2, y2) =logxs + y2.

It is well known that for the above economy, a traditional rational expectations
equilibrium does not exist (see Kreps 1977). However we will show below that a
maxmin rational expectations equilibrium does exist.

The information generated by the equilibrium price can be either {{s;}, {s2}} or
{{s1, s2}}. In the first case, the MREE coincides with the traditional REE, therefore it

1 We are grateful to Z. Liu and L. Sun for having checked the computations in Example 4.1.
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does not exist. Thus, let us consider the case o (p) = {#, S}, i.e., pl(s1) = p'(s2) = p
and p*(s1) = p*(s2) = q.

Since foreach s, G lp (s) = {s}, agent one solves the following constraint maximiza-
tion problems:

Agent 1 in state s1:

max logxi(sy) 4+ yi1(s;) subjectto
x1(s1),y1(s1)

3
px1(s1) +gqyi(s1) < E(p +q).

Thus,
_q _3p 1
xi(s1) = » yi(s) = 24 t5
Agent 1 in state s5:

max 2logxi(sz2) + y1(s2) subject to
x1(s52),y1(s2)

3
px1(s2) +¢qy1(s2) < 5(19 +q).
Thus,

1

2q 3p
x1(s2) = » yi(s2) = 2g 2

Agent 2 in the event {sy, s} maximizes
min{2logxa(s1) + y2(s1); logx2(s2) + y2(s2)}.
Therefore, we can distinguish three cases:

I Case: 2logx>(s1) + y2(s1) > logxa(s2) + y2(s2). In this case, agent 2 solves the
following constraint maximization problem:

max logx>(s2) + y2(s2) subject to pxa(si) + gy2(s1) < 3(p + ¢q) and pxa(s2) +
qy2(s2) < 3(p +q). Thus,

q 3p 1
x2(82) = = ya(s2) = ==+ =.
P 2q 2

From feasibility it follows that p = ¢, and

(x1(s1), y1(51) = (1,2) (x1(52), y1(s2)) = (2, 1)
(x2(s1), ¥2(51)) = (2, 1) (x2(s52), y2(52)) = (1, 2).

Notice that 2logx>(s1) + y2(s1) = 2log2 + 1 > logl + 2 = logxa(s2) + y2(s2).
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II Case: 2logx>(s1) + y2(s1) < logxa(s2) + ya2(s2). In this case, agent 2 solves the
following constraint maximization problem:

max 2/ogxa(s1) + y2(s1) subject to px2(s1) +¢y2(s1) < 3(p+¢q) and pxa(s2) +
qy2(s2) < 3(p +¢) Thus,

1

2q 3p
x2(s1) = ? y2(s1) = 53 - 5

From feasibility it follows that p = ¢, and

(x10s1), y1(51) = (1,2) (x1(52), y1(s2)) = (2, 1)
(x2(s1), y2(51) = (2, 1) (x2(52), y2(s2)) = (1, 2).

Clearly, as noticed above, 2/og2 + 1 > logl + 2. Therefore, in the second case
there is no maxmin rational expectations equilibrium.
III Case: 2logxa(s1) + y2(s1) = logxa(s2) + y2(s2). In this case, agent 2 solves one
of the following two constraint maximization problems:

max logx>(s2)+y2(s2) ormax 2logx>(s1)+y2(s1) subjectto pxa(s1)+gy2(s1) <
%(p +¢q) and px2(s2) +gy2(s2) < %(p + ¢). In both cases, from feasibility it follows
that p = ¢, and

(x1(s1), y1(s1)) = (1, 2)  (x1(52), y1(s2)) = (2, 1)
(x2(s1), y2(s1)) = 2, 1) (x2(s52), y2(52)) = (1, 2).

Hence, since 2/ogx>(s1) + y2(s1) = 2log2 + 1 > logl + 2 = logxy(s2) + y2(s2),
there is no maxmin rational expectations equilibrium in the third case.
Therefore, we can conclude that the unique maxmin REE allocation is given by

(x1(s1), y1(s1)) = (1, 2)  (x1(52), y1(s2)) = (2, 1)
(x2(s1), y2(s1)) = 2, 1) (x2(s52), y2(52)) = (1, 2).

Observe that the maxmin REE bundles are not ;-measurable.

Remark 4.2 As we have already observed, the maxmin rational expectations equi-
librium allocations may not be g,.” -measurable. However, if we assume strict
quasi-concavity and JF;-measurability of the random utility function of each agent,
then the resulting maxmin REE allocations will be gf -measurable, as the following
proposition indicates.

Proposition 4.3 Assume that for all i and for all s € S, o (u;, e;) € F; and u;(s, -) is
strictly quasi-concave. If (p, x) is a maxmin REE, then x; (-) is gl.” -measurable for all

i €1, where Qip =F; Vo(p).

Proof See “Appendix”. O
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A similar proposition can be proved for the traditional (Bayesian) rational expec-
tations equilibrium, that is whenever the utility functions are private information
measurable and strictly quasi-concave, from the uniqueness of the maximizer, we
obtain that the equilibrium allocations must be private information measurable. More-
over, the same holds true with the general MEU formulation (5) provided that for
any agent i and state s the set M contains only positive priors (i.e., j(s") > 0 for
any s’ € I1;(s) and Zx’el’l,-(s) u(s’) = 1). See “Counterexamples for a general set of
priors” in the “Appendix” for more details.

Remark 4.4 We have already observed that the fully revealing traditional REE and the
fully revealing maxmin REE coincide and they are both ex post Walrasian equilibria.
The converse is not true as shown in the Kreps’s example above where an ex post
Walrasian equilibrium exists and coincides with the unique non-revealing maxmin
REE, but the set of fully revealing maxmin REE, as well as of traditional REE, is
empty. However, the set of non-revealing MREE is non empty. This is consistent with
Lemma 8.1 in the “Appendix”. We now present below some hypotheses under which
this equivalence still holds.

Proposition 4.5 Assume that o (u;, e;) € F; foralli € 1. If (p, x) is a traditional
REE, then (p, x) is a MREE. The converse is also true if x;(-) is g{’ -measurable for
alli € 1.

Proof See “Appendix”. O

Remark 4.6 The above proposition holds with the general MEU formulation (5) and it
remains true if we replace the gl.” -measurability of the allocations by the strict quasi-
concavity of the random utility functions. This follows by combining Propositions 4.3
and 4.5. Note thatin Example 4.1, utility functions are not F; -measurable and therefore
Example 4.1 does not fulfill the assumptions of Proposition 4.5.

Proposition 4.7 Assume that for any i € I and s € S the function u; (s, -) is strictly
quasi-concave and o (u;,e;) < F;. Let x be a feasible allocation. The following
statements are equivalent:

(1) x is a maxmin REE'?;
(2) x is a traditional REE;
(3) x is an ex post Walrasian equilibrium allocation.

Proof See “Appendix”. O

Remark 4.8 1f foranyi € [ ands € S ¢;(s) > 0, o(u;, e;) < F;, and the function
u; (s, -) is strictly quasi-concave, then from Remark 4.6 and Theorem 3.2 it follows that
there exists a traditional REE in £. Notice that in Example 4.1, where the traditional
REE does not exist, not all the above assumptions are satisfied. In particular, the
random utility functions are not private information measurable.

12 We can consider also the general MEU formulation (5) provided that for all agent i and state s, the set
Mls contains only positive priors (see Sect. 8.5).
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4.2 Maxmin REE: some properties

In this section we investigate some basic properties of a maxmin rational expectations
equilibrium.

The first property of a MREE is about the equilibrium price p.!> We show that
under certain assumptions the equilibrium price is strictly positive in each state of
nature, i.e., p(s) > O forall s € S.

Remark 4.9 Recall that in a complete information economy, if the utility function of
at least one agent is strictly monotone, the equilibrium price is strictly positive. We
prove the same for the MREE prices. Notice that, typically in asymmetric information
economies an additional assumption is needed: for each state s € §, there exists an
agent i € I such that {s} € F;. It implies that \/;,_; /i = F = 25 which is used
in Allen (1981) and Einy et al. (2000b). The converse is not true: in particular in an
asymmetric information economy with three states of nature S = {a, b, ¢} and two
agents I = {1,2}, with | = {{a, b}, {c}} and F, = {{a, c}, {b}}, it is true that
F1 Vv Fo = {{a}, {b}, {c}}, but {a} ¢ F; for any i € {1, 2}. Although this assumption
is quite common in the literature (see for example Angeloni and Martins-da Rocha
2009 and Correia-da Silva and Hervés-Beloso 2012), we can prove that MREE prices
are strictly positive by dispensing with it.

Proposition 4.10 Assume that there is at least one agent i € I such that u;(s, -) is
strictly monotone for any s € S. If (p, x) is a maxmin rational expectations equilib-
rium, then p(s) > 0 forany s € S.

Proof See “Appendix”. O

We now show a second property of a MREE: if the utility functions are private
information measurable, then for each agent i € 7, the maxmin utility at any MREE
allocation is constant in each event of the partition g;’ .

Proposition 4.11 Assume that o (u;,e;) < F; for alli € 1. If (p,x) is a maxmin
rational expectations equilibrium, then for all i and s, E’REE(S’ x;) = u;(s', x; (s"))
forall s’ € gl.” (s), that is the minimum in the event gl.” (s) is obtained in each state s’
of the event.

Proof See “Appendix”. O

Notice that if (p, x) is a fully revealing maxmin REE, Proposition 4.11 is trivially
satisfied even if the utility functions and the initial endowments are not private infor-
mation measurable. Moreover Proposition 4.11 holds true even with the general MEU
formulation (5) provided that for any agent i and state s, the set M; contains only
positive priors. See “Counterexamples for a general set of priors” in the “Appendix”
for more details.

13 This property stated in Proposition 4.10 holds true even with the general MEU formulation (5).
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5 Efficiency of the maxmin REE

We now define the notion of maxmin and ex post Pareto optimality and we exhibit
conditions which guarantee that any maxmin REE is maxmin efficient and ex post
Pareto optimal. The results illustrated in this section also holds for the general MEU
formulation. '

Definition 5.1 A feasible allocation x is said to be ex post efficient (or ex post
Pareto optimal) if there does not exist an alternative feasible allocation y such that
u;i(s, yi(s)) > ui(s, x;(s)) foralli € I andforalls € S, with atleasta strictinequality.

Definition 5.2 A feasible allocation x is said to be maxmin efficient (or maxmin Pareto
optimal) with respect to information structure IT, if there does not exist an alternative
feasible allocation y such that gln" (s, yi) > g?" (s,x;) foralli € I and forall s € S,
with at least a strict inequality.

Proposition 5.3 Ler I1 be an information structure such that for any state s there
exists an agent i with T1;(s) = {s}." If for any i € I and any s € S, ui(s, ") is
strictly monotone or u;(s,y) = u;(s,0) forany y € 8Ri, then any maxmin efficient
allocation x with respect to the information structure Il is ex post Pareto optimal. The
converse may not be true.

Proof See “Appendix”. O

The assumption that for any state s there exists an agent i such that I;(s) = {s} is
fundamental for Proposition 5.3 as shown by Example 8.4 in the “Appendix”.

We are now ready to exhibit the conditions under which any MREE is maxmin
efficient and also ex post Pareto optimal.

Theorem 5.4 Let (p, x) be a maxmin rational expectations equilibrium. If one of the
following conditions holds true:

1. o(u;,e;) C F; foreachi € I;

2. pis fully revealing, i.e., o (p) = F;

then x is ex post efficient and maxmin Pareto optimal with respect to the information
structure GP = (gf),-e,, where gip =F;Vvo(p)foranyi e l.

Moreover, if none of the above conditions is satisfied, a maxmin REE may not be

maxmin efficient.

Proof See “Appendix”. O

Remark 5.5 The ex post Pareto optimality does not follow from Proposition 5.3
because we do not require that the information structure g{’ is such that for any state
s there exists an agent i with g;” (s) = {s}, neither that forany i € I and any s € S,
u; (s, -) is strictly monotone or u; (s, y) = u;(s,0) forany y € BRQ

14 Only to prove the statements of Theorems 5.4 and 5.9 under the first condition (i.e., o (u;, ;) < F; for
all i € I), any set Mf must contain only positive priors (see Sect. 8.5).

15 This assumption is quite common in the literature of asymmetric information economies (see for example
Angeloni and Martins-da Rocha 2009 and Correia-da Silva and Hervés-Beloso 2012) (see Remark 4.9 in
Sect. 4.2).
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According to the efficiency concept (Definitions 5.1 and 5.2), an improvement
requires a strict utility increase for some pair (j, §) € I x § and no utility decreases
for all (i,s) € I x S. A weaker notion defined below would require strict utility
increases for all agents in all states of nature. Clearly, any maxmin Pareto optimal
allocation is weak maxmin efficient. The converse may not be true (see Examples 8.6
and 8.7 and Remark 5.11).

Definition 5.6 A feasible allocation x is said to be weak maxmin efficient (or weak
maxmin Pareto optimal) with respect to information structure IT, if there does not exist
an alternative feasible allocation y such that gln (s, yi) > gln (s, x;) foralli € I and
forall s € S.

Similarly the notion of weak ex post efficiency is given as follows.

Definition 5.7 A feasible allocation x is said to be weak ex post efficient (or weak ex
post Pareto optimal) if there does not exist an alternative feasible allocation y such
that u; (s, yi (s)) > u;(s, x;(s)) foralli € I and forall s € S.

Proposition 5.8 Any weak maxmin efficient allocation x (with respect to any informa-
tion structure) is weak ex post Pareto optimal. The converse may not be true.

Proof See “Appendix”. O

Notice that, contrary to Proposition 5.3, we need no further assumptions on the
information structure neither on agents’ utility functions.

We now list the conditions guaranteeing that a maxmin REE is weak maxmin
efficient and a fortiori weak ex post Pareto optimal (see Proposition 5.8).

Theorem 5.9 Let (p, x) be a maxmin rational expectations equilibrium. If one of the
following conditions holds true:

(1) o(uj,e;) C F; foreachi € I;

(1) p is fully revealing, i.e., o (p) = F;
(iii) there exists a state of nature s € S such that {s} = Qip (§) foralli € I;
(iv) the n — 1 agents are fully informed.

then x is weak maxmin Pareto optimal with respect to the information structure GP =
(Qip)iel, where gl.” =Fi Vo(p)foranyi € I, and hence weak ex post efficient.

Moreover if none of the above conditions is satisfied, a maxmin REE may not be
weak maxmin efficient (and a fortiori it may not be maxmin Pareto optimal).

Proof See “Appendix”. O

Remark 5.10 Notice that in the first two cases (i.e., under condition (i) or (ii)), the
result easily follows from Theorem 5.4 and from the observation that any allocation
maxmin efficient with respect to IT is weak maxmin Pareto optimal with respect to IT.
On the other hand, it can be shown that under either condition (iii) or (iv) a maxmin
REE allocation is weak maxmin Pareto optimal but it may not be maxmin efficient
(see Examples 8.6 and 8.7 in the “Appendix”).
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Remark 5.11 Notice that in Kreps’s example (Example 4.1), one of the two agents
is fully informed, hence condition (iv) of Theorem 5.9 is satisfied. This guarantees
that the unique maxmin rational expectations equilibrium (MREE) is weak maxmin
Pareto optimal and hence weak ex post efficient. On the other hand, no condition of
Theorem 5.4 is verified and the unique maxmin REE is not maxmin efficient. Indeed
consider the following feasible allocation

5
(t1(s1), z1(s1)) = (Z’ 2) (t1(52), z1(52)) = (x1(52), y1(s2)) = (2, 1)

7
(t2(s1), 22(s1)) = (Z’ 1> (12(52), 22(52)) = (x2(52), ¥2(s2)) = (1, 2),

and notice that

uREE (5,11, 21) = log% +2>2=ufEE(s, x1, y1)
ngE(sz, t1,z1) =2log2 + 1= ngE(sz,xl, 1)
ggEE(sl, h,72) = ngE(sz, ty, 72) = min {ZIog‘zl + 1; 2} =2
= min{2log2 + 1; 2} = uy *F (52, x2, y2) = us P (s1, x2, y2).

Thus, the unique maxmin REE is weak maxmin efficient but not maxmin Pareto
optimal with respect to the information structures either G” = (gp , gé’ )or F =
(F1, F»), since the equilibrium is non revealing and G” = F. On the other hand, the
unique non revealing maxmin REE is an ex post Walrasian equilibrium and hence it is
ex post efficient. Indeed assume to the contrary that there exists an alternative feasible
allocation (¢, z) such that

(i) log(3 —n(s1) + (B —za(s1) =2
(@i) 2log(ta(s1)) +z2(s1) = 2log2 + 1
(iii) 2log(ti(s2)) + z1(s2) = 2log2 + 1
(iv) log(3 —11(s2)) + 3 —z1(s2)) = 2,

with at least one strict inequality. If one of (i) and (i7) is strict, then (3 —12 (s ))t22 (s1) >
4 or equivalently that (f2(s1) + 1)(2(s1) —2)? < 0 which is a contradiction. Similarly
if one of (iii) and (iv) is strict.

Therefore, Kreps’s example can also be used to show that a weak maxmin efficient
allocation may not be maxmin Pareto optimal and an ex post efficient allocation may
not be maxmin efficient. Moreover, an ex post Walrasian equilibrium allocation, which
is always ex post efficient, may not be maxmin Pareto optimal.
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5.1 Further remarks on the efficiency of maxmin REE

Someone could debate the fact that we have considered the algebra gi” and not F;. What
is the correct definition? It seems to us that it depends on what kind of interpretation
or story one has in mind. For example one may say that the notions of efficiency and
incentive compatibility are independent of prices and as a consequence agents have
to condition their expectations on F;. This view however can be challenged because
at REE each agent in the interim stage behaves like having observed the equilibrium
price and conditions herself on the information g;’ = F; V o(p). Thus, the relevant
information for each agent is g{’ and not F;. For this reason we chose to present
the definitions of efficiency and incentive compatibility considering the two different
private information sets, %; and G .

We now investigate the efficiency of maxmin REE with respect to the initial private
information structure F = (F;);e;. We do the same for the incentive compatibility
(see Sect. 6.2).

Remark 5.12 Clearly, for any non revealing maxmin rational expectations equilibrium
the results of Sect. 5 still hold simply because g{’ = F; foralli € I. In particular
notice that the equilibrium in Example 8.5 is non-revealing. On the other hand, any
fully revealing maxmin REE is maxmin efficient with respect to g{’ and also ex post
efficient (see Theorem 5.4), but it may not be maxmin efficient with respect to F; as
the following example shows.

Example 5.13 Consider an asymmetric information economy with two states of nature,
S = {a, b}, two goods, £ = 2 (the first good is considered as numeraire) and three
agents, I = {1, 2, 3} whose characteristics are given as follows:

ef(@ =21  e(d)=(,2) F1 = {a}: {b}}
e2(@) =(1,2)  ex(b) =(1,2) Fr = {{a, b}}
e3(a)=@2,1)  e3(b)=(2,1 F3 = {{a, b}}.

ui(a,x,y) = /xy ui(b,x,y) = x2y fori e {1,2} uz(-, x,y) = xy.
Consider the following fully revealing maxmin rational expectations equilibrium
@@, y1@) = (¥ 15) @2@. »n@) = (3.5) @@, @)= (. 1)
(x1(b), y1(0) = (35, 13) (x2(b). y2(b)) = (35, 13) (x3(D), y3(b)) = (33, 2).
with (p(a), g(a)) = (1, g) and (p(b), q(b)) = (1, 13), which is of course ex post
efficient since it coincides with an ex post Walrasian equilibrium. On the other hand, we

now show that it is not maxmin efficient with respect to the initial private information
structure F = (F;);es. To this end, consider the following feasible allocation (z, z)

)

@®), 2 0) = (3.1) ©e)L20) = (5.9) Ge)Lse) = (3. 2),

—_
W

(@), z1@) = (B. B) @.2@) = (3.2) ©B@.5@)= (%]

(=)
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and notice that,

ulNa, 11, 21) = ui(a, h(a), 21(@) = u(a, x1(a), y1 (@) = ul '(a, x1, y1)
31\27 26>2 13

21}—1 b, t1,z1) = u1 (b, t1(D), z1(b)) = (E) 37 (E T

= ui (b, x1(b), y1 (b)) = ) ' (b, x1, y1)

[49 [/25\° 6 49
F F -
gzz(a,tg,a)=222(b,t2,12)=m1n{ %,<E> §}= 30

| 49 [26\*13 7 7
—mm: %(1—9) ﬁ} =u5"(b, x2, y2) = u; “(a, x2, y2)

- - (169 240) 169
233(a7f3723)=£33(b,t3,13)=m1n{%,9—5 =%

: {169 288
in

F: F:
E, E} = Uz (b, x3,y3) = Uus *(a, x3, y3).

Hence, the equilibrium allocation (x, y) is not maxmin Pareto optimal with respect
to the information structure F = (F;);e;.

We now list the conditions under which a maxmin REE fully revealing or not is
maxmin efficient with respect to the initial private information structure (F;);ej.

Theorem 5.14 Let (p, x) be a maxmin rational expectations equilibrium. If one of the
following conditions holds true:
(a) there exists a state of nature s € S, such that {s} = F;(s) foralli € I;
(b) the n — 1 agents are fully informed,
then x is weak maxmin Pareto optimal with respect to F = (F;)ic; and with respect
10 GP = (G )ier.

Moreover if none of the above conditions is satisfied, then a maxmin REE may not
be weak maxmin efficient with respect to the information structure F = (F;)ic; and
a fortiori maxmin Pareto optimal.

6 Incentive compatibility of rational expectations equilibrium

We now recall the notion of coalitional incentive compatibility in Krasa and Yannelis
(1994).

Definition 6.1 An allocation x is said to be coalitional incentive compatible (CIC)
with respect to the information structure [T = (I1;);¢; if the following does not hold:
there exist a coalition C and two states a and b such that

(i) M;(a) =11;(b) foralli ¢ C,
(i) ei(a) +xi(b) —ei(b) eRL  forallieC, and
@iii) wui(a,ei(a) + x;i(b) —e; (b)) > u;(a, xi(a)) forallieC.
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In order to explain what incentive compatibility means in an asymmetric informa-
tion economy, let us consider the following two examples. !0

Example 6.2 Consider an economy with two agents, three equally probable states of
nature, denoted by a, b and c, and one good per state denoted by x. The primitives of
the economy are given as follows:

ui (-, x1) = /x1; e1a, b, c) = (20, 20, 0); F1 = {{a, b}; {c}}.
us (-, x2) = /x2; ez2(a, b, ¢) = (20,0, 20); 72 = {{a, c}; {b}}.

The following risk sharing (Pareto optimal) redistribution of initial endowment
x1(a, b, c) = (20, 10, 10) and x3(a, b, c) = (20, 10, 10) is not incentive compatible
with respect to the initial private information structure 7 = (Fi, F2). Indeed, suppose
that the realized state of nature is a, agent 1 is in the event {a, b} and she reports c,
(observe that agent 2 cannot distinguish between a and c). Since agent 2 is not able to
identify the lie, she gives to agent 1 ten units. Therefore, the utility of agent 1 when
she reports state c is u1 (a, e (a) +x1(c) —e1(c)) = uy(a, 20+ 10— 0) = +/30 which
is greater than the realized state of nature a, which is uj (a, x1(a)) = V20. Hence, the
allocation x| (a, b, ¢) = (20,10, 10) and x»(a, b, ¢) = (20, 10, 10) is not incentive
compatible.

In order to make sure that the equilibrium contracts are stable, we must insist on
a coalitional definition of incentive compatibility and not an individual one. As the
following example shows, a contract which is individual incentive compatible may
not be coalitional incentive compatible and therefore may not be viable.

Example 6.3 Consider an economy with three agents, two goods and three states of
nature S = {a, b, c}. The primitives of the economy are given as follows: for all

i=1,2,3,u;(-,x;, y)) = /xiyi and

Fir={a,b,cll;  eia, b,c) = ((15,0); (15, 0); (15, 0)).
Fr={a, b} {c}}; eala, b, c) = ((0,15); (0, 15); (0, 15)).
F3 = {{a}, {b}. {c}}: e3(a, b, c) = ((15,0); (15, 0); (15, 0)).

Consider the following redistribution of the initial endowments:

Xi(a,b,c) = ((8,5),(8,5), (8, 13))
x2(a,b,c) = ((7,4), (7,4), (12, 1)) (12)
x3(a, b, c) = ((15, 6), (15, 6), (10, 1)).

Notice that the only agent who can misreport either state @ or b to agents 1 and
2 is agent 3. Clearly, agent 3 cannot misreport state ¢ since agent 2 would know it.
Thus, agent 3 can only lie if either state a or state b occurs. However, agent 3 has no

16 The reader s also referred to Krasa and Yannelis (1994), Koutsougeras and Yannelis (1993) and Podczeck
and Yannelis (2008) for an extensive discussion of the Bayesian incentive compatibility in asymmetric
information economies.
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incentive to misreport since she gets the same consumption in both states a and b.
Hence, the allocation (12) is individual incentive compatible with respect to the initial
private information structure F = (Fi, F2, F3), but it is not coalitional incentive
compatible with respect to F. Indeed, if ¢ is the realized state of nature, agents 2 and 3
have an incentive to cooperate against agent 1 and report b (notice that agent 1 cannot
distinguish between b and c). The coalition C = {2, 3} will now be better off, i.e.,

us(c, (0, 15) + (7, 4) — (0, 15))
uz(c. (7,4)) = V28 > V12 = us(c, x2(c))
us(c, (15,0) + (15, 6) — (15,0))

usz(c, (15,6)) = v/90 > V10 = u3(c, x3(c)).

uz(c, e2(c) +x2(b) — e2(b))

uz(c, e3(c) +x3(b) — e3(b))

In Example 6.2 we have constructed an allocation which is Pareto optimal but it
is not individual incentive compatible; while in Example 6.3 we have shown that an
allocation, which is individual incentive compatible, need not be coalitional incentive
compatible.

In view of Examples 6.2 and 6.3, it is easy to understand the meaning of Defini-
tion 6.1. An allocation is coalitional incentive compatible if no coalition of agents C
can cheat the complementary coalition (i.e., /\C) by misreporting the realized state
of nature and make all its members better off. Notice that condition (i) indicates that
coalition C can only cheat the agents not in C (i.e., I\C) in the states that the agents
in I\ C cannot distinguish. If C = {i} then the above definition reduces to individual
incentive compatibility.

6.1 Maxmin incentive compatibility

In this section only,!” our MEU formulation is a particular form of the original Gilboa-
Schmeidler model. Namely, we assume a particular set of probabilities, CiF , which
comprises all probabilities with support contained in the element F of the partition
I1;, i.e., F = I1;(s). We will prove that the maxmin rational expectations equilibrium
is incentive compatible.

Some researchers have expressed the view that this model assumes too much pes-
simism and that it would be desirable to allow the set C; of probabilities to be a strict
subset of Cl.F .

There are at least two responses to this criticism. First, we can conceive the partition
model as a description of all information that the individual has. If we take this principle
seriously, this means that once individual i is informed of its element IT; (s), she knows
nothing else. In particular, she has no information about the likelihood or probability
of the states inside that partition. If the partition represents her knowledge, she is
completely ignorant beyond it, that is, she has no relevant information to rule out any
probability in Ct.F . This is related to the literature of complete ignorance that flourished

17 The existence holds for the general function V, while for the efficiency results we may consider a more
general MEU framework by adopting suitable modifications.
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in 1950’s. For example, Milnor (1954) discusses this hypothesis of complete ignorance
in games against nature as follows:

“Our basic assumption that the player has absolutely no information about Nature
may seem too restrictive. However such no-information games may be used
as normal form for a wider class of games in which certain types of partial
information is allowed. For example if the information consists of bounds for
the probabilities of the various states of Nature, then by considering only those
mixed strategies for Nature which satisfy these bounds, we construct a new game
having no information.” (Milnor 1954, p. 49)

Thus, according to this view, we can reduce the partial information that is outside
the partition and is represented in some knowledge of the probabilities C;, in a new
model with no information left; this would be the model that we are analyzing.

A second response to this criticism begins by recalling the standard practice in
economic theory that an unrealistic assumption is used to capture in a simplistic form
a phenomenon that is quite realistic. Even with unrealistic assumptions, economic
theory was frequently able to provide good insights about the real world. In our case, the
restrictive assumption about the preference is a simplistic way to capture a phenomenon
that is universal: indifference among indistinguishable bundles. When people do not
have a good reason to prefer an option over other, they are frequently indifferent. The
main reason of why our result is true is the indifference between some specific bundles.

Finally, de Castro and Yannelis (2008) showed that every efficient allocation is
coalitional incentive compatible if and only if all individuals have maxmin preferences.
Thus, the MEU formulation does not reflect pessimistic behavior, but rather incentive
compatible behavior. If an agent plays against the nature (e.g., Milnor game), since,
nature is not strategic, it makes sense to view the MEU decision making as reflecting
pessimistic behavior. However, when you negotiate the terms of a contract under
asymmetric information and the other agents have an incentive to misreport the state
of nature and benefit, then the MEU provides a mechanism to prevent others from
cheating you. This in not pessimism, but incentive compatibility. It is exactly for this
reason that the MEU solves the conflict between efficiency and incentive compatibility
(see for example de Castro and Yannelis 2008). This conflict seems to be inherent in
the Bayesian analysis, where agents must assign probabilities to completely unknown
states and those probabilities could be very far from the “true or realized” ones.

In order to prove that the maxmin rational expectations equilibrium is incentive
compatible, we need the following definition of maxmin coalitional incentive compat-
ibility, which is an extension of the Krasa and Yannelis (1994) definition to incorporate
maxmin preferences (see also de Castro and Yannelis 2008).

Definition 6.4 A feasible allocation x is said to be maxmin coalitional incentive com-

patible (MCIC) with respect to information structure IT = (I1);¢y, if the following
does not hold: there exist a coalition C and two states a and b such that

@) Hij(a) =10;() foralli ¢ C,
(ii) e,-(a)—l—xi(b)—ei(b)eRﬁ forallieC, and
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(i) w"(a,y) > u"(@,x;) forallieC,
where foralli € C,

ei(a)+x;(b) —ei(b) ifs=a
G yils) = {x,- (s) otherwise.

According to the above definition, an allocation is said to be maxmin coalitional
incentive compatible if it is not possible for a coalition to misreport the realized state
of nature and have a distinct possibility of making its members better off in terms of
maxmin utility.

Remark 6.5 Example 6.2 shows that an efficient allocation may not be incentive com-
patible in the Krasa-Yannelis sense. We now show that it is not the case in our maxmin
utility setting. Precisely, if agents take into account the worst possible state that can
occur, then the allocation x;(a, b, ¢) = (20, 10, 10) for i = 1, 2 in Example 6.2, is
maxmin incentive compatible. Indeed, if a is the realized state of nature, agent 1 does
not have an incentive to report state ¢ and benefit, because when she misreports she
gets:

uy(a, y1) = min{u;(a, e;(a) + x1(c) — e1(c)); ui (b, x1(b))}
= min{«/%, M} = V10.

When agent 1 does not misreport, she gets:
uy(a, x1) = min{uj(a, x1(a)); ui (b, x1(b))} = min{v20, 10} = +/10.

Consequently, agent 1 does not gain by misreporting. Similarly, one can easily check
that agent 2, when a is the realized state of nature, does not have an incentive to report
state b and benefit.

Proposition 6.6 If x is CIC with respect to the information structure T1 = (I1;);¢y,
then it is also maxmin CIC with respect to I1. The converse may not be true.

Proof See “Appendix”. O

Theorem 6.7 Any maxmin rational expectations equilibrium (p, x) is maxmin coali-
tional incentive compatible with respect to the information structure GP = (g{’ iel
where le =F;Vo(p)foranyi € I.

Proof See “Appendix”. O

6.2 Further remarks on the incentive compatibility of maxmin REE

In this section we consider the incentive compatibility with respect to the initial private
information F = (F;);es since the same considerations made in Sect. 5.1 apply.
In what follows, by the term “(private) incentive compatible”, we mean incentive
compatibility with respect to the initial private information structure F = (F;);e;-
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Remark 6.8 Clearly, any non revealing maxmin rational expectations equilibrium is
(private) maxmin CIC, simply because g,.” = F; for all i € I, and hence the result
follows from Theorem 6.7. Example 6.10 below shows that a fully revealing maxmin
REE may not be (private) maxmin CIC. This suggests that a weaker notion of maxmin
CIC is needed.

Definition 6.9 A feasible allocation x is said to be weak maxmin coalitional incentive
compatible (weak MCIC) with respect to information structure IT, if the following
does not hold: there exist a coalition C and two states a and b such that

(I) Hij(a) =T11;(b) foralli¢C,

(D) wui(a,xi(a)) =ui(a,x;b)) forallig¢C,

(I11) e,-(a)—l—x,-(b)—ei(b)ERﬁ forallieC, and
1v) E?i(aa)’i) > g?"(a,x,') foralli eC,

where foralli € C,

ei(a)+x;(b) —ej(b) ifs=a
G yils) = {x,- (s) otherwise.

Condition (/1) of Definition 6.9 does not necessarily mean that x;(-) is IT;-
measurable for all i ¢ C, neither that x;(a) = x;(b). It just guarantees, together
with (7), that individuals not in coalition C are not able to detect a misreport by
coalition C.

Clearly, any maxmin CIC allocation is also weak maxmin CIC whatever is the
information structure I1, but the converse may not be true as shown by the following
example.

Example 6.10 We consider the Example 3.1 in Glycopantis et al. (2005) that we recall
below.!8 There are two agents I = {1, 2}, two commodities and three states of nature
S = {a, b, c}. The primitives of the economy are given as follows

ei(a) =e1(b) =(7,1) e1(c) = (4,1) F1={{a,b}, {c}} ur(:, x1, y1) = /xX1y1
ex(b) =ex(c) = (1,7) exa(a) = (1, 10) Fo = {{a}, {b, c}} uz(-, x2, y2) = /x2¥>.

In this economy the unique traditional REE is the following:

(i@, p2(@) = (1. &) c1@, @) = (£, ) (2@, @) = (3. %)
(P, p2b) = (1) (1 B) N B) = G.4) (2B, 32(b) = (4, 4)
(1@, 2N = (1.3) 1@ 31@) = (L %) 0. ) = (1. 4).

Notice that (p, x) is a fully revealing traditional REE and hence it is also a maxmin
REE. Moreover, x is weak (private) maxmin CIC, but it is not (private) maxmin CIC.

18 We thank Liu Zhiwei for having suggested this example to us.
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Indeed, take C = {2} and the two states a and b, and observe that

Fi(a) = Fi(b)

(e3(a) + x2(b) — €3 (b). €3(a) + y2(b) — €3 (b))
=14+4-1,1044-7)=4,7) >0

uz(a, e3(a) + x2(b) — e3(b), e3(a) + y2(b) — e3(b))

912
= \/2_8 > E =uz(a, xz(a), y2(a)).

Hence, x is not (private) maxmin CIC, but there do not exist two states s and s
and an agent i, such that

Fi(s1) = Fi(s2)
Vxi(51)i(s1) = V/xi (52)i (52)-

Therefore, x is weak (private) maxmin coalitional incentive compatible.
Proposition 6.11 Assume that o (e;) C F; for alli € I and let (p, x) be a maxmin
rational expectations equilibrium. If one of the following conditions holds true:

1. o(u;) C F; foranyi € 19
2. pis fully revealing, i.e., o (p) = F;

then x is weak (private) maxmin coalitional incentive compatible.
Proof See “Appendix”. O

Remark 6.12 Asacorollary of Theorem 6.7 we deduce that any maxmin rational expec-
tations equilibrium is maxmin individual incentive compatible. Although in Kreps’s
example, the utility functions are not private information measurable, the unique
maxmin rational expectations equilibrium is (private) maxmin coalitional incentive
compatible, since the equilibrium price p is non revealing (see Remarks 6.8). Indeed
if state s1 occurs and agent 1 announces s;, then

u(s1, el (s1) 4 x1(s2) — el (52), €1 (s1) 4 y1(s2) — €3 (52))
=log2+1<2
= Lt](S],X](S]),yl(Sl))'

If state s» occurs and agent 1 announces s1, then

u1(s2, €} (52) + x1(s1) — €] (s1), €7 (s2) + y1(s1) — €3 (s1))

=2 <2log2+1=ui(s2, x1(52), y1(52)).

19 Notice that the private information measurability assumption of utility functions is not too strong when
we deal with coalitional incentive compatibility notions (see for example Koutsougeras and Yannelis 1993;
Krasa and Yannelis 1994; Angeloni and Martins-da Rocha 2009 where the utility functions are assumed to
be state-independent, and therefore J;-measurable).
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On the other hand, in Example 6.10 both hypotheses of Proposition 6.11 are satisfied
and the maxmin REE is weak (private) maxmin CIC. However, as it has been already
observed, it is not (private) maxmin CIC.

7 Open questions

We conclude this paper with some open questions.

Throughout we have used the assumption that there is a finite number of states. We
conjecture that the main existence theorem can be extended to infinitely many states
of nature and even to an infinite dimensional commodity space. Some preliminary
work in this direction can be found in Bhowmik et al. (2014) and Bhowmik and Cao
(2016).

It is also of interest to know if the results of this paper could be extended to a
continuum of agents, or to a more general setup such as mixed markets.

Based on the Bayesian expected utility formulation, Sun et al. (2012) show that
with a continuum of agents, whose private signals are independent conditioned on
the macro states of nature, a REE universally exists, it is incentive compatible and
efficient. These results have been obtained by means of the law of large numbers. It is
of interest to know if the theorems of this paper can be extended in such a framework
which makes the law of large numbers applicable.

In view of the recent work Cea-Echenique et al. (2017), it will be of interest to
see if one can modify the notion of REE and obtain the results presented in this
paper by allowing individuals’ preferences to depend endogenously on the information
transmitted by prices (price-dependent utility function).

Furthermore, it is of interest to know under what conditions the core-value-REE
equivalence theorems hold for the maxmin expected utility framework. For the ex ante
case some existence and equivalence results are obtained in He and Yannelis (2015)
and Angelopoulos and Koutsougeras (2015).

8 Appendix
8.1 Proofs of Section 3

In order to prove the existence theorem, we show below that the set of V-REE allo-
cations and a fortiori of maxmin REE allocations contains all the selections from the
Walrasian equilibrium correspondence of the associated family of complete informa-
tion economies.

Lemma 8.1 If (p, x) is an ex post Walrasian equilibrium, then (p, x) is a V-REE, and
in particular it is a maxmin REE.

Proof Let (p, x) an ex post Walrasian equilibrium, we want to show that (p, x) is
a V-REE. First, notice that x is feasible in the economy & because so is x(s) in
the economy E(s) for each s, and p is a price function because for any s € S,
p(s) > 0. Consider the algebra generated by p denoted by o (p), and for each agent
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ilet gl.” = F; V o(p). We show that (p, x) is a V-REE for £. Clearly, for all i € 1
ands € S, p(s) - xi(s) < p(s) - ej(s), hence x; € B;(s, p). It remains to prove that
X; maximizes V,»(~|Qf (s)) on B;(s, p). Assume, on the contrary, that there exists an
alternative allocation y such that for some agent i and some state s,

Vi(ilGF () > Vi(xi|G/ (s)) and y; € Bi(s, p) thatis
p(s") - yi(s) < p(s) - ei(s') for all 5" € G (s). 13)

From (A2) it follows that there exists a state § € gi” (s) such that
ui(s, yi(8)) > ui (s, x;(5)).

Since (p(s), x(5)) is a Walrasian equilibrium for £(5), it follows that, p(s) - y; (5) >
p(s) - e; (s5), which clearly contradicts (13). O

Proof of Theorem 3.2 Since S is finite, there is a finite number of complete information
economies £(s) = {I, Rﬁ, (ui(s),ei(s))ier}, where for any i € I and any s € S,
u;(s) == u;(s,-): Rﬂ_ — R is continuous, monotone, quasi-concave; and ¢; (s) >> 0.
Foranys € S,let W(E(s)) the set of Walrasian equilibrium allocations for the economy
£(s). The above assumptions ensure that forany s € S, W(E(s)) # ¥ and hence the set
W={x:1x5—RL|x(s) € W(&(s)) for all s € S}isnonempty. Anelement of
W is an ex post Walrasian equilibrium allocation and from Lemma 8.1 itis a V-REE.O

Lemma 8.1 states that any ex post Walrasian equilibrium is a V-REE. The converse
is not true (see Example 3.3) unless the strict version of (A2) holds, as stated in
Proposition 3.4.

Proof of Proposition 3.4 One inclusion is shown in Lemma 8.1. In order to prove the
converse, let (p, x) a V-REE and consider for any agent i € [ the algebra Q’ip =
Fi V o(p). Condition (A2*) implies that for any s € S the equilibrium price p(s)
is positive in E(s), i.e., p(s) > O for any s € S. Clearly, feasibility and budget
constrains hold. Assume to the contrary that for some state s the pair (x(s), p(s)) is
not a Walrasian equilibrium for the complete information economy £(s). This means
that there exists an alternative bundle y e Rﬁ_ such that for some agent j

@) wuj(s,y) >uj(s,xj(s))
i) p(s)-y < p(s)-e(s).

It Qf(s) = {s}, from (Al) we get the contradiction. If Q;’(s)\{s} # 0, let
zj(s) = y and z;(s") = x;(s") for any 5" € Q;)(s)\{s}. Condition (A2*) implies
that V;(z; |Qf(s)) >V (legf(s)), and hence there must exist 5 € Qf.’(s) such that

p(s) - zj(s) > p(s) - ¢ (5).
This is impossible by the definition of z;. O

@ Springer



L. 1. de Castro et al.

8.2 Proofs of Section 4

Proof of Proposition 4.3 Assume to the contrary that there exist an agent i € I and
two states a,b € S such that a € gf(b) and x;(a) # x;(b). Consider z;(s) =
axi(a) + (I — a)x;(b) for all s € gl.”(b), where « € (0, 1), and notice that z; is
constant in the event G/ (b). Moreover,

P

ufEE(D, z) = min u;(s,zi(s)) = min u;(s, ax;i(a) + (1 — a)x; (b)).
seGl (b) seGl (b)

i

Since u; (-, y) is Qf -measurable for all y € RY, from strict quasi-concavity of u; it
follows that

ulEE b, z;) = ui(b, axi(@) + (1 — )x; (b)) > minfu; (b, x;(@)), u; (b, x; (b))}
= min{u; (@, x;(a)), ui (b, x; (b))} = min wu;(s, x; (s))

= ufEE D, x;).

Since (p, x) is a maxmin rational expectations equilibrium it follows that z; ¢
B; (b, p), that is, there exists a state s; € g{’ (b) such that

p(si) - zi(si) > p(si) - ei(s;) = ap(s;)-xi(a)
+(1 = a)p(si) - xi(b) > p(si) - ei(s;).

Moreover, since p(-) and e; (-) are g{’ -measurable and p(s) - x; (s) < p(s) - e;(s) for
all s € S, it follows that p(s;) - e;(s;) > p(s;) - e;(s;), which is a contradiction. O
Proof of Proposition 4.5 Clearly if o (e;) C gl." and y; (+) is gf -measurable, then p(s) -
yi(s) < p(s)-e;(s)isequivalentto p(s’)-y; (s") < p(s')-e;(s’) foralls’ € gip(s).Thus,
all we need to show is that the maxmin utility and the (Bayesian) interim expected
utility coincide. Since foralli € I, o (u;) € Fj and F; € G, then o (u;) € G .

Moreover, since for eachi € I, x; (-) is g;’ -measurable it follows that for all i €
and s € S, both maxmin and interim utility function are equal to the ex post utility
function. That is,

ulEE (s, x) = min w; (s, x;(s") = ui (s, x; (5)) (14)
5'eG(s)

and

Ex(uiG,x(DIGF ) = D wils', xi(s")

i (s") =u;(s,x;i(s)). (15)
s’Ggip(S) )

i (G ()

From (14) and (15) it follows that for all i and s, uR ¥ £ (s, x;) = Ex (u; (-, x(\)IGF (5)).
Therefore, we can conclude that if (p, x) is a traditional REE, then (p, x) is a MREE;
the converse is also true if x; (-) is g;” -measurable for all i € 1. O
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From Lemma 8.1 it follows that any ex post Walrasian equilibrium is a maxmin
REE. The converse is not true (see Example 3.3) unless agents’ utility functions and
initial endowments are private information measurable. The next lemma, which is
useful for the proof of Proposition 4.7, holds true for the general MEU formulation
(5) provided that for any agent i and state s, the set M contains only positive priors
(see Sect. 8.5).

Lemma 8.2 If (uj, e;) C F; foralli € I, then any ex post Walrasian equilibrium is a
maxmin REE and vice versa.

Proof One inclusion is shown in Lemma 8.1 and no private information measurability
assumption is needed. In order to prove the converse, let (p, x) a maxmin REE and
consider forany agenti € I the algebra g;” = F;Vvo (p). The monotonicity assumption
on agents’ utility function ensures that for any s € S the equilibrium price p(s) is
positive in £(s), i.e., p(s) > 0 for any s € S. Clearly, feasibility and the budget
constraint hold. Assume to the contrary that for some state s the pair (x(s), p(s)) is
not a Walrasian equilibrium for the complete information economy & (s). This means
that there exist an agent j and an alternative bundle y € Rﬁ such that

(@) uj(s,y) > uj(s,x;(s)),
@) ps)-y < p(s)-ei(s).

Let zj(s’) = y forany 5" € g.f(s), and notice that since u (-, z) is F;-measurable
and a fortiori G¥-measurable, from (i) it follows that ngE(s, zj) = uj(s,y) >
uj(s,xj(s) > ngE(s, x;). Recall that (p, x) is a maxmin rational expectations
equilibrium, thus there exists § € g;’ (s) such that p(s) - z;(5) > p(5) - ¢;(s5). Since
ej(-) and p(-) are Q;’-measurable, it follows that p(s) -y > p(s) - ei(s), which
contradicts (ii) above. O

Remark 8.3 Proposition 4.7 states that if in addition u; (s, -) is strict quasi-concave for
alli € I ands € S, the ex post Walrasian equilibria coincide also with the (traditional)
rational expectations equilibrium (see also Einy et al. 2000b and De Simone and
Tarantino 2010).

Proof of Proposition 4.7 The equivalence between (1) and (2) is obtained by combining
Propositions 4.3 and 4.5 (see Remark 4.6). The equivalence between (1) and (3) is
instead stated in Lemma 8.2. O

Proof of Proposition 4.10 For each s € S, let
H(s)={he{l,....t} : p'(s) =0},
and let
S={seS: H(s) #7}.

@ Springer



L. 1. de Castro et al.

Since (p, x) is a maxmin REE, we consider the information generated by the equi-
librium price, that is the algebra o (p). Clearly, H(-) is o (p)-measurable,”’ because
p(s1) = p(s2) whenevero (p)(s1) = o (p)(s2). Moreover, sinceforanyi € 1,0 (p) C
Gl = Fi v o(p), it follows that for all i € I

H () is G/'-measurable. (16)

Now, assume to the contrary that S is non empty and let § € S. Hence, H(5) # @,
i.e., there exists at least a “free” good / such that p” (5) = 0.Leti € I be the agent such
that u; (s, -) is strictly monotone for any s € S; and define the following allocation:

Zh(_g): xl}l(s)+K lfseglp(f) andheH(s)
l x/'(s) otherwise,

where K > 0.
Notice that for any s € g;” (5), since H(s) = H(5) # ¥ [see (16)], from the strict
monotonicity it follows that u; (s, z; (s)) > u; (s, x;(s)) forall s € gi” (5), and hence

ulEE S, i) > ufFE G, x).

Since (p, x) is a maxmin REE, z; ¢ B; (s, p), that is there exists a state s; € g{’ (5)
such that

p(si) - [zi(si) —ei(si)] > 0.
From (16), it follows that H (s;) = H(5) # @, and therefore

0 < p(si) - [zi(si) — ei(si)]
= Y POl )+ K —elsdl+ Y Pl () — €] (si)]

heH (si) h¢H(si)
=0+ Y P! () — el (si)]
héH (s;)
= Y Pl ) — el ol+ Y p ol (i) — el (s0)]
heH (s;) héH (s;)

= p(si) - [xi(si) —ei(si)] < 0.
This is a contradiction, hence p(s) > 0 foreach s € S. O

Proof of Proposition 4.11 Let (p, x) be a maxmin rational expectations equilibrium
and define for each agent i € I and state s € S the following set:

Mis) = {s" € 6P+ ufFEGsox) = (s i) |

20 We mean that H(s;) = H(sp) if a(p)(s1) = o (p)(s2).
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Clearly, since S is finite, for alli € I and s € S, the set M;(s) is nonempty, i.e.,
M;(s) # #. Moreover, if s’ € gl.p(s)\Ml-(s)itmeans thatgiREE(s,x,-) < u;(s’, x; (s").
Thus, we want to show that foralli € I ands € S, M;(s) = g{’(s).

Assume to the contrary that there exist an agent j € I and a state s € S such that
G (5)\M;(5) # #. Notice that

ufPE G, xj) <uj(s, xj(s)) for any s € G7(H\M;(5).
Fixs' € G f (5)\M (s) and define the following allocation

{x./(s) if s € G (5)\M; (5)
yj(s) = "o s
xj(s')if s € M;(s).

Since the utility functions are assumed to be private information measurable, it
follows that u j (s, y; (s)) > ngE(E, xj) forany s € G;(35), and hencengE(E, yj) >
ngE(E, xj).Recall that (p, x) is amaxmin REE, therefore there exists s € Q;.’ (5) such
that p(s) - y;(s) > p(s) -ej(s). If s € M;(s), then p(s) ~xj(s’) > p(s) -e;(s). Since
p(-)ande;(-) are both g]l.’—measurable, itfollows that p(s’) = p(s)ande;(s) = e;(s).
This implies that p(s’) - x;(s") > p(s’) - e;(s"), which is clearly a contradiction. On
the other hand, if s € G ;(5)\M(s), we have that p(s) - x;(s) > p(s) - e¢;(s) which
is a contradiction as well. Therefore, foreachi € I and s € S, M;(s) = g{’ (s). O

8.3 Proofs of Section 5

Proof of Proposition 5.3 Let x be a maxmin Pareto optimal allocation with respect to
the information structure IT and assume to the contrary that there exists a feasible
allocation y such that u; (s, y;(s)) > u;(s, x;(s)) foralli € [ and all s € § with at
least one strict inequality.

Letj € Iands € Ssuchthatu;(s, y;(s)) > u;(s, x;(s)). Hence, y;(5) > 0 and if
uj(s,1) =u;j(s,0) forany s € BRf_, then y; (5) > 0. Thanks to continuity of u (s, -)
there exists € € (0, 1) for which u (s, €y;(s)) > u (s, x;(5)). Consider the feasible
allocation z given by z;(s) = y;(s) forany i € I and s € S\{s}; whilein §

ey iti=
zi(5) = i (5) + }ﬁyj(g) otherwise.

From the strict monotonicity it follows that the feasible allocation z is such that

ui(s,zi(s)) > ui(s,xj(s)) foranyi el and s € S,
ui(s,z;(5)) > u;(5,x;(5)) foranyiel.

The same happens if u (s, 1) = u;(s,0) forany t € BRﬂ because y;(s) > 0 and
u; (5, -) is monotone.
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Let k € I be such that ITi(5) = {5}, then

Zzni (s,zi) > Zlni (s,x;) foranyi €I and s € S,

w6, z) = w5, 2 3)) > up3, 1 (5) = w3, xp).

Therefore, x is not maxmin efficient with respect to the information structure IT,
which is a contradiction. We now show that the converse may not be true.>! To this
end consider an asymmetric information economy with two agents I = {1, 2}, two
goods and two states S = {a, b}. The primitives are as follows:

My = {{a}, {b}} T2 = {{a, b}}
ei(a) =(1,2) ex(a) =(1,1)
e1(b) =2, 1) ex(b) =(1,1)
ui(a, x,y) = /xy uij(b,x,y) = xy

Notice that since the first agent is fully informed, the information structure IT
satisfies the assumption that for any state s there exists an agenti such that I'T; (s) = {s}.
The following feasible allocation

(xi<a>,yl-<a>>=<1,%) <xl-<b>,y,-(b>):(§,1) for any i € I

is ex post efficient. Indeed assume to the contrary the existence of an alternative feasible
allocation (7, z) such that #; (s)z; (s) > % foralli € I ands € S, with at least one strict
inequality.

Without loss of generality let 71 (a)z;(a) > % which means that?? z; (a) > %(a)
This together with feasibility imply that

)

| W

2 —-n(a) (3 - ) > 2 —-1(a) 3 —z1(a) = n(@)z(a) =

2t (a)

which causes the contradiction (#;(a) — 1) < 0. Hence, (x, y) is ex post Pareto
optimal. We now show that it is not maxmin efficient with respect to the information
structure I1. To this end consider the following feasible allocation

(ti(a), zi(a)) = (xi(a), yi(a)) foranyi e[,

7
(tl(b)s Zl(b)) = (Zs 1)

5
(12(D), 22(b)) = (4_1’ 1) ,

21 Kreps’s example can also be used to show that an ex post efficient allocation may not be maxmin Pareto
optimal (see Remark 5.11).

22 Notice that (t1(a), z1(a)) > 0 because 11 (a)z1(a) > % > 0.
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and notice that

I1 I
u, (a, t,z1) = uy ' (a, x1, y1)

7 3
le_ll(b,tl,m) =173 =£1111(b,X1,y1)

/135 3
I, I, .

t = b t . = -, = — —_
ZZ (a5 2 22) &2 ( 5 12 ZZ) mln{ 2 4} 2

. 33
— min {\/; 5} = uy? (b, x2, y2) = uy (@, x2, y2).

Thus, the allocation (x, y) is ex post efficient but not maxmin Pareto optimal with
respect to the information structure IT. O

The next example shows that the assumption that for any state s there exists an
agent i € [ such that I; (s) = {s} is crucial in the proof of Proposition 5.3.

Example 8.4 Consider an asymmetric information economy with two agents I =
{1, 2}, two goods and three states S = {a, b, c}, whose primitives are given as follows:

My = {{a}, {b, c}} M2 = {{a, b}, {c}}
ei(a) =44 exa)=(0,0)
e10)=2,2) e =22
er(©) =(0,0)  exc) = (4,4,

u;(-,x,y) =xyforanyi € I. Notice that {b} # I1;(b) for any i € I. The following
feasible allocation (x;(s), yi(s)) = e;j(s) for any i and any s # b; (x1(b), y1(b)) =
(1, 3) and (x2(b), y2(b)) = (3, 1) is not ex post efficient since it is blocked by the
initial endowment, but it is maxmin Pareto optimal with respect to the information
structure (ITy, [1). Indeed, assume by the way of contradiction the existence of an
alternative feasible allocation (¢, z) such that

() n(@zi(a)) = 16

(i) minfry(b)z1(b), t1(c)z1(c)} = min{3,0} =0
(iit)  minfr(a)z2(a), 2(b)z2(h)} = min{0, 3} =0
(iv) n(c)za(c) = 16,

with at least one strict inequality. If one of (i) and (iii) is strict, then (4 —

t1(a)) (4 — tll(—?l)) > 0 or equivalently that (1 (a) — 4)2 < 0 which is a contradiction.

Similarly if one of (ii) and (iv) is strict.

Proof of Theorem 5.4 Let (p, x) be a maxmin rational expectations equilibrium.

I CASE: If 0 (uj, ej) € F; for each i € I, Lemma 8.2 ensures that x is an ex post
Walrasian equilibrium allocation and therefore it is ex post efficient. We now show
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that it is also maxmin Pareto optimal. To this end, assume to the contrary that there
exists an alternative feasible allocation y such that ng E(s, yi) > ng E(s, x;) for all
i € I and all s € S, with at least one strict inequality. Proposition 4.11 implies that
for any agent i € I and any state s € §

i (s, yi () = ulEE (s, yi) = ulEE (s, xi) = ui (s, xi (s)),

with at least one strict inequality. This means that x is not ex post efficient which is a
contradiction.

1l CASE: Assume that p is fully revealing. Clearly since gi” (s) = {s} foralli and s,
maxmin Pareto optimality with respect to the information structure G? coincides with
the ex post efficiency. We have already observed that in this case a maxmin REE is an
ex post Walrasian equilibrium and hence it is both ex post and maxmin efficient.
Example 8.5 and Remark 5.11 show that if none of the above conditions is satisfied,
a maxmin REE may not be maxmin efficient. O

Proof of Proposition 5.8 Let x be a weak maxmin efficient allocation and assume,
on the contrary, that there exists an alternative feasible allocation y such that
ui(s, yi(s)) > ui(s,xi(s)) foralli € I and all s € S. Thus, for each agenti € [
whatever her information partition is IT;, it follows that gln (s, yi) > gln (s, x;) for
each state s. Hence, we get a contradiction since x is weak maxmin Pareto optimal.
In order to show that the converse may not be true, consider an economy with two
agents, three states of nature, S = {a, b, c}, and two goods, such that

ui(a, xi, yi) = /Xy wi(b,xi, yi) =x;yi wi(c,x;,y)) =xiy; foralli=12.
ei(a) = (2, 1) ex(a) =e1(b) =ex2(b) =ei1(c) = ex(c) = (1,2)
I = {{a, c}, {b}} T2 = {{a}, {b, c}}.

Consider the following feasible allocation:

3 3
(x1(D), y1(0)) = (1,2)  (x2(D), y2(P)) = (1,2),
(x1(c), y1(€)) = 2, 1) (x2(c), y2(c)) = (0,3).

1 8
(x1(a), y1(a)) = <3, —) (x2(a), y2(a)) = (0, —)

Notice that it is weak ex post efficient. Indeed, if on the contrary there exists (¢, z)
such that

ui(s, ti(s), zi(s)) > ui(s, xi(s), yi(s)) foralli € I and all s € S,
in particular,
n®)z1(b) > 2
n(b)z2(b) > 2

1) +nb) =2
21(b) + 22(b) =4,
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then??

{z1(b) > tl(ib)
2 —1(b)2t1(b) — 1) > t1(b).

This implies that (¢1(b) — 1)? < 0, which is impossible. Thus, the above allocation
is weak ex post Pareto optimal, but it is not weak maxmin efficient with respect to
the information structure I1, since it is (maxmin) blocked by the following feasible

allocation:
(55 (71
(t1(a), z1(a)) = <Z’ 5) (12(a), 22(a)) = <Z’ 5)
8 4
(t1(b), 21(b)) = (1, 5) (t2(D), z2(b)) = (1, §>
_(3 2 _(2 2
(t1(c), z1(c)) = <4_1’ (f2(¢), 22(0)) = (Z’ ) .
Indeed,
up'' (@, 11, 21) = uy' (¢, 11, 21) = min {\/? g} = ;

> 1 =min{l,4} = u}" (¢, x1, y1) = u}" (a, x1, y1)

8
u (b, 11, 21) = ur (b, 11 (b), 21 (b)) = 3

> 2 =ui(b, x1(b), y1(b)) = u;" (b, x1, y1)

I, 7
ﬁz (a’ t27 22) - Mz(a, IZ(G)’ ZZ(“)) - \/;

> 0 = ua(a, x2(a), y2(a)) = uy?(a, x2, y2)

(4 25 4

EZHZ(b’ t27 Z2) = Zznz(cv t27 ZZ) = min {gy ?} — g
> 0 = min{2, 0} = uy(c, x2, y2) = us(b, x2, y2).

O

Proof of Theorem 5.9 Clearly in the first two cases the result easily follows from The-
orem 5.4 and from the observation that any allocation maxmin efficient with respect
to IT is weak maxmin Pareto optimal with respect to IT.

Let (p, x) be a maxmin rational expectations equilibrium, and assume to the con-
trary that there exists an alternative feasible allocation y such that giRE E(s,yi) >
ZZREE(S, x;) foralli € I and all s € S.

11l CASE: there exists a state of nature § € S, such that {5} = Qf (s) foralli € I.

23 Clearly, (1; (b), zi (b)) > (0,0) foreachi = 1, 2.
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Since for each i € I, {5} = G/ (5); it follows that uRFE (5, i) = u; (5, y:i(5)) >
u; (s, x;(s)) = giREE(E, x;) for all i € I. Hence, since (p, x) is a MREE, for each
agent i there exists at least one state s; € g{’ (5) = {5} (thatis s; = s foralli € I)
such that p(s) - yi(5) > p(s) - €;(5). Therefore,

> p@iG) —e@1 >0,

iel
which contradicts the feasibility of y.

1V CASE: n — 1 agents are fully informed.

Since (p, x) is a MREE and y is preferred by anyone to x, it follows that for any
state s € S and any agent i € [ there exists at least one state s; € g{’ (s) such that
p(si)-yi(s;) > p(s;i)-e;(s;).Let j be the unique not fully informed agent, and consider
the state s; for which p(s;) - y;(s;) > p(s;) - e;(s;). Since each agent i # j is fully
informed, it follows that G (s;) = {s;} forall i # j. Thus,

p(sj) - yi(sj) > p(sj)-ei(sj) foralliel.
Hence,
Y pGsj)yils) > Y plsj) - eils)),
iel iel

which is a contradiction.

Example 8.5 below shows that if no condition of Theorem 5.9 is satisfied, then a
maxmin REE may not be weak maxmin efficient (and a fortiori it may not be maxmin
Pareto optimal). O

Example 8.5 Consider an asymmetric information economy with three states of nature,
S = {a, b, c}, two goods, £ = 2 (the first good is considered as numeraire) and three
agents, I = {1, 2, 3} whose characteristics are given as follows:

ei(@) =e(b) =2, e(c)=03,1 Fi = {{a, b}; {c}}
ez2(a) = ex(c) = (1,2) ea(b) = (2,2) Fa = {a, c}; {b}}
e3(b) = e3(c) = (2, 1) e3(a) = (3, 1) F3 = {{a}; {b, c}}.

ui(a, x,y) = /xy  uib,x,y) =log(xy) ui(c, x,y) = /xy,
us(a, x,y) =log(xy) ux(b,x,y) = /xy uxc,x,y)=/xy,
usz(a, x,y) = J/xy u3(b, x,y) = J/xy us(c, x,y) =log(xy).

Consider the following maxmin rational expectations equilibrium

(r@.q@) = (1.3) c1@ n@) = (. ) G2@. »2@) = (2.3) ©@. @ =($3)
() a®) = (1.3) G1®) 31 ®) = (5. F) ) 3200 = (3.3) 3053060 = (3. 3)
(P@©.q@) =(1.3) @@ 1@ =(33) ©@O.nE) =(24) @we = (31)

N oV ol

and notice that it is a non revealing equilibrium, since (p(a), ¢(a)) = (p(b), q(b)) =
(p(c), gq(c))andhenceo (p, q) = {{a, b, c}}, thatis gf = F;iforanyi € I.Moreover,
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notice that no condition of Theorems 5.4 and 5.9 is satisfied. We now show that
the equilibrium allocation is not weak maxmin Pareto optimal with respect to the
information structure G” = (g;’ )ier and a fortiori it is neither maxmin efficient.
Indeed, consider the following feasible allocation

20 13 25 16 27 19
(11(a), z1(a)) = (ﬁ’ E) (n2(a), 22(a)) = (ﬁ’ E) (3(a), z23(a)) = (ﬁ’ ﬁ)

22 14 by ooy — (302 oy (2013
57 E) (tz( )aZZ( )) - (ﬁa ﬁ) (t3( )7 Z3( )) - <E» E)

28 18 23 15 21 15
(t1(0), z1(c)) = (ﬁ, E) (t2(c), 22(0)) = (ﬁ’ E) (t3(c), z3(c)) = <§’ ﬁ) ,

and notice that,

(11(b), z1(b)) = (

N = log 2 > log—
144 %8 Tag [ T %8 1ag 708

260 308 308 49
144 24

EE(a, 11, 21) = ufEE (b, t1,11)—mln{

24°

ufEE (e, 11, 21) = ui(e, 11(c), 21(c)) = ,/14 \/>

= uy(c, x1(c), y1(c)) = ufFE (c, x1, 1),
400 345} 400 8

. 49 49
=mm{ = log—} = ufEE (a, x1, y1) = ufEE (b, x1, y1),

REE REE

(a,t2,22) = (¢, 2, z2) = min {log

) 8 /8
= min {logg,\/;} —quE(a X2, ¥2) —qu (c, x2, ¥2),

630 25
WFFE b 12,22) = wa (b, 2B). 220) = |/ T2 > \/; = u2(b, x2(0), y2(0))

= uREE (b, x2, y2),

513 27
ui™(a, 13, 23) = us(a, 3(a), 23(@)) = YV \/; = u3(a, x3(a), y3(a))

REE
223 (a7x35 Y3),

2N oot S loel
144V 144 [ T %744 T %3

Z log== VN — 10T > log—
144 %8144 [ T %140 718

260 315 315 49
144 24

ulEE (b, 13, 23) = uREE (¢, 13, 23) = mlni

49 49
= min { TR logﬁ} = ufFE (b, x3, y3) = ukFF (c, x3, y3).

Hence, the equilibrium allocation (x, y) is not weak maxmin Pareto optimal with
respect to the information structure G = (Q iel-
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The following example shows that if there exists a state that everybody may distin-
guish (see condition (iii) of Theorem 5.9) then according to Theorem 5.9, a maxmin
REE allocation is weak maxmin efficient with respect to the information structure
(g{’ )ierl, but it is not maxmin Pareto optimal.

Example 8.6 Consider an asymmetric information economy with five states of nature,
S ={a,b,c,d, f}, two goods and two agents, I = {1, 2} whose characteristics are
given as follows:

ej(@)=ey(b)=(1,2) ej(0)=er@=e1(f)=2, 1 Fr=Ua, b}; {c,d}; {f}}
e@)=ex(c)=er(d)=ex(fH)=Q2.1) ea(b)=(1.2) Fr={{a.c}; {b}: {d. f}}.
uj(a,x,y) =ui(c,x,y) = J/xy ui(b,x,y) =u;(d,x,y) =log(xy) u;(f,x,y)=xy.

Consider the following maxmin rational expectations equilibrium

(P(@),q@) = (1, 1) (x1(a), y1(@) = (3, 3) (2(@), »2(2) = (3. 3)
(p®),q®) = (1, ) (x1(b), y1(b)) = (1,2) (x2(b), y2(b)) = (1,2)
(P(©),q(©) = (1,2) (x1(c), y1(€)) = (2, 1) (x2(c), y2(c)) = (2, 1)
(P(d), g(d) = (1,2) (x1(d), yi(d) = (2, 1) (x2(d), y2(d)) = (2, 1)
(P(f)yq(f) = 1,2) 1), vi(f) = 2. 1) (x2(f), y2(f) = 2, 1),

and notice that o (p, ¢) = {{a}, {b}, {c, d, f}} and hence, G = {{a}, {b}, {c, d}, {f}}
and G} = {{a}, (b}, {c}, {d, f}}.

For any i € I the equilibrium allocation (x;, y;) is g;’ -measurable but not F;-
measurable. Moreover notice that the utility functions are not J;-measurable neither
gl?’ -measurable, the equilibrium price is not fully revealing, and no agent is fully
informed. On the other hand, there exists a state s such that gl.” (s) = {s} for any
agent 7, for example states a and b, but such a condition does not hold for the initial
information structure (F;);e7. Thus, only condition (iii) of Theorem 5.9 is satisfied.
From this it follows that the equilibrium allocation (x, y) is weak efficient with respect
to the information structure (g{’ )icr- We now show that x is not maxmin efficient
with respect to the information structure (g;’ )ier- To this end, consider the following
feasible allocation

(i (s), zi (s)) = (xi(s), yi(s)) for any i = {1,2} and any s € {a, b, d}

3 5
(t1(0), z1(0)) = <§, 1) (12(0), 22(¢)) = <§, 1)

5 3
(n(f),z1(f) = <§, 1) (n(f), 22(f)) = (— 1)

and notice that,

REE REE

(8,1,2) = u; (s, x;,y;) foranyi € {1,2} and any s € {a, b}

3
(c t,21) = “1 (d t,21) _mln{\/;, logZ} =log2

= min{\/i, log2} = ulEE(d X1, y1) = Uj EE(c,xl,yl)
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ulREE (¢, 12, 22) = ua(c, 12(c), 22(c)) = \/g

> V2 = us(c, x2(c), yg(c)) = ufFE (¢, x1, 1)
ufEE(f otz = wi(f. 0 (). 21() = 5

> 2= (f.x1(f). () = ufEECF 0 yn)
uyPh(d, 12, 22) = uf PF(f, 12, 22) = min {logz, %} = log2

= min{log2, 2} = uREE(f, x2, y2) = ukEE(d, x2, y2).

Hence, the equilibrium allocation is not maxmin Pareto optimal with respect to the
information structure G = (g iel-

The next example shows that if all agents except one are fully informed (i.e.,
condition (iv) of Theorem 5.9 holds), then a maxmin REE allocation is weak maxmin
efficient with respect to the information structure (Qip )ies but it may not be maxmin
Pareto optimal.

Example 8.7 Consider an asymmetric information economy with two states of nature,
= {a, b}, two goods and three agents, I = {1, 2, 3} whose characteristics are given
as follows:

er@) = e (b) = (3. %) Fi = {{a}; (b))

ex(a) = ey(b) = (? §) 2 = {{a}: {b}}.

e3(a) = e3(b) = (3, 5) F3 = {{a, b}}.

ui(a,x,y) = /xy u(bxy)—xyforalliel.

Notice that for any i € I e;(-) is F;-measurable, while u; is not. Two agents are fully
informed. The initial endowment is a non-revealing maxmin rational expectations
equilibrium and there does not exist a state s such that Qip (s) = {s} for any i, neither
Fi(s) = {s} for any i. Thus, only condition (iv) of Theorem 5.9 is satisfied. From this
it follows that the equilibrium allocation e is weak maximin efficient with respect to
the information structure (gi” )ier, and since it is a non-revealing maxmin REE it is
also weak maximin efficient with respect to the information structure (F;);<; (because
g;’ = F; for any i € I). We now show that e is not maxmin efficient with respect to
the information structure (g,.” )ier and hence neither with respect to (F;);ecs. To this
end, consider the following feasible allocation

(1i(a), z1(a)) = (% 15—2) for any i € {1.2).

11
(13(a), z3(a)) = (g, 6) )

t: (D), zi(b)) = (% %) for any i € {1, 2, 3}.
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Notice that,

5 1
it et 2) = 5> 3 =" (@, xi, yi) forany i €(1,2)
ufFE b, 1, 20) = ufFF (b, xi, yi) for any i € {1,2)
11 1

ZgEE(avt:;v Z3) = ngE(b9t3v Z3) = min {65 5} = §

|11
= min {5, 5} = uf"F(a, x3, y3) = uf PE (b, x3, ).

Hence, the equilibrium allocation e is not maxmin Pareto optimal with respect to
the information structure GP = (g,.” )ier neither with respect to F = (F;)ier.

Proof of Theorem 5.14 Let (p, x) be a maxmin rational expectations equilibrium and
assume to the contrary that there exists an alternative feasible allocation y such that

u;(s,y;) >u;(s,x;) foralli el andseS. a7

(a) CASE: If there exists a state of nature s € S, such that {s} = F;(s) foralli € I,
then in particular from (17) it follows that for all i € 1

REE

u! REE

(Ev )71) = Lli(g, yl(E)) = Zi(fa )’z) > Ei(iv -xi) = ui(gv -xl(g‘)) = Zi (Es xi)~

Thus, since (p, x) is a maxmin rational expectations equilibrium for all i € I there
exists a state s; € g{’(&) = {5} (i.e., s; = 5 for all i € I) such that p(s;) - yi(s;) >
p(si) - i (s;), thatis

p(5) - yi() > p(5)-e;(5) foralliel.

Hence,

P& - Y i) —e®] >0,

iel

which contradicts the feasibility of the allocation y. Thus, x is weak maxmin efficient
with respect to the information structure . Moreover, notice that if there is a state of
nature 5 such that F;(s) = {5} for alli € I, then a fortiori Qip(§) = {s}foralli € I.
This means that condition (iii) of Theorem 5.9 is satisfied and hence x is maxmin
Pareto optimal also with respect to the information structure G7.

(b) CASE: 1If the n — 1 agents are fully informed, condition (iv) of Theorem 5.9 holds
and hence x is weak maxmin efficient with respect to the information structure G”.
We want to show that x is maxmin Pareto optimal also with respect to the information
structure F. To this end, assume without loss of generality that 1 is the unique non
fully informed agent and let s be a state of nature. From (17) it follows in particular
that there exists 5 € Fi(s) such that

REE /= = = REE /=
up TS, 1) = ug (S, y1) > u (s, x) =up (S, x1).
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Since (p, x) is a maxmin REE, there exists a state s € G1 (5) such that

p(s) - 1) > p(s') - er(s). (18)

Any agent i # 1 is fully informed, then (17) implies that

REE REE

", yi) = ui(s', yi(sh) = u; (s", yi) > w; (", xi) = ui(s', x; () = uj "7 (s, xp).
Thus, for all i # 1 there exists a state s; € gi” (s") ={s'} G.e,s; =s foralli #1,
because they are all fully informed) such that p(s;) - y; (s;) > p(s;) - e;(s;), that is

p(s") - yi(s") > p(s') -e;(s") foralli # 1. (19)

Hence, from (18) and (19) it follows that

p(s") - Y Iyi(s) —ei(sH] > 0,

iel

which contradicts the feasibility of the allocation y.

We now show that if none of the above conditions is satisfied, then a maxmin
REE may not be weak maxmin efficient with respect to the information structure
F = (Fi)ier and a fortiori may not be maxmin Pareto optimal. To this end, consider
an asymmetric information economy with two states of nature, S = {a, b}, two goods,
£ = 2 (the first good is considered as numeraire) and three agents, I = {1, 2, 3} whose
characteristics are given as follows:

ej(a) =(2,1) e1(b) =(1,2) F1 = {{a}; {b}}

ex(a) = (1,2) ex(b) =(1,2) F2 = {{a, b}}

ez(a) =(2,1) e3(b) = (2, 1) F3 = {{a, b}}.

ui(s,x,y) = x2y, uz(s, x,y) = /xy, uz(s,x,y) =xy, foranys e S.

Notice that agents’ initial endowments and utility functions are private informa-

tion measurable. Consider the following fully revealing maxmin rational expectations
equilibrium

11
(P(@),q@) = (1,1) (p(b),q(b)) = ﬁ)
(x1(a). y1@) = 2. 1) (2@, @) =(3.3) @3(a),y3@)=(3.3)
1B, 310) = (3. 1) (20), 200 = (3. 3) (300, 3300 = (. 8).

The above fully revealing maxmin REE is maxmin efficient (and a fortiori weak
maxmin Pareto optimal) with respect to the information structure G = (g{’ iel
(see Theorem 5.4). Of course it is also ex post efficient since it coincides with an
ex post Walrasian equilibrium. On the other hand, we now show that it is not weak
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maxmin efficient (and a fortiori it is not maxmin Pareto optimal) with respect to the
initial private information structure F = (F;);<s. To this end, consider the following
feasible allocation (¢, z)

(t1(@), z1(@)) = (32.1) (t1(b), 21 (b)) = (% %)

(@), 22(@) = (§.3) (2(0), 220)) = (& %)

NIW

(5@, z3@) = (£.3) (30), 300 = (8. 8).

and notice that,

33\?
uy(a, t1,z1) = ui(a, ti(a), z1(a)) = <1_6) >4

=uy(a, x1(a), y1(a)) = u(a, x1, y1)
105\? 13 26\2 13
uy (b, t1,z1) = ui(b, t1(b), 21(b)) = (@) > <ﬁ) 11
=uy(b, x1(b), y1(b)) = u;(b, x1, y1)
223 \/7939 _ (7939 [3939
162°Ves822 | Vesg22 3422

us(a, tr,22) = uy(b, t, z2) = min {

3 /3939

= min > QZ}=zz(b,xz,yz)=zz(a,xz,yz)

253 8845} 253 9

162" 6822 4

us(a, t3,z3) = uz(b, 13, 23) = min{ 162 1

9 4545

= min T ﬁﬁ} =u3(b, x3, y3) = us(a, x3, y3).

Hence, the equilibrium allocation (x, y) is not weak maxmin Pareto optimal with
respect to the information structure F = (F;)ie;- O

8.4 Proofs of Section 6

Before proving Proposition 6.6 the following lemma is needed.

Lemma 8.8 Condition (iii) and (x) in the Definition 6.4, imply that for all i € C,
wila xi(@) = min (s, %) = ;" (@ %),

and

ui(a, xj(a)) <ui(s,xi(s)) for all s € I1;(a)\{a}.
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Proof Assume, on the contrary, there exist an agent i € C and a state 51 € I1;(a)\{a}
IT; .
such that u; " (a, x;) = mingen; @) u; (s, x; (5)) = u; (51, x; (51)).
Notice that

z,n (a, yi) = min{u;(a, e;(a) + x; (b) — e;(D)); B r[r}ian\{a} u;i (s, xi(s))}.

If, ui(a, ej(a) + x;j(b) — ei (b)) = uj(a, yi(a)) = g?" (a, yi), then in particular
ui(a, yi(a)) < ui(sy, xi(s1)) = g?[ (a, x;). This contradicts (iii) in Definition 6.4.
On the other hand, if there exists s> € I1;(a)\{a} suchthatu; (s2, x; (s2)) = gln" (a, yi),
then in particular u;" (a, yi) = u;(s2. xi(s2)) < w;(s1,xi(s1)) = w;" (a, x;). This
again contradicts (iii) in Definition 6.4. Thus, for each member i of C, there does not
exist a state s € I1; (a)\{a} such that g?i (a, x;) = u;(s, xj(s)). This means that

. H
ui(a, xi(a)) = [min ui(s, xi(s)) = u; ' (a, x;),
s ila

and
ui(a, xj(a)) < u;i(s,x;(s)) for all s € IT;(a)\{a}.

]

Proof of Proposition 6.6 Let x be a CIC with respect to the information structure IT
and assume to the contrary that there exist a coalition C and two states a and b such
that

(i) Mi(a)=T,(b) forali¢C,
(i) ei(a) +xi(b) —ej(b) eR,  foralli € C, and

(i) " (a,y;) > u"(a,x;) forallieC,
where foralli € C,

ei(a)+x;(b) —e;j(b) ifs=a
x; (s) otherwise.

yi(s) = {
Notice that from (iii) and Lemma 8.8 it follows that for alli € C,
I1; IT;
ui(a, ei(a) + x;(b) — e; (b)) = u;(a, yi(a)) > u;" (a, yi) > u; '(a, x;) = u;(a, x;(a)).
Hence, x is not CIC with respect to the information structure I1, which is a contra-
diction. For the converse, we construct the following counterexample. Consider the
economy, described in Example 6.2, with two agents, three states of nature, denoted

by a, b and ¢, and one good per state denoted by x. Assume that

ur (-, x1) = /x1; eila, b, c) = (20,20, 0); Fi = {{a, b}; {c}}.
uz (e, x2) = /x2; ex(a, b, ¢) = (20,0, 20); F2 = {{a, c}; {b}}.
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Consider the allocation

x1(a, b, c) = (20, 10, 10)
xa(a, b, c) = (20, 10, 10).

We have already noticed that such an allocation is not Krasa-Yannelis incentive
compatible with respect to the initial private information structure F = (Fi, F2) (see
Example 6.2), but it is maxmin CIC with respect to F (see Remark 6.5). O

Proof of Theorem 6.7 Let (p, x) be a maxmin rational expectations equilibrium. Since
agents take into account the information generated by the equilibrium price p, the
private information of each individual 7 is given by Qip = F; V o(p). Thus, for each

agenti € I, Il; = G; and g?’ = glREE. Assume to the contrary that (p, x) is not
maxmin CIC. This means that there exist a coalition C and two states a, b € S such
that

(i) Gl@)=G/(b) foralli¢C,
(ii) ei(a)+xi(b) —ei(b) €RY  foralli e C, and

(iii) ngE(a, Vi) > ngE(a,x,-) for all i € C,
where foralli € C,

ei(a)+x;(b) —e;j(b) ifs=a

yi(s) = {xi (s) otherwise.

Notice that condition (i) implies that p(a) = p(b), meaning that the equilibrium
price is partially revealing.”* Clearly, if p is fully revealing, since for any i € I,
g{’ = F, then there does not exist a coalition C and two states a and b such that
g{’ (a) = g{’ (b) for all i ¢ C. Therefore, any fully revealing MREE is maxmin
coalitional incentive compatible. On the other hand, since (p, x) is a maxmin rational
expectations equilibrium, it follows from (iii) that for all i € C there exists a state
s; € G!'(a) such that

p(si) - yi(si) > p(si) - ei(s;) = p(si) - xi(s;).

By the definition of y;, it follows that for all i € C, s; = a, thatis p(a) - yi(a) >
p(a) - ej(a), and hence p(a) - [x;(b) — e;(b)] > 0. Furthermore, since p(a) = p(b)
it follows that p(b) - x;(b) > p(b) - e;(b). This contradicts the fact that (p, x) is a
maxmin rational expectations equilibrium. O

24 Notice that for all i, o(p) € g{’ = F; V o(p). Thus, for all i, p(-) is gip—measurable. Therefore,
condition (i) implies that p(a) = p(b).

@ Springer



A new approach to the rational expectations equilibrium...

Proof of Proposition 6.11 Let (p, x) be a maxmin REE and assume to the contrary that
there exist a coalition C and two states a, b € S such that

() Fi(a)=F;i(b) foralli¢C,

(II) wui(a,xi(a)) =u;(a,xib)) foralli¢C,

(I11) ei(a) +xi(b) —e;(b) e RY  foralli € C, and
(IV) wu;(a,yi) >u;(a,x;) forallieC,

where foralli € C,

ei(a) +x;(b) —e;j(b) ifs=a
x; (s) otherwise.

yi(s) = {

If (p, x) is anon revealing MREE, then the proposition holds true with no additional
assumptions on utility functions (see Remark 6.8).

I CASE: Assumethato (u;) € F; foranyi € I.Observe thatif p is partially revealing
and Qf (a)\{a} # 0 for some agent i in C, then the allocation x is (private) maxmin
coalitional incentive compatible and hence weak (private) maxmin CIC. Indeed, from
Lemma 8.8 and condition (IV), it follows that

uREE (@, xi) = u;(a, x;) = ui(a, xi(a)) < u;(s,x;i(s)) for all s € Fi(a)\{a}.

In particular the above inequality holds for all s € G;(a)\{a}, and this contradicts
Proposition 4.11. Moreover, if for some agent i ¢ C, g{’ (a) = g{’ (b), then it follows
that p(a) = p(b), and hence p is partially revealing. However, even if utility functions
are not private information measurable, we can conclude that x is (private) maxmin
coalitional incentive compatible and hence weak (private) maxmin CIC. In fact, from
(1V) and Lemma 8.8, it follows that for alli € C,

(@, i) > u;(a, yi) > u;(a, x;) = ui(a, xi(a)) = ufFE (a, x;).

ZZ_REE
Therefore, since (p, x) is a maxmin REE, from the definition of the allocation y, it
follows that for eachi € C, p(a) - yi(a) > p(a) - e¢j(a), and hence p(a) - x;(b) >
p(a) - e;(b), which is a contradiction because p(a) = p(b).

Thus, let us assume that G/ (a) = {a} for alli € C and G/ (a) # G (b) for any
i ¢ C. Again from (/V) and Lemma 8.8, it follows that for all i € C,

ulEE (a, yi) = u;(a, i) > u; (@, x;) = ui(a, x;(a)) = ulkfE @, x;),
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while from (/7) it follows that for all i ¢ C,

ufEE @, y)y =miny  min  u;(s, % (), ui(a, yi(@))
seg,p(a)\{a}

= min min  u; (s, x;(s)), u; (a, x; (b))
seG’ (@)\{a)

= min min  u; (s, x;(5)), ui(a, x;(a))
s€G? (@)\{a)

= ulfEE (a, xp).

Moreover, y is feasible. Indeed, for each state s # a, y is feasible because so is x.
On the other hand, if s = a, then

Y vita) =) @)+ Y xi(b) =Y ei(b) =) eila).

iel iel iel iel iel
Hence, there exists a feasible allocation y such that
ZZREE(s,yi) zglREE(s,xi) foralli € [ and all s € S,

with a strict inequality for each i € C in state a. Since x is a maxmin REE and
Gl (a) = {a} foralli € C, it follows that

p(a) - yi(a) > p(a) -ej(a) foranyi € C.
Moreover, since y is feasible, there exists at least one agent j ¢ C such that
pla)-yja) < p(a)-eja).

Notice that
p(s)-yjla) < p(s)-ej(s) forallse g]’.’(a), (20)

because p(-) and e;(-) are G;-measurable. Define the allocation?® z j as follows:

1p(s) - [ej(s) — yj(@)]
Shot PR

2j(s) = yj(a) + for any s € gf(a),

where 1 is the vector with £ components each of them equal to one, i.e.,1 = (1, ..., 1).
Notice that z;(-) is constant in the event Qf(a); for any s € gf(a), Zj(s) > yj(a)
and p(s) -zj(s) = p(s) - e (s). Therefore, since (p, x) is a maxmin REE and u; (-, x)
is Fj-measurable, from the monotonicity of u  (a, -), it follows that

25 Notice that for any s € Gj(a), Zfz:l ph (s) > 0, because p(s) € Rér\{O} forany s € S.
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REE REE

(a, -xj) >u (a Z]) _Mj(a Zj(a)) > uj(a )’j(a)) = u; (a, YJ)

REE
(a, xj),

a contradiction.

1l CASE: Assume now that the equilibrium price p is fully revealing; hence g{’ (a) =
{a} forany i € I. From (I V) and Lemma 8.8 it follows that for all i € C,

REE REE

(a,yi) = u;(a, yi) > u;(a, x;) = ui(a, xi(a)) =u; =" (a, x;),
and hence

pla) - yi(a) > p(a) -e;j(a) for anyi € C.
while from (/7) it follows that for all i ¢ C,

ulfEE (@, yi) = ui(a, x; (b)) = ui(a, x;(a)) = uREE (a, x;).

Since, we have already observed that y is feasible, we conclude that for some agent
J¢cC,

pa)-yjla) < p(a) -ej(a).
Define the following bundle®

1p(a) - [ej(a) — yj(a)]
St Ph@)

zj(a) = yjla) + > yj(a),

where 1 is the vector with £ components each of them equal to one, i.e.,1 = (1, ..., 1).
Notice that p(a) - zj(a) = p(a) - ej(a) and

ufFEa,zj) = uj(a. zj(@) > uj(a, yj@) = uf (@, y;) = uf** (. x)),
contradicts the fact that x is a maxmin REE allocation. O
8.5 Counterexamples for a general set of priors
As we commented above, Propositions 4.3, 4.7, 4.11, Theorems 5.4, 5.9, and
Lemma 8.2 are valid for the general MEU models, provided that all priors are strictly

positive. In this section, we give counterexamples to these results if some priors are
not strictly positive.

26 Notice that Zfl: 1 ph (a) > 0, because agents’ utility functions are monotone and consequently p(s) €
Rﬁ\{O} forany s € S.
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Consider the following asymmetric information economy:

I1=1{1,2,3} S={a,b,c,d} £=2

Fi={{a, b, c}, {d}} Fr={{a, b, c,d}} F3 = {{a}, {b}, {c}, {d}}
e1(s) = (1,3) for all s € {a,b,c} e;(d) = (2,2) ex(s) =2,1) forall s € §
ez(a) = (1,4) e3(b) = (2,6) e3(c) = (0,2)
e3(d)=(,7) ui(s,x,y) =,/xy Vi and Vs € §.

Noticethato (u;, ¢;) € F; and u; (s, -) isconcave. Foranyi € [ andany F € E,letCiF
be the set of all priors with support contained in F. Clearly if F = {s} then C,.{S} consists
of only one measure assigning one to {s}. Let M = {a : § — [0, 1] : a(a)+a(b) =
1} if F = {a, b, ¢} and /\/lg ={x:S — [0,1] : a(a) + a(b) + a(d) = 1} for
F =8. M{ and MZ are proper subsets of Cf" and C4" and they do not contain only
positive priors.

Consider the following allocation {(x;(s), y*(s))}ier.ses

(i@, yi@) = (3.3) (3@, 5@ = (3. 3) 65@. 5@ = (3.3)
(i, v70) = (.3) @@ 300 = (3.3) G310 500 = (3.5)
@@ @) = (3.3) @50,y =(}.3) @©. %) =(3.1)
(H@DLF@) = (3.3) (@ 5@ = (5.3) ch@. @) = (3. 3)

and the following price (p(s), g(s)) = (1, %) for all s € S. Thus, (p, g) is non
revealing and hence Qip = F; foralli.

We now show that the allocation above is a MREE where agents’ pref-
erences are represented by (the general) maxmin expected utility (5). Indeed,
{(xi* (s), yl-* (5))}ier.ses is feasible and it satisfies the budget constraints. Moreover
it maximizes the MEU subject to the budget constraint. Indeed, assume to the contrary
that

Icase (i =1ands € {a, b, c})
there exists a random bundle (x(s), y;(s)) such that

inf Z VX1 y1(sHa(s) > ian Z X ()Y (sHa(s")

F
aeMj s'e€la,b,c} My s'ela,b,c}

and x1(s) + %yl(s) <1+ % for any s € {a, b, c}. Since for all « € M,
a(c) = 0 and there exists 8 € Mf such that 8(a) = 1 and 8(b) = B(c) =
0, it follows in particular that \/x1(a)y1 (a) > ,/% andx1(a)+%y1(a) < %

2
Thus, 15 — yi@)yi(@) > 2, ie., (yl(a) — g) < 0, a contradiction.
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II case

III case

IV case

V case

VI case

VII case

(i=1lands =d)

there exists a random bundle (x;(d), y1(d)) such that /x| (d)y1(d) > \/g
and x1(d) + y1(d) < 3. This implies that (3 — $y1(d)y1(d) > 3, ie.,
i(a) — 3)2 < 0, a contradiction.

(i=2ands € S)

there exists a random bundle (x2(s), y2(s)) such that inf ME Y oges
Va2 (Nals) > infepgr Yypes VA5 ()5 (5als), and xa(s) +
$v2(s) < 24 % foralls € S. Since for all @ € ML, a(c) = 0 and
there exists f € Mf such that f(a) = 1 and B(b) = B(c) = B(d) =0,
it follows in particular that /x3(a)y>(a) > \/% and x(a) + % ya(a) < %

As in the first case, this implies a contradiction.
(i=3ands =a)

there exists a random bundle (x3(a), y3(a)) such that \/x3(a)y3(a) > \/g

and x3(a) + % y3(a) < 3. Asin the second case, this implies a contradiction.
(i=3ands = b)

there exists a random bundle (x3(b), y3(b)) such that \/x3(b)y3(b) > ,/ %
and x3(b) + 1y3(b) < 5. This implies that (5 — $y3(0)y3(b) > %, i.e.,

(y3(b) — 5)2 < 0, a contradiction.

(i=3ands =c¢)

there exists a random bundle (x3(c), y3(c)) such that /x3(c)y3(c) > \/g
and x3(c) + 3y3(c) < L. This implies that (1 — 1y3(c)) y3(c) > 1, ie.,

(y3(¢) — 1)> < 0, a contradiction.
(i=3ands =d)

there exists a random bundle (x3(d), y3(d)) such that \/x3(d)y3(d) > ./ %
and x3(d) + $y3(d) < 3. This implies that (3 — 3y3(d)) y3(d) > &, ie.,
(y3(d) — %)2 < 0, a contradiction.

Notice that

o the allocation (x;(-), y*(-)) is not g{’ -measurable. Thus, this is a counterexample
to Proposition 4.3 for the general MEU case if the set of priors contains priors that

are not strictly positive.

27

e agents’ utilities are not constant in the event gf (s). Thus, this is a counterexample
to Proposition 4.11 for the general MEU case if the set of priors contains priors
that are not strictly positive.

27 Actually Proposition 4.3 requires strict quasi-concavity, while u; is concave and satisfies a weaker
condition according to which the inequality u(ex + (1 —«)y) > min{u(x), u(y)} holds when u(x) # u(y).
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e the allocation (x/(-), y/(-)) is not ex post efficient, since it is blocked by

(1i(5), zi(s)) = (x7(s), y/(s)) Vi € I if s # ¢, and

t; i = >3 Vi 1,2
(ti(c), zi(c)) = <Z’ 5) ief{l,2}

1
(13(0), z3(c)) = (x3(c), y3(c) = (5, 1) .

Indeed (¢, z) is feasible, and u; (s, t, z) = u; (s, x*, y*) foralli € I if s # ¢, and

[25 9 .
ui(ti(c), z1(c)) = 3 \/; =u1(x7(c), y{(c)

[25 9 .
uz(t2(c), z22(c)) = 3 \/; = uz(x5(c), y;(c))

u3(t3(c), z3(c)) = u3(x3(c), y3(c))

Thus, this is a counterexample to Theorem 5.4 for the general MEU case if the set
of priors contains priors that are not strictly positive.
e the allocation (x/(-), y(-) is not maxmin efficient, since it is blocked by

(1i(5), zi(s)) = (x](s), y/(s)) Vi € I if s # ¢, and
(ti(c), zi(c)) = (0,0) Vi € {1, 2}
(t3(0), z3(c)) = (3, 6).

Indeed (¢, z) is feasible, and u; (s, t, z) = u; (s, x*, y*) foralli € I if s # ¢, and

inf Z Vi (sNzi(sNa(s") = \/i = inf Z xF ()Y (sHa(s")

aeMC ae M

s'efa,b,c} s'€la,b,c)
Lt Y Vo@)nGhe) = \/i Sl D DRVECCONACOLTED
M s M s
u3(13(0), 23(c)) = V18 > \g = u3(x3 (), ¥3(e)
Thus, this is a counterexample to Theorem 5.9 for the general MEU case if the set

of priors contains measures that are not strictly positive.
e the allocation (x*(-) yl*(-)) is not an ex post Walrasian equilibrium allocation.

Indeed consider for example agent 2 in state ¢ and the bundle ( I 2) which is

such that
[25 \/’ 5.5 5,1
4 4_ 2
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Thus, this is a counterexample to Proposition 4.7 and Lemma 8.2 for the general
MEU case if the set of priors contains priors that are not strictly positive.

References

Allen, B.: Generic existence of completely revealing equilibria for economies with uncertainty when prices
convey information. Econometrica 49(5), 1173-1199 (1981)

Angeloni, L., Martins-da Rocha, V.: Large economies with differential information and without free disposal.
Econ Theory 38(2), 263-286 (2009)

Angelopoulos, A., Koutsougeras, L.C.: Value allocation under ambiguity. Econ Theory 59(1), 147-167
(2015)

Balder, E., Yannelis, N.C.: Bayesian—Walrasian equilibria: beyond the rational expectations equilibrium.
Econ Theory 38, 385-397 (2009)

Bhowmik, A., Cao, J.: Rational expectations equilibria: existence and representation. Econ Theory Bull
4(2), 367-386 (2016)

Bhowmik, A., Cao, J., Yannelis, N.C.: Aggregate preferred correspondence and the existence of a maximin
REE. J Math Anal Appl 414(1), 29-45 (2014)

Cea-Echenique, S., Hervés-Beloso, C., Torres-Martinez, J.P.: Endogenous differential information. Econ
Theory 63, 51-72 (2017)

Citanna, A., Villanacci, A.: Incomplete markets, allocative efficiency, and the information revealed by
prices. J Econ Theory 90(2), 222-253 (2000)

Condie, S., Ganguli, J.: Ambiguity and rational expectations equilibria. Rev Econ Stud 78(3), 821-845
(2011a)

Condie, S., Ganguli, J.: Informational efficiency with ambiguous information. Econ Theory 48, 229-242
(2011b)

Correia-da Silva, J., Hervés-Beloso, C.: Subjective expectations equilibrium in economies with uncertain
delivery. J Math Econ 44(7), 641-650 (2008)

Correia-da Silva, J., Hervés-Beloso, C.: Prudent expectations equilibrium in economies with uncertain
delivery. Econ Theory 39(1), 67-92 (2009)

Correia-da Silva, J., Hervés-Beloso, C.: General equilibrium in economies with uncertain delivery. Econ
Theory 51(3), 729-755 (2012)

Correia-da Silva, J., Hervés-Beloso, C.: Irrelevance of private information in two-period economies with
more goods than states of nature. Econ Theory 55(2), 439-455 (2014)

de Castro, L., Pesce, M., Yannelis, N.: Core and equilibria under ambiguity. Econ Theory 48, 519-548
(2011). https://doi.org/10.1007/s00199-011-0637-3

de Castro, L.I., Yannelis, N.C.: Ambiguity aversion solves the conflict between efficiency and incentive
compatibility. Technical report, University of Illinois at Urbana-Champaign (2008)

de Castro, L.I., Yannelis, N.C., Zhiwei, L.: Ambiguous implementation: the partition model. Econ Theory
63, 233-261 (2017)

De Simone, A., Tarantino, C.: Some new characterization of rational expectation equilibria in economies
with asymmetric information. Decis Econ Finance 33, 7-21 (2010). https://doi.org/10.1007/s10203-
009-0094-7

Einy, E., Moreno, D., Shitovitz, B.: On the core of an economy with differential information. J Econ Theory
94(2), 262-270 (2000a)

Einy, E., Moreno, D., Shitovitz, B.: Rational expectations equilibria and the ex-post core of an economy
with asymmetric information. J Math Econ 34(4), 527-535 (2000b)

Faria, G., Correia-da Silva, J.: The price of risk and ambiguity in an intertemporal general equilibrium
model of asset prices. Ann Finance 8, 507-531 (2012)

Ghirardato, P., Maccheroni, F., Marinacci, M.: Differentiating ambiguity and ambiguity attitude. J Econ
Theory 118(2), 133-173 (2004)

Gilboa, 1., Schmeidler, D.: Maxmin expected utility with non-unique prior. ] Math Econ 18(2), 141-153
(1989)

Glycopantis, D., Muir, A., Yannelis, N.: Non-implementation of rational expectations as a perfect Bayesian
equilibrium. Econ Theory 26(4), 765-791 (2005)

Green, J.: The non-existence of informational equilibria. Rev Econ Stud 44(3), 451-463 (1977)

@ Springer


https://doi.org/10.1007/s00199-011-0637-3
https://doi.org/10.1007/s10203-009-0094-7
https://doi.org/10.1007/s10203-009-0094-7

L. 1. de Castro et al.

Grossman, S.J.: An introduction to the theory of rational expectations under asymmetric information. Rev
Econ Stud 48(4), 541-559 (1981)

Hahn, G., Yannelis, N.: Efficiency and incentive compatibility in differential information economies. Econ
Theory 10(3), 383—411 (1997)

Hansen, L.P., Sargent, T.J.: Robustness: Princeton: Princeton University Press (2008)

Hayek, F.A.: The use of knowledge in society. Am Econ Rev 35(4), 519-530 (1945)

He, W., Yannelis, N.C.: Equilibrium theory under ambiguity. J Math Econ 61, 86-95 (2015)

Klibanoff, P., Marinacci, M., Mukerji, S.: A smooth model of decision making under ambiguity. Econo-
metrica 73(6), 1849-1892 (2005)

Koutsougeras, L., Yannelis, N.: Incentive compatibility and information superiority of the core of an econ-
omy with differential information. Econ Theory 3(2), 195-216 (1993)

Krasa, S., Yannelis, N.C.: The value allocation of an economy with differential information. Econometrica
62, 881-900 (1994)

Kreps, D.M.: A note on ‘fulfilled expectations’ equilibria. J] Econ Theory 14(1), 32-43 (1977)

Ma, X., Zhao, Q., Qu, J.: Robust portfolio optimization with a generalized expected utility model under
ambiguity. Ann Finance 4, 431-444 (2008)

Maccheroni, F., Marinacci, M., Rustichini, A.: Dynamic variational preferences. J Econ Theory 128, 444
(2006)

Milnor, J.: Games against nature. In: Thrall, Coombs, Davis (eds.) Decision Processes. New York: Wiley
(1954)

Munk, C., Rubtsov, A.: Portfolio management with stochastic interest rates and inflation ambiguity. Ann
Finance 10, 419-455 (2014)

Podczeck, K., Yannelis, N.C.: Equilibrium theory with asymmetric information and with infinitely many
commodities. J Econ Theory 141(1), 152-183 (2008)

Polemarchakis, H., Siconolfi, P.: Asset markets and the information revealed by prices. Econ Theory 3(4),
645-661 (1993)

Radner, R.: Competitive equilibrium under uncertainty. Econometrica 36(1), 31-58 (1968)

Radner, R.: Rational expectations equilibrium: generic existence and the information revealed by prices.
Econometrica 47(3), 655-678 (1979)

Ravanelli, C., Svindland, G.: Ambiguity sensitive preferences in ellsberg frameworks. Econ Theory 67,
53-89 (2019)

Sun, Y., Wu, L., Yannelis, N.C.: Existence, incentive compatibility and efficiency of the rational expectations
equilibrium. Games Econ Behav 76(1), 329-339 (2012)

Sun, Y., Wu, L., Yannelis, N.C.: Incentive compatibility of rational expectations equilibrium in large
economies: a counterexample. Econ Theory Bull 1(1), 3—-10 (2013)

Tallon, J.: Do sunspots matter when agents are Choquet-expected-utility maximizers? J Econ Dyn Control
22(3), 357-368 (1998)

Yannelis, N.C.: The core of an economy with differential information. Econ Theory 1(2), 183-197 (1991)

Yi, B., Viens, F., Law, B., Li, Z.: Dynamic portfolio selection with mispricing and model ambiguity. Ann
Finance 11, 37-75 (2015)

Zhiwei, L.: A note on the welfare of the maximin rational expectations. Econ Theory Bull 2(2), 213-218
(2014)

Zhiwei, L.: The implementation of the maximin rational expectations equilibrium. Econ Theory 62(4),
813-837 (2016)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Affiliations

Luciano I. de Castro' - Marialaura Pesce?3 . Nicholas C. Yannelis*

B Marialaura Pesce
marialaura.pesce @unina.it

@ Springer



A new approach to the rational expectations equilibrium...

Luciano I. de Castro
decastro.luciano @ gmail.com

Nicholas C. Yannelis
nicholasyannelis @ gmail.com
Department of Economics, Henry B. Tippie College of Business, The University of Iowa,

‘W208 John Pappajohn Business Building, Iowa City, IA 52242-1994, USA

Dipartimento di Scienze Economiche e Statistiche, Universitd di Napoli Federico II,
Naples 81026, Italy

3 CSEF, Naples 81026, Italy

Department of Economics, Henry B. Tippie College of Business, The University of Iowa,
108 John Pappajohn Business Building, Iowa City, IA 52242-1994, USA

@ Springer



	A new approach to the rational expectations equilibrium: existence, optimality and incentive compatibility
	Abstract
	1 Introduction
	1.1 Kreps' example
	1.2 Relevant literature
	1.3 Organization of the paper

	2 Model: asymmetric information economy
	2.1 Asymmetric information economy
	2.2 Preferences
	2.3 Timing

	3 Rational expectations equilibrium and its existence
	3.1 Private information measurability
	3.2 The existence theorem

	4 Maxmin rational expectations equilibrium
	4.1 Maxmin REE: comparison with the traditional Bayesian notion
	4.2 Maxmin REE: some properties

	5 Efficiency of the maxmin REE
	5.1 Further remarks on the efficiency of maxmin REE

	6 Incentive compatibility of rational expectations equilibrium
	6.1 Maxmin incentive compatibility
	6.2 Further remarks on the incentive compatibility of maxmin REE

	7 Open questions
	8 Appendix
	8.1 Proofs of Section 3
	8.2 Proofs of Section 4
	8.3 Proofs of Section 5
	8.4 Proofs of Section 6
	8.5 Counterexamples for a general set of priors

	References




