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Abstract

To justify the use of Wald’s maxmin preferences in an asymmetric information econ-
omy, we introduce a mechanism designer who can convince/persuade agents to adopt
Wald’s maxmin preferences. We show that more efficient and individually rational
allocations become incentive compatible if the mechanism designer persuades agents
to use Wald’s maxmin preferences instead of Bayesian preferences. Thus, we justify
the Wald’s maxmin preferences by showing that agents can be persuaded to use them
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allocations.

Keywords Persuasion - Efficient - Individually rational - Incentive compatibility -
Wald’s maxmin preferences

JEL Classification D51 - D81 - D82 - D83

We thank Andy Zapechelnyuk, Joel Sobel, Bart Taub, Sayre P. Satterwhite and two referees and the
participants at “Seminar Series on Communication and Persuasion” for helpful comments, discussions
and suggestions. Zhiwei Liu gratefully acknowledges the financial support from the National Natural
Science Foundation of China (Grant No. 71703110).

B Zhiwei Liu
liuzhiwei@cueb.edu.cn

Nicholas C. Yannelis

nicholasyannelis @ gmail.com

International School of Economics and Management, Capital University of Economics and
Business, Beijing, China

Department of Economics, Henry B. Tippie College of Business, The University of Iowa, 108 John
Pappajohn Business Building, Iowa City, IA 52242-1994, USA

Published online: 28 April 2021 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00199-021-01364-7&domain=pdf
http://orcid.org/0000-0002-0214-9269

Z.Liu, N. C. Yannelis

1 Introduction

When agents have the Wald’s maxmin preferences, De Castro and Yannelis (2018)
showed that the conflict between efficiency and incentive compatibility no longer
exists, i.e., all efficient allocations are also incentive compatible.1 Howeyver, the litera-
ture assumes that from the primitive, the agents are Wald’s maxmin, as Wald’s maxmin
are the only preferences under which all efficient allocations are incentive compati-
ble. In other words, in the literature we see that one decides a priori the functional
form of the expected utility operator for each agent and no choice is given to them.
Obviously, different expected utility functional forms provide different outcomes as
the equilibrium allocations are computed adopting different expected utility operators.
However, an agent cannot make a choice as the expected utility form is taken as given.
If the agents start with the Gilboa and Schmeidler (1989) preferences, can a mech-
anism designer (thereafter, Designer) give a choice to the agents to adopt a specific
expected utility form, i.e., the Wald’s maxmin expected utility by persuading them to
do so? In particular, can the Wald’s maxmin preferences be justified by introducing
a Designer who convinces/persuades agents to use the Wald’s maxmin preferences to
provide superior outcomes? When is it always a good idea to persuade agents to use the
Wald’s maxmin preferences? With these questions in mind, we introduce persuasion
devices in an exchange economy, where the agents have asymmetric information. Our
paper is the first one that introduces persuasion in an asymmetric information exchange
economy. Furthermore, we compare Bayesian persuasion devices of Kamenica and
Gentzkow (2011) with ambiguous persuasion devices of Beauchéne et al. (2019). We
list our main contributions below.

First, we show that changing to Wald’s maxmin preferences can make agents better
off. More efficient and individually rational allocations become incentive compatible if
the Designer persuades the agents to use the Wald’s maxmin preferences instead of the
Bayesian preferences.” Interestingly, there are allocations that are strictly better than
the random initial endowment. However, these allocations are not Bayesian incentive
compatible. Thus, if the agents have the Bayesian preferences, they cannot reach such
allocations. After the agents change to Wald’s maxmin preferences, these allocations
become maxmin incentive compatible, and thus they can be reached (Liu and Yannelis
2021).3 In other words, now the agents can reach these allocations that are strictly
better than their random initial endowment, and cannot be reached under the Bayesian
preferences.

Second, in the face of a Designer who thinks that any belief can be the agents’ priors,
we show in Theorem 1 that it is a good idea for the Designer to persuade the agents

1 When coalitional manipulations (Guo and Yannelis 2020) and mixed strategy deviations (Liu et al. 2020)
are considered, the results of De Castro and Yannelis (2018) still hold.

2 We do not assume that the Designer has a Bayesian persuasion device that has God’s type power (i.e.,
the device can remove private information by telling everyone the realized state of nature), as it can be
prohibitively costly to have such a persuasion device. Furthermore, we refer interested readers to Degan
and Li (2021) on persuasion with costly precision.

3 Liu and Yannelis (2021) showed that every maxmin incentive compatible allocation is implementable
as a maxmin equilibrium. In a maxmin equilibrium, agents use maxmin strategies as in Decerf and Riedel
(2020). That is, every agent maximizes her payoff that takes into account the worst state that can occur and
also the worst strategy of all the other agents against her.
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to use the Wald’s maxmin preferences. It is because that the set of maxmin incentive
compatible allocations contains the set of ex post incentive compatible allocations
and the set of allocations that are Bayesian incentive compatible under all beliefs as
strict subsets. Furthermore, the result of Theorem 1 holds, even if the Designer can
rule out impossible beliefs (i.e., beliefs that cannot be the agents’ priors) based on the
individually rationality conditions. It is exactly for these reasons we remarked that
Wald’s maxmin preferences provide superior outcomes for all agents.

Third, we introduce randomization and indicate in Example 6 that randomizing
over choices improves welfare. In particular, we show that under the Wald’s maxmin
preferences, even if an allocation is maxmin incentive compatible, an agent may not
want to report the true event with probability one, as reporting the true event with
a positive probability that is less than one may give her a strictly higher interim
Wald’s maxmin payoff. Furthermore, such a profitable unilateral deviation brings
Pareto improvements to the agents. Since randomization may increase agents’ interim
Wald’s maxmin payoffs and bring Pareto improvements, we take into account that
the agents may randomize over their choices. It follows that the set of mixed maxmin
incentive compatible allocations is a strict subset of the set of maxmin incentive com-
patible allocations. Nevertheless, we show that Theorem 1 above remains true, i.e.,
Wald’s maxmin preferences provide superior outcomes for all agents. It is because that
the set of mixed maxmin incentive compatible allocations contains the set of ex post
incentive compatible allocations and the set of allocations that are Bayesian incentive
compatible under all beliefs as strict subsets.

The paper is organized as follows. Sections 2 and 3 define an asymmetric infor-
mation exchange economy and incentive compatible notions. In Sect. 4, we introduce
persuasion devices in the asymmetric information exchange economy and show that
convincing/persuading agents to use the Wald’s maxmin preferences leads to superior
outcomes. In Sect. 5, we look at when it is always a good idea to use the Wald’s
maxmin preferences. Finally, we conclude in Sect. 6. The proofs of our results are
collected in the “Appendix”.

2 Asymmetric information exchange economy

Let Rﬂ denote the £-goods commodity space and [ the set of N agents, i.e., I =
{1,---, N}. Let Q2 be a finite set of states of nature and w €  a state of nature.
Agent i’s random initial endowment is a mapping from the set of states of nature to
the commodity space, i.e., ¢; : 2 — ]Rﬁ_. An allocation x = (xi);e; 1S a mapping
from  to RﬂXN , where x; is agent i’s allocation. Let L denote the set of allocations.
Let u; : Rﬁ x 2 — R denote agent i’s ex post utility function, taking the form of
u; (ci, w) where c; denotes agent i’s consumption. For each w, the function u; (-, )
is continuous and bounded.

Each agenti has a partition F; of 2. An element of the partition F; is called an event,
denoted by E;. Each event is a maximal set of states that agent i cannot distinguish.
In the interim, each agent observes an event in F; that contains the realized state of
nature. That is, if state @ occurs, agent i only knows that the event E; (w) has occurred,
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where E; (w) denotes the element of F; that contains the state w. The event E; (w) is
agent i’s private information. We impose the standard no redundant state assumption.
That is, when a state occurs and all agents truthfully report their private information,
they will know the realized state:

Assumption 1 Foreach w, (), E; () = {w}.

Jjel

Since the agents observe events in the interim, it is natural to assume that at ex ante
each agent is able to form a probability assessment over her partition. That is, each
agent i has a probability measure 7; : o (F;) — [0, 1], where o (F;) is the algebra
generated by agent i’s partition. Each m; is a well defined probability measure, but it
is not defined on every state of nature. Indeed, if E; = {w, o } with @ # o', then the
probability of the event E; is well defined, but not the probability of the event {w} or
the event {a)’ }

Assumption 2 For each i and for each event E; € F;, w; (E;) > 0.

Let A; be the set of all probability measures over 2% that agree with 7;. Formally,

A = { probability measure w; : 2% [0,1] |u; (A)=mi (A),YA e (]—",-)} .
(1)
We postulate that each agent i ’s preferences on L are maxmin a la Gilboa and Schmei-
dler (1989). Let P; be agenti’s multi-belief set which is a non-empty, closed and convex
subset of A;.* We focus on two special cases of the maxmin preferences: P; = {u;}
and P; = A;. When P; = {u;}, agent i has the Bayesian preferences. Agent i’s ex
ante expected utility of an allocation x is

Y i (xi (@), ) i (). 3)
we

When P; = A;, agent i has the Wald’s maxmin preferences in De Castro and Yannelis
(2018). Agent i’s ex ante expected utility of an allocation x is

Z <min u; (x; (w), a))) wi (Ep). “4)
weE;

E;eF;

4 Given an allocation x, agent i’s ex ante expected utility is

min u; (x; (@), 0) i (). (2)
Wi €P;
weR

Let x and y be two allocations from L. If the ex ante expected utility of x; is larger than that of y;, then
agent i prefers x; to y;, x; >; y;. By “Larger than”, we mean “greater than or equal to”. Moreover, she
strictly prefers x; to y;, x; >; y;, if she prefers x; to y; but not the reverse, i.e., x; >; y; but y; #; x;. This
general multi-belief model includes both the Bayesian and the Wald’s maxmin preferences in De Castro
and Yannelis (2018) as special cases. Indeed, if agent i has a belief, i.e., P; = {u;} is a singleton set, then
(2) becomes (3). Clearly, the multi-belief preferences become the Bayesian preferences. If P; = A;, then
the worst probability in the multi-belief set P; should assign the whole weight to the worst state in each E;.
In this case, the multi-belief preferences become the Wald’s maxmin preferences in De Castro and Yannelis
(2018), where the following formulation (4) is equivalent to (2).
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Initially, each agent i has a prior u; € A; with full support, i.e., u; (w) > 0 for
each w € Q. We do not require the agents’ priors to be common knowledge. Given an
allocation x # e that the agents want to reach, the Designer’s goal is to help the agents
to reach it. The Designer knows the agents’ partitions F;, i € I, as the partitions are
common knowledge. However, the Designer does not know the realized state of nature
w, the private information E (w), --- , Ex (w) of the agents, nor the agents’ priors,
except that the agents’ priors have full support.’

The Designer can adopt a Bayesian persuasion device of Kamenica and Gentzkow
(2011) or an ambiguous persuasion device of Beauchéne et al. (2019) to change ;. A
Bayesian persuasion device can change p; to anew beliefin the set A, where A is the set
of all probability measures over 2%, i.e., A = { probability measure y : 2% — [0, 1]}.6
Clearly, a change in an agent’s belief leads to a change in her preferences, but she is
still Bayesian. An ambiguous persuasion device can change p; to a set of beliefs.
Now, agent i uses (2) with a non-singleton P; instead of (3). Obviously, the agent’s
preferences change from Bayesian to non-Bayesian. In other words, the agents can
be persuaded to change preferences. We show below that all agents become better
off if the agents are persuaded to use the Wald’s maxmin preferences. More gener-
ally, we show below that the set of Pareto optimal, individually rational and incentive
compatible allocations become larger under the Wald’s maxmin preferences.

An asymmetric information exchange economy £ isthe set £ ={2, (u;, Fi, e, u;) :
i € I}. In this economy, an allocation x is feasible if at every state @ € €2, the sum
of consumptions is the same as the sum of the endowments, i.e., ZZN=1 xi (w) =
Z,N= 1 € (w). A feasible allocation is ex post efficient if there is no Pareto improve-
ment at ex post, that is, there does not exist a state of nature at which some agent can
be made strictly better off without hurting other agents.

Definition 1 A feasible allocation x = (x;);<; is ex post efficient, if there does not
exist another feasible allocation y = (;);<; and a state w, such that u; (y; (w) , ®) >
u; (x;j (w), w) forall i, and u; (y; (@), ®) > u; (x; (w), w) for at least one i.

Furthermore, a feasible allocation x is individually rational if every agent prefers
x to their random initial endowment e. Formally,

Definition 2 A feasible allocation x is said to be individually rational if

min E uj (x; (w), 0) u; (@) > min § ui (¢; (w), w) w; (w)
Hi€P; Hi€P;
weR we

for all i. When P; = {u;}, the allocation x is Bayesian individually rational. When
P; = A;, the allocation x is maxmin individually rational.

Remark 1 We focus on ex post efficient and individually rational allocations, as a
lot of equilibrium notions under asymmetric information are ex post efficient and

5 Hu and Weng (2020) has a similar assumption.

6 The Designer does not know the values of i; (), @ € €2, thus he may not know the values of the new
belief either.
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individually rational, for example, core allocations, value allocations, Walrasian
expectations equilibrium allocations and rational expectations equilibrium allocations.
These notions are neither incentive compatible nor implementable under the Bayesian
preferences, but they are both incentive compatible and implementable under the
Wald’s maxmin preferences, as were shown by De Castro et al. (2011), Glycopantis
and Yannelis (2018), Pram (2020), Lombardi and Yoshihara (2020), Guo and Yannelis
(2021), Angelopoulos and Koutsougeras (2015), He and Yannelis (2015), De Castro
et al. (2020), Qin and Yang (2020) and Liu (2016).

3 Incentive compatibility

Given the random initial endowment e, if agents want to end up with a feasible allo-
cation x # e, transfers need to take place. Since we allow both e and x to depend on
the state of nature w, the transfers may depend on w as well. In the interim, each agent
i privately observes an event E; (w) that contains the realized state of nature w. Thus,
to end up with the correct transfer, it is necessary to pool their private information.
Therefore, we assume that each agent i decides which event Ei € F; to report after
learning E; (w), in order that they may end up with the correct transfer. By doing so,
agents may misreport their true events.

Formally, let x be an allocation. Let ¢ (E IR E N) denote the transfer among

the agents, when every agent i reports Ei € Fi. By Assumption 1, NierE; is
either an empty set or a singleton set. When NjecrE; = {&)} for some @ in €, let

t <E1, .. E N) = x (&) — e (&). Clearly, if the state is w, and the agents report
truthfully, i.e., Ei = E; (w) for each i, then the agents end up with the transfer
t <E1, cee EN) = x (w) — e (w). This transfer is correct, since the agents reach x (w)
after this transfer, i.e., e (w) + ¢ (El cee, EN> =e(w) + x () —e(w) = x ().
When N E; = 0, we say that the agents’ reports are incompatible. There are many
ways to define the transfer ¢ (El S, EN) when N;¢; Ei = (). Some choices are no
transfer (i.e., every agent keeps her endowment), imposing the worst possible transfer,
or randomly assigning a transfer, just to name a few (see for example, Glycopantis et al.
(2001), Liu (2016), De Castro et al. (2020) and De Castro et al. (2017b)). Since we allow
the agents” endowments to vary with the state of nature, we impose the following fea-
sibility condition as in De Castro et al. (2017a, b), Moreno-Garcia and Torres-Martinez
(2020): every transfer under x is feasible, i.e., ¢; () + x; (&) —¢; (@) € RY, for each
i, w, ®. Clearly, if each ¢; is constant, then the feasibility condition above is automati-
cally satlsﬁed Let £_; (w) denote (E1 (@), -+, Ei1(w),Eif1 (@), , Exy (w)),
also let E N E_; (w) denote E N E1 (w)N---NEi_1(@NEif1 (@N---NEN ().
For any allocation x and for any E;in F;, let

¢i (@) +x; (®) — e (&) it E; NE_; (0) = {0)

Ei () — o B E (o) —
(@) =e @)+ (E“E—’ (‘”))_{ ¢i (@) + D; if E;NE_;(w) =9,
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where D; € R? is agent i’s transfer when the agents’ reports are incompatible.

If agents have the Bayesian preferences, then the incentive compatibility notion is
standard: an allocation x is incentive compatible if no agent can improve her interim
Bayesian payoff by falsely reporting her private information. Formally,

Definition 3 An allocation x is Bayesian incentive compatible, if for each i, and for
each E; € F;,

> w (i @), o) @ 1 ED = Y ui (3 @), 0) i @B, )

we we

for all Ei € F;, where u; (o | E;) denotes agent i’s conditional probability for the
state of nature being w, given that she observes E;, i.e.,

pi(@) e o g
Wi (w | E;) = wi(E) _lf w € E;
0 if o ¢ E;.

Recall that the designer does not know the values of u; (w), w € 2, except that
Wi (w) > 0 for each w € Q. Let ATU be the set of beliefs that have full support:
w € A is in the set A/ if and only if u (w) > 0 for all @ € 2. Furthermore, let
A; 4 € A denote the set of beliefs that the Designer cannot distinguish. That is, the
Designer thinks that any belief 1 € A; 4 can be agent i’s belief. In particular, if no
persuasion device is used, we use A; 4 to denote the set of beliefs that the Designer
thinks that any belief © € A; 4 C A4 can be agent i’s prior ;. If a Bayesian
persuasion device of Kamenica and Gentzkow (2011) is used, we use A; 4 to denote
the set of beliefs that the Designer thinks that any belief © € A; 4 € A can be agent
i’s belief after the persuasion. When A; 4 contains only one belief 1, the Designer
knows that an allocation x is Bayesian incentive compatible if and only if x satisfies
Definition 3. When A; ;4 contains more than one belief and the agents have Bayesian
preferences, the Designer knows that an allocation x is Bayesian incentive compatible
if and only if x satisfies Definition 3 under all beliefs in A; 4 for each i J

If the Designer adopts an ambiguous persuasion device of Beauchéne et al. (2019)
to convince/persuade the agents to use the Wald’s maxmin preferences, then the agents
maximize their interim Wald’s maxmin payoffs. An allocation is incentive compatible,
if no agent can improve her interim Wald’s maxmin payoff by falsely reporting her
private information.®

7 In face of such uncertainty, i.e., A; 4, the Designer (sender) can use the worst beliefin A; 4, as in Carrasco
etal. (2019) and Hu and Weng (2020). Another choice is that he can apply the principle of maximum entropy
to resolve his ignorance (Zapechelnyuk and Kolotilin 2021). However, in our paper, the Designer’s goal is
to remove the agents’ incentives to lie. Thus, we assume that the Designer focuses on allocations that are
Bayesian incentive compatible under all beliefs in A; 4 for each i.

8 As in the standard Bayesian incentive compatibility notion (Definition 3), we use > in the definition
of maxmin incentive compatibility (Definition 4). The two incentive compatibility notions only differ in
the agents’ preferences. This formulation allows us to compare what happens to an allocation’s incentive
compatibility when the agents’ preferences change (Sects. 4 and 5 below).
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Definition 4 Suppose that agents have the Wald’s maxmin preferences. An allocation
x is maxmin incentive compatible, if for each i, and for each E; € F;,

min u; (x; () , ) > min u; (xff (). a)) , 6)
wekE; wek;

for all Ei e Fi.

4 Persuasion in an asymmetric information exchange economy

We show in Example 1 below that under the primitives of the economy, the agents
want to end up with an individually rational allocation y which provides insurance
for them against low endowment realizations. However, such an allocation is not
Bayesian incentive compatible under all beliefs in A; 4 for each i. Can the Designer
make the allocation y incentive compatible by adopting a persuasion device? We use
persuasion devices as in the literature and compare the use of different persuasion
devices in Examples 2 and 3. If the Designer adopts a Bayesian persuasion device of
Kamenica and Gentzkow (2011), then to make y incentive compatible, the Designer
needs a device that has God’s type power: the Bayesian persuasion device needs to
know the realized state of nature. However, as we will show below, this is not the case
if the Designer adopts an ambiguous persuasion device of Beauchéne et al. (2019) to
convince/persuade the agents to use the Wald’s maxmin preferences. In particular, the
ambiguous persuasion device does not need to know the realized state of nature, under
which the allocation y is incentive compatible.

4.1 Before using persuasion devices

We show in Example 1 below that the agents want to end up with an efficient and
individually rational allocation y # e which provides insurance for them against low
endowment realizations. However, the allocation y is not Bayesian incentive compat-
ible under all beliefs in A; 4 for each i. If y is not Bayesian incentive compatible, then
an agent may think that she is getting a lot according to y, but she may be cheated and
in fact she is getting very little. Thus, when agents are not sure about the incentive
compatibility of y, they are unwilling to transfer goods to each other according to
y — e. That is, they end up consuming their random initial endowment e¢ which may
give them low endowment realizations.

Example 1 There are two agents, one good, and three possible states of nature Q =
{a, b, c}. Each agent i has a partition of €2, denoted by F;, where i = 1, 2:

Fir=1{{a, b}, {c}};  F2={a,c}, {b}}.

For example, if state a occurs, agent 1 observes the event {a, b} which is her private
information in the interim. At the same time, agent 2 observes the event {a, c} which
is his private information in the interim. The agents’ random initial endowment is

(e1(a),e1 (b),e1(c)) =(5.5,2); (e2(a),e2(b),e2(c)) =(5,2,5).
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That is, in state a, agents 1 and 2 receive 5 units of the good each, etc. The ex post
utility function of each agent i is u; (c;, w) = ,/c; for all w € Q, where ¢; denotes
agent i’s consumption of the good.

Clearly, agent 1’s endowment is low in state ¢, and agent 2’s endowment is low
in state b. The agents would want to sign a contract at ex ante to insure each other
against low endowment realizations. Such a contract specifies the agents’ transfer at
each state of nature, and results in an allocation that provides risk sharing. Suppose that
the agents want to end up with an ex post efficient and individually rational allocation

.9
i@y )y _ (55—-152415\ (53535 7
T \n@y®)yac))  \52+155-15) \53535)°
Since y is individually rational for both agents, the Designer knows that the agents’
priors, w1 and wo, must satisfy

1 (@) V541 (0) V3.54 11 (©) V3.5 > iy (@) V541 () V541 () V2, (8)

for agent 1 and

112 (@) N5+ () V3.5 + 2 (€) V3.5 > 2 (@) V5 + o (b)) V2 4 pa () V5
©9)

for agent 2. We show below that the allocation y is not Bayesian incentive compatible
under all beliefs in A; 4 for each i, where Ay 4 = {u € ATy satisfies (8)} and
Apg = {n e ATy satisfies (9)}.

It can be easily checked that every belief u in Af*/ that has u (b) = p (c) is in
the set A; 4. Let  be a belief in A; 4. When agent 1 observes the event {a, b}, and
reports the true event {a, b}, she gets «/3 if the state is a, and she gets \/ﬁ if the state
is b. Since she only knows that the realized state can be a or b, her interim Bayesian
payoff is

\/g. w(a) «/_ M(b)
w(a b)) T w(a. b))

If agent 1 reports the lie {c}, then agent 2 believes her when the state is a. She gets
Jei (@) + yi (c) —e (c) = V6.5. 1f the state is b, agent 2 knows the state and the
agents’ reports are incompatible. Suppose that agent 1 is punished and ends up with a
payoff of /S — D| < /3, where Dy > 0, i.e., agent 1 gets less than her endowment
e1 (b) = 5. Since she only knows that the realized state can be a or b, her interim
Bayesian payoff is

«/E u(a) 5_D (b)
@ Y i@ b))

9 Itis easy to check that if the agents’ priors are the same ] = up, then y is ex ante efficient regardless
of the values of j1 and 5.
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For the allocation y to be Bayesian incentive compatible under all beliefs in A; 4 for
each i, we need

V5@ +V35-ub) =65 @) ++/5— Dy (b)), (10)

for agent 1 under all i in Ay 4. That is, when agent 1 observes {a, b}, she prefers to
report {a, b} instead of {c}. Also, we need

V5@ + V35 1) = V65 w@ ++/5-Dy- e, (11)

for agent 2 under all p in Ay 4, where D, > 0. That is, when agent 2 observes
{a, c}, he prefers to report {a, c} instead of {b}. However, regardless of the values
of /5= D; < /5 and /5= D; < +/5, (10) and (11) cannot hold whenever u (a)
is large enough. Thus, under the primitives of the economy, the allocation y is not
Bayesian incentive compatible under all beliefs in A; 4 for eachi.

As a special case, if we let —D; equal to the worst possible transfer of agent i, i.e.,
—D; = mingeq yi (w) —¢; (w) = —1.5,i = 1, 2, then it is clear from (10) and (11)
that the allocation y is not Bayesian incentive compatible under any belief in A%/,

Since y is not Bayesian incentive compatible under all beliefs in A; 4 for each i, the
Designer and the agents cannot be sure about the incentive compatibility of y. That is,
an agent may be cheated and lose her wealth without understanding it. For example,
when state a occurs, agent 2 tells agent 1 that the state is . Now, agent 1 is in the event
{a, b}, and she loses 1.5 units of the good in state a without understanding it. Thus,
when an agent is not sure about the incentive compatibility of y, she is unwilling to
transfer goods to the other agent according to y — e. The agents end up consuming their
initial endowment e which provides no insurance against low endowment realizations.

4.2 Bayesian persuasion

An agent’s belief plays an important role in the Bayesian incentive compatibility
notion. An allocation that is not Bayesian incentive compatible may become Bayesian
incentive compatible, if the agents’ beliefs change. The Designer can alter the agents’
beliefs by adopting a Bayesian persuasion device of Kamenica and Gentzkow (2011).
That is, the Designer conducts an investigation about the unknown of the economy
(i.e., the realized state of nature) and the Designer is required to truthfully report the
outcome of the investigation. Upon observing the outcome, the agents update their
beliefs. It follows that the outcome of the investigation (i.e., the outcome of a per-
suasion device) can change the beliefs of the agents. Formally, a Bayesian persuasion
device (M Mg ¢ o)} peq over M ) consists of a finite set of outcomes M and a family
of probability distributions {g (- | w)},cq over M. That is, for each w, there is a prob-
ability distribution ¢ (- | w) over M. Upon observing an outcome m € M, each agent
i forms a posterior belief p; ,,, i.e., for each o € €,

fim (@) = = g (m | ) pi (@) (12)

weqd (m o) i (@)
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where p; is agent i’s prior. That is, agent i’s belief changes from w; to (4 .

Can the Designer make the allocation y of Example 1 incentive compatible by
adopting a Bayesian persuasion device? Since the Designer does not know the values
of ;i (), w € €2, he may not know the values of u; ,, (w), ® € Q either. Given an

outcome m and the set AS#! et A',’:,“” be the set of posteriors

AR = {um | e Af””} C A,

where for each w € Q,

qg(m|w)n(w)
wead (m o) (@)

P (@) = T 13)

Then, upon observing m, the set of beliefs that the Designer cannot distinguish A; ,, 4
is a subset of A,{,“”. That is, the Designer thinks that any belief in A; ,,, 4 canbe p; .
An allocation y is incentive compatible under a Bayesian persuasion device if and
only if the allocation is Bayesian incentive compatible under all beliefs in A; ,, 4, for
each possible m € M and for each i, i.e., y is Bayesian incentive compatible under
all beliefs in A; g = Upepm Aj m.a, for each i. We show in Example 2 below that the
only way for the Designer to make y incentive compatible by adopting a Bayesian
persuasion device is to adopt a device that has God’s type power. That is, the Designer
needs a Bayesian persuasion device that can remove private information by telling
everyone the realized state of nature.

Example 2 The economy is the same as in Example 1. Agent 1 has no incentive to lie
when she observes the event {c}, as this is the state that agent 1 needs insurance and
must get something. Same with agent 2 when he observes {b}. The Designer needs
a Bayesian persuasion device that can change agent 1’s belief so that when agent 1
observes {a, b}, she prefers to report the true event {a, b} instead of {c}. At the same
time, the Bayesian persuasion device should change agent 2’s belief, so that when
agent 2 observes {a, c}, he prefers to report the true event {a, c} instead of {b}.

If the Designer adopts a Bayesian persuasion device that has an outcome m, such
that 0 < g (m | w) < 1 for all w, then upon observing m, the Designer still does not
know the value of u; ,, (a). That is, the Designer only knows that u; , (a) is between
zero and one, i.e., 0 < u; , (a) < 1. Indeed, the Designer knows that u; is from the
set ATl and ; satisfies the individually rational constraint (i.e., (8) for agent 1 and
(9) for agent 2), but none of these conditions puts any restriction on u; (a), except that
0 < u; (a) < 1. Then, it follows from

@) = q (m |a) i (a) a4
o g (m |a) i (@) +q (m|b) i (b) +q (m|c)u; (c)

that p; ,» (a) can take any value between zero and one as well, i.e., 0 < p;n,m (a) <
1. Example 1 showed that the allocation y of Example 1 is not Bayesian incentive
compatible, whenever the probability of state a is high enough. It follows that such a
Bayesian persuasion device cannot make y Bayesian incentive compatible under all
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beliefs in A; ,, 4 for each i, and thus y is not Bayesian incentive compatible under all
beliefs in A; g = Upem A m.q foreachi.

Now, we look into Bayesian persuasion devices in which each outcome m can rule
out some state. That is, for each m € M, g (m |w) = 0 for some w. Suppose that
the realized state is a, then agent 1 observes the event {a, b} and agent 2 observes the
event {a, c}. Also, suppose that the outcome of the persuasion device is m. Clearly,
the Bayesian persuasion device must have g (m | a) # 0. Then, there are three cases
left:

Case 1: ¢ (m |b) =0, g (m | ¢) = 0. Now, for all u € A/,

s (@) = q (m|a)p(a) _ q (m|a)p(a) _
" gmlayp@ +qm|b)yu®d)+qgmlcul) qimla)u@ +0+0

and

o (@) = q (m|ow)u(w) 0

= :O,
gmla)yp(a)+qm|b)yud)+qmlcyu() q@mla)m@+0+0

where w = b, c. That is, we have that u,, (a) = 1, u,;, (b) = 0, and u,, (c¢) = 0.
Clearly, by observing m, the Designer and the agents know that the realized state is a.
Now, agents’ information partitions changed. Every lie can be detected and punished.
Thus, every agent prefers to report truthfully. According to the allocation y, the agents
get y (a), i.e., there is no trade.

Case2: g (m |b) =0,q (m | c) # 0. By (13), we have that u,, (a) # 0, um (b) =
0, and @, (¢) # 0, for all u € AJHL Now, agent 1 knows that the realized state
cannot be b, and therefore the realized state must be a. However, the Designer and
agent 2 only know that the realized state can be a or c. Now, agent 1 has an incentive
to misreport. Indeed, if she reports {c}, she gets 5 + 1.5. If she reports the true event
{a, b}, she gets only 5. Clearly, lying is better.

Case3:q (m | b) # 0,q (m | c) = 0.By (13), wehave that i, (@) # 0, iy (b) # 0,
and p,, (¢) = 0, for all u € A/*! Now, agent 2 knows that the realized state cannot
be ¢, and therefore the realized state must be a. However, the Designer and agent
1 only know that the realized state can be a or b. Now, agent 2 has an incentive to
misreport. Indeed, if he reports {b}, he gets 5 4 1.5. If he reports the true event {a, c},
he gets only 5. Clearly, lying is better.

Thus, the Designer needs a Bayesian persuasion device that has God’s type power.
That s, the device satisfies that for each outcome m thathas g (m | a) # 0,theq (m | b)
and ¢ (m | ¢) must be zero. Otherwise, y may not be Bayesian incentive compatible.
Under this device, when state a is realized, the Designer and the agents have complete
information. We can conclude that the only way for a Bayesian persuasion device to
remove incentives to lie is to remove private information.

Remark2 In Example 2, the Designer adopts a Bayesian persuasion device of
Kamenica and Gentzkow (2011). The message/outcome of the persuasion device m is
observed by all the agents. Alternatively, the Designer can adopt a persuasion device
that sends separate messages to each agent. Now, there is a finite set of outcomes M;
for each agent i, and a family of probability distributions {g (- | ®)},cq Over X IN= M,
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i.e., for each w, there is a probability distribution g (- | @) over x lN: | M;. When a state
w is realized, a profile of messages/outcomes (m1, - - - , my) is generated according to
q (- | ). Then, each agent i privately observes message/outcome m;. Upon observing
m;, agent i forms a posterior belief 1; ,,;, (w) for each w based on (12), except now we
use g (m; | ') instead of ¢ (m | '), and we get g (m; | ') from the probability distri-
bution g (m1, -, my |@'). Now, to insure truth telling of all the agents in Example
2, the Designer needs the persuasion device to have God’s type power in state a. That
is, when state a is realized, the persuasion device needs to let every agent know that
the state is a, otherwise some agent may have an incentive to lie. Indeed, suppose that
the realized state is a. Also, suppose that agent 1 privately observes m and agent 2
privately observes m». Clearly, g (m1, my |a) is not zero. It follows from (12) that
Wi m; (a) is not zero for both agents. If 1; ,,,; (a) is not one either, then the Designer
does not know the value of t; ,,; (a), except that 0 < u; ,, (@) < 1. Indeed, since
Wi (a) can take any value between zero and one 0 < u; (a) < 1, then according to
(12), wi m; (a) can take any value between zero and one 0 < (; ,,; (a) < 1. We know
from Example 1 that agent i lies whenever the probability of state a is high enough.
Thus, to insure truth telling, it is necessary to have u; ,; (a) = 1 for all i. In other
words, when state a is realized, to insure truth telling of all the agents, the persua-
sion device needs to let every agent know that state a is realized. This information
requirement may not be realistic.

4.3 Ambiguous persuasion

We show in Example 3 below that if the Designer adopts an ambiguous persuasion
device to convince/persuade the agents to use the Wald’s maxmin preferences, then
the allocation y of Example 1 becomes maxmin incentive compatible.

An ambiguous persuasion device of Beauchéne et al. (2019) consists of a finite set
of outcomes M and a collection of families of (probability) distributions over M, in
contrast with the Bayesian persuasion device which has only one family of probability
distributions over M. Let ¢ denote a family of probability distributions {g (- |w)},cq
over M. Following Beauchéne et al. (2019), let Q denote a finite set of families of
distributions over M,i.e., Q = {ql, e qK }, and let co (Q) denote the convex hull of
Q.19 Formally, an ambiguous persuasion device is (M, co (Q)). Now, upon observing
an outcome m € M, agent i forms a posterior belief over 2 according to (12), based
on each family of probability distributions ¢* in Q, where k = 1,--- , K. Let ,uf."m
denote the posterior belief over 2 associated with the outcome m that is induced by
qk in Q. That is, for each w € 2,

g~ (m | o) pi (@)
weodk (m o) pi (@)

%“@22

10 Beauchéne et al. (2019) pointed out that considering convex hull of the probabilities is by convention
of the maxmin model, as only the convex hull of beliefs can be identified.
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Let M ,, denote the set of posterior beliefs, when the outcome is m, i.e.,

M = {Mﬁ-‘,m :q" € Q}-
Then, the agents’ multi-belief set is the convex hull of M; ,,, denoted by co (Mi, m).“
If Q is chosen such that, regardless of m, the set {,ui,m -1 Ei): fim € co (Mi,m)}
contains all probability distributions over E; whenever E; is a non-singleton set, then
agent i has the Wald’s maxmin preferences.

Example 3 The economy is the same as in Example 1. We show below that if the
Designer adopts an ambiguous persuasion device to convince/persuade the agents to
use the Wald’s maxmin preferences, then the allocation y (i.e., (7) above) of Example
1 is maxmin incentive compatible. The ambiguous persuasion device consists of a
finite set of outcomes M and a collection of families of distributions over M, denoted
by co (Q*). Suppose that M = {a, not a}, furthermore the following two families
of distributions over M, denoted by g and ¢, belong to the collection of families of
distributions co (Q*):
gm=alw=a)=1;, gm=nota lw=b)y=1; g(@m= nota |w=c) =1,

gm=nota l[w=a)=0; gm=a|lo=b=0;, qgm=a|w=c)=0,
i.e., if g is used, the outcome m is accurate;
g m=nota lw=a)=1, gdm=al|lo=b=1, ¢gdm=a|lo=c)=1,
g m=alw=a)=0;, g m=nota |[o=b)=0; g (m=nota |w=c)=0,
i.e., if ¢’ is used, the outcome m is completely wrong. The Designer does not know
which family of probability distributions over M is accurate. The agents observe the

outcome m € M of the persuasion device. Then, each agent i updates y; based on g
and g’ respectively. That is, if agent i, i = 1, 2, observes the outcome “m = a”, then

the set of posteriors is { Wias I a}. Agent i gets the posterior w; , by updating w;
based on ¢, i.e.,

gm=al|o=a)ui(a

m’a(a)zq(m=a|w=a)//«i(a)+q(m=a|w=b)ui(b)+q(m=a o =c)pi(c)
_ 1 x u;(a) _
Tlxpi@+0xu ) +0xpie)

i o (b) = qg(m=alw=D>b)u;(b)

gm=alo=a)ui(@+qm=alo=bub) +qm=alw=c)u )
_ 0 x u; (b) _
oI i@+ 0% () +0x i ()
_ gm=alw=c)p(c)

IvLi,a(C)—

gm=alo=a)pi(@+qgm=alwo=b)u; b)+qm=ale=c)u)
0 x ;i (c) —0
1x i (@) +0x i (b) +0 x i (¢)

n “Maximizing her expected utility by taking into account the worst probability in Mj; ,,,” is equivalent to
“maximizing her expected utility by taking into account the worst probability in co (M,-! m)”.
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Similarly, agent i gets the posterior I’L;,a by updating u; based on ¢’, where

) , wi (b) / Wi (¢)
: =0, pO)=—"" s Rig(O=—m
Wi q (@) Hia () Wb+ (o)) M © wi (b) + i (c)

If agent i observes “m = not a”, then the set of posteriors is {,ui,nm, M; ot ], where

wi (b) _ mie)
— " i () = —————;
wi (b) + i (c) wi (b) + i (c)
Wio @ =1, i (B)=0, pi (c)=0.

Pinoa (@) =0, . (b) =

The Designer does not know the values of u; (@), w € Q2. However, the Designer
knows from p; 4, u: a» Mi oo @nd u; .. that when agent 1 observes {a, b}, her multi-
belief set contains all probability distributions over {a, b}. Indeed, if agent 1 observes

the outcome “m = a”, her multi-belief set is the convex hull of {/Ll,a, W a}. Take

e from the convex hull of {/,Ll’a, I’L/l,a}’ ie, g = apiqg + (1 — ) ,u’l’a, where
0 < & < 1. Then her conditional probability w, (- | {a, b}) is

Mala) _ a if w=
p B = ) 1 w=a
Tta(@)+F1ta (B) a+(1—ot)ul(g(>;+,”(c)
I
ta (@ |{a, b}) = tab) (l_a)ul(b>£rlt<11§6) if o=5b (15)
Ma(@)+a () OH_(]_Q)W
0 if ¢ {a,b},

where 0 < o < 1. Clearly, when @ = 0, we have u, (a | {a, b}) = 0; when @ = 1,
we have 4 (a | {a,b}) = 1;and when 0 < @ < 1, we have 0 < uq (a |{a, b}) < 1.
That is, u, (a | {a, b}) can take any value between and include zero and one. We
can conclude that when agent 1 observes “m = a” and {a, b}, her multi-belief set
contains all probability distributions over {a, b}. Similarly, if agent 1 observes the
message “m = not a” and the event {a, b}, her multi-belief set contains all probability
distributions over {a, b}. Thus, regardless of the outcome of the ambiguous persuasion
device, when agent 1 observes {a, b}, her multi-belief set contains all probability
distributions over {a, b}. The same holds for agent 2. That is, regardless of the outcome
of the ambiguous persuasion device, when agent 2 observes {a, c}, his multi-belief
set contains all probability distributions over {a, c}. That is, the Designer knows that
both agents have the Wald’s maxmin preferences.

We show below that when both agents have the Wald’s maxmin preferences, the
allocation y becomes maxmin incentive compatible.!> Suppose that agent 1 observes

12' Given the allocation y, for every Ei e F;, let

e (@) +x; (@) — ¢ (@) if E;NE_j(0)={d}

Ei — o A F. . —
it @ =@ (B By (‘”)>*{e,- (@) + [mingeq y; @) — ¢ @)] if E;NE_; (@) = 0.

That is, when the agents’ reports are incompatible, we let the transfer of agent i equal to the worst possible
transfer of agent i, i.e., —D; = min,cq y; (w) — ¢; (w) = —1.5.

@ Springer



Z.Liu, N. C. Yannelis

the event {a, b}. If agent 1 reports the true event {a, b}, she gets /3 if the state is a,
and she gets /3.5 if the state is b. Since she only knows that the realized state could
be a or b, her interim Wald’s maxmin payoff is

min [x/g, \/ﬁ} = /35.

If agent 1 reports the lie {c}, she gets +/6.5 if the state is a, and she gets +/3.5 if the
state is b. Her interim Wald’s maxmin payoff is

min [ﬁ, «/ﬁ} = \/ﬁ

It follows that agent 1 has no incentive to misreport the observed event, when she sees
the event {a, b}. When agent 1 observes the event {c}, she has no incentive to lie, as
this is the state that she needs insurance and must get something. Indeed, if she reports
the true event {c}, she gets ~/3.5. If she reports the lie {a, b}, she gets nothing and
her payoff is +/2. The same holds for agent 2. Clearly, the allocation y in equation
(7) above is incentive compatible under the Wald’s maxmin preferences (i.e., maxmin
incentive compatible), contrary to the Bayesian case in Sects. 4.1 and 4.2.

5 A better choice: Wald’s maxmin preferences

In the face of a Designer who thinks that agent i’s prior ; can be any belief in A/*!
one can focus on allocations that are Bayesian incentive compatible under all beliefs in
Ajg = AT for each i. Indeed, the Designer is certain that an allocation x is incen-
tive compatible, if and only if x is Bayesian incentive compatible under all beliefs in
ANijg = AU for each i. Another choice is to focus on allocations that are ex post
incentive compatible.!3 Ex post incentive compatibility was discussed as “uniform
incentive compatibility” by Holmstrom and Myerson (1983). It turns out that if an
allocation is ex post incentive compatible, then it is Bayesian incentive compatible
under all beliefs in A; 4 = AT for each i. That is, the set of ex post incentive com-
patible allocations is smaller than the set of allocations that are Bayesian incentive
compatible under all beliefs in A; ; = Af/ for each i. In Sect. 5.1, we present a
better choice, i.e., adopting an ambiguous persuasion device to convince/persuade the

13 An allocation x is ex post incentive compatible, if for each i, and for each w,
E;
uj (xj (@), ) Zuj | x;" (@),0]),

for all £ i € F;. That is, it requires each agent i to prefer truth telling at each state o if all the other agents
also report truthfully.

14 Focusing on dominant strategy incentive compatible is also a good choice. Compared to Bayesian
incentive compatible, the dominant strategy incentive compatible notion is arguably a rather strong notion.
However, a recent work by Kushnir and Liu (2019) extends the equivalence between Bayesian incentive
compatible and dominant strategy incentive compatible to environments with nonlinear utilities satisfying
a property of increasing differences over distributions and a convex-valued assumption.
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agents to use the Wald’s maxmin preferences. Even though the Designer thinks that
agent i’s prior j; can be any belief in A/ he can adopt an ambiguous persuasion
device to change the agents’ preferences. This change in preferences enlarges the set
of incentive compatible allocations. In particular, the set of maxmin incentive compat-
ible allocations contains the set of allocations that are Bayesian incentive compatible
under all beliefs in A; ; = A/*/! for each i as a strict subset. Consequently, the set
of maxmin incentive compatible allocations contains the set of ex post incentive com-
patible allocations as a strict subset. Moreover, more ex post efficient and individually
rational allocations are incentive compatible under the Wald’s maxmin preferences.

We show in Sect. 5.2 that the results of Sect. 5.1 hold, even if the Designer can rule
out impossible beliefs based on the maxmin individually rationality of an allocation,
i.e., A; 4 is a strict subset of A" Furthermore, we show in Sect. 5.3 that the results
of Sect. 5.1 hold, when we take into account randomized action choices.

5.1 Incentive compatibility when A; ; = Afull

We show in Example 4 below that an ex post efficient allocation x can be Bayesian
individually rational under all beliefs in A/*!. Thus, the Designer thinks that any
belief in A; ; = A/"! can be agent i’s prior belief, for each i. Furthermore, the
allocation is not Bayesian incentive compatible under all beliefs in A; 4 = Aful
for each i. However, the same allocation is both individually rational and incentive
compatible under the Wald’s maxmin preferences, i.e., x is both maxmin individually
rational and maxmin incentive compatible.

Example 4 There are two agents, two goods, and four possible states of nature Q2 =
{a, b, c, d}. Each agent i has a partition of €2, denoted by F;, where i = 1, 2,

Fir=1{{a, b}, {c.d}};  F2={{a,c},{b,d}}.

For example, if state a occurs, agent 1 observes the event {a, b} which is her private
information in the interim. At the same time, agent 2 observes the event {a, ¢} which is
his private information in the interim. Agent 1’s random initial endowment is e (@) =
(8,0) for all w € 2 and agent 2’s random initial endowment is e, (w) = (0, 8) for
all w € Q. That is, agent 1 is endowed with 8 units of good 1 in each state and agent
2 is endowed with 8 units of good 2 in each state. Let ci1 and cl.2 denote agent i’s
consumption of good 1 and 2 respectively. The ex post utility function of agent 1 is

ul(cl,cl, =42 \/7+v l,a)—abandul 1,cl, \/>+«/—\/7,

w = ¢, d. The ex post utility function of agent 2 is u; (Cé c%, ) = c2 + c2, w=a,c,

andug(cz,cz, =41 [+\/_\/7,a)_bd

Let allocation x be

(x1 (@), x1 (), x1(c),x1(d)) =((4,4), (4.54054, 4.09756) , (2,6), (3.07692,4.8)) ;
(x2 (a), x2 (), x2(c),x2(d)) = ((4,4), (3.45946, 3.90244) , (6, 2), (4.92308, 3.2)) .

That is, in state a, agent 1 consumes 4 units of each good, etc.
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The allocation x is feasible and ex post efficient. Comparing with the random initial
endowment e, the allocation x makes every agent better off in each state. Indeed, take
agent 1 and state a as an example, the random initial endowment gives her a payoff
of v/2.1/8 = 4.0988, whereas the allocation x gives her a strictly higher payoff
of 24/2.13/4 = 5.7966. It follows that x is Bayesian individually rational under all
beliefs in A/*! Furthermore, x is maxmin individually rational.

However, x is not Bayesian incentive compatible under all beliefs in A; ; = Af#/!
for each i. Let agent 1’s prior belief be

w1 (@) = pu1 () =025, wui(c)=0.1, p;(d =04

The allocation x is not Bayesian incentive compatible. Indeed, for agent 1 and event
{c, d}, she gets

w1 (c) w1 (d)
2 Vo) ——M——— v/3.07692 3V48) ——MmM—
(f+ff) w1 (¢) + w1 (d)+( +V3 >m (c) + u1 (d)

— (V2+3v6) 2L 4 (V307692 + V3vaR) X2 55705
( ) o5+ ( )53

by reporting the true event {c, d}. However, she gets a strictly higher payoff

(Va+3va) Mm@ (V454054 + V3/4.09756) Mm@
p1 () + p1 (d) w1 () + p1 (d)

0.1 0.4
= (JZ + ﬁﬁ) e («/4.54054 + «/3«/4.09756) o5 = 56024

by reporting the lie {a, b}. That is, x is not Bayesian incentive compatible.
However, the allocation x is maxmin incentive compatible. Take the same agent
and the same event as above. Upon observing the event {c, d}, agent 1 gets

min {ﬁ + /36, V/3.07692 + ﬁM} — 5.5488

by reporting the true event {c, d}. She gets

min {JZ + /34, /453054 + \/5\/4.09756} — 5.4641

by reporting the lie {a, b}. Clearly, reporting the true event {c, d} is strictly better.
It can be checked that both agents strictly prefer to report the true events under the
Wald’s maxmin preferences. Thus, x is maxmin incentive compatible.

In fact, the set of maxmin incentive compatible allocations contains the set of ex post
incentive compatible allocations and the set of allocations that are Bayesian incentive
compatible under all beliefs in A; 4 = ATUL for each i as strict subsets (Theorem 1
below).

Denote by Xp the set of ex post efficient allocations that are ex post incentive
compatible. Also, denote by X p the set of ex post efficient allocations that are Bayesian
incentive compatible under all beliefs in A; 4 = AT for each i. That is, every
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allocation x in X p satisfies Definition 3 under all beliefs in A; 4 = AU for each i
and Definition 1. Clearly, we have that X p is a subset of Xp,1i.e., Xp C Xp.

If the Designer adopts an ambiguous persuasion device (M, co (Q)) to con-
vince/persuade the agents to use the Wald’s maxmin preferences, then each agent
i maximizes her interim Wald’s maxmin payoff after observing E;. An allocation is
incentive compatible if it is maxmin incentive compatible. Denote by X 4 the set of ex
post efficient and maxmin incentive compatible allocations. That is, every allocation
x in X 4 satisfies Definitions 4 and 1.

Theorem 1 below shows that every ex post efficient allocation that is Bayesian
incentive compatible under all beliefs in A; 4 = A1 for each i is maxmin incentive
compatible, but the reverse is not true. That is, we have that Xp is a strict subset of
X 4,denoted by Xp C X 4. Theorem 1 holds regardless of the definition of the transfer

t<E1,~-~ ,EN) where ﬂielﬁi = (). Thus, we have Xp C Xg C X4.

Theorem 1 If an ex post efficient allocation x is Bayesian incentive compatible under
all beliefs in A; g = AT for each i, then x is maxmin incentive compatible. The
reverse is not true. That is, X p is a strict subset of X4, Xp C X 4.

From Examples 1, 3 and 4 above, we know that an ex post efficient and maxmin
incentive compatible allocation may not be Bayesian incentive compatible under all
beliefsin A; 4 = A" for each i. Thus, X 4 is not a subset of X 5. Suppose that an ex
post efficient allocation x is not maxmin incentive compatible. Then, there exists an
agent, a state w and a lie, such that reporting the lie gives the agent a strictly higher ex
post payoff in the state w than reporting the true event. In our economy, it follows that
x cannot be Bayesian incentive compatible when the probability of w is high enough.
Thus, if an ex post efficient allocation is not maxmin incentive compatible, then it
cannot be Bayesian incentive compatible under all beliefs in A; ; = A/ for each
i. In other words, X g is a subset of X 4. We can conclude that X g is a strict subset of
X 4. The formal proof of Theorem 1 is in the Appendix.

Remark 3 From Example 4 and Theorem 1, we can conclude that more ex post effi-
cient and individually rational allocations are incentive compatible under the Wald’s
maxmin preferences. Indeed, let x be an ex post efficient allocation that is Bayesian
individually rational under all beliefs in A/’ Also, let x be maxmin individu-
ally rational. From Theorem 1, we know that if x is Bayesian incentive compatible
under all beliefs in A; 4 = A/ for each i, then x is maxmin incentive compati-
ble. Furthermore, from Example 4, we know that such an allocation can be maxmin
incentive compatible, without being Bayesian incentive compatible under all beliefs
in A; g = Af"" for each i. Thus, Wald’s maxmin preferences make more ex post
efficient and individually rational allocations incentive compatible.

Remark 4 In general, a Bayesian persuasion device of Kamenica and Gentzkow (2011)
has an outcome m € M, such that 0 < g (m |w) < 1 for all w. Under such a
Bayesian persuasion device, if the outcome is m, then the set of posteriors A; ,, 4 =
A4 for each i. For an allocation to be incentive compatible under this Bayesian
persuasion device, the allocation needs to be Bayesian incentive compatible under
all beliefs in A/*/! for each i. Thus, by Theorem 1, we know that more ex post
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efficient allocations are incentive compatible under the ambiguous persuasion device
(M, co (Q)) than under any Bayesian persuasion device that has an outcome m, such
that 0 < g (m |w) < 1 for all w.

5.2 Incentive compatibility when A; 4 c A/

Recall that the designer does not know the values of u; (w), ® € €2, except that
ui (w) > 0 for each w € Q2. Hence, the Designer does not know A; (i.e., (1)) either.
Suppose that the agents want to end up with an ex post efficient allocation x. Then, the
Designer knows that x must be Bayesian individually rational. Furthermore, suppose
that the Designer learns from the agents that the allocation x is maxmin individually
rational (Definition 2) too. Based on this information, the Designer forms the set A; 4
by ruling out impossible beliefs from A/ That is, a belief 1 € A"/ is in the set
A, 4 if and only if for agent i the allocation x is Bayesian individually rational under j,
and maxmin individually rational under u (E;), E; € F;. In other words, the Designer
thinks that any belief in A; 4 can be agent i’s prior belief ;. If A; 4 = AU then we
have Theorem 1. In this section, we focus on the case in which A; ;4 is a strict subset
of ASuI, Clearly, when the set A; ;4 becomes smaller, the set of allocations that are
Bayesian incentive compatible under all beliefs in A; ; becomes larger.

We assume that each agent knows her endowment and utility function in the
interim. Moreover, ¢; and u; do not reveal more information than E;. That is, we
assume that both ¢; and u; are F;-measurable. Then, we have that ¢; (-) is constant on
each element of F;: ¢; (w) = ¢; (a)’) whenever o and o’ are in the same event, i.e.,
E; (w) = E; (a)’). Also, given any ¢; € Rf_, whenever E; (w) = E; (w’), we have
u; (¢j, w) = u; (ci, o ) Assuming e; and u; to be F;-measurable is more general than
being constant.

Lemma 1 Suppose that e; and u; are F;-measurable for each i. If an ex post efficient
allocation x is maxmin individually rational, then x is Bayesian individually rational
under each belief in A; (i.e., (1)) for each i.

The intuition behind Lemma 1 is simple. When agent i’s multi-belief set P; equals
to A;, agenti has the Wald’s maxmin preferences. The worst belief in P; puts the whole
weight to the worst state in each event E;. Since ¢; and u; are JF;-measurable for each
i, the maxmin payoff of e; is the same as the Bayesian payoff of ¢; for all beliefs
in A;. Hence, if an allocation is maxmin individually rational, then this allocation
is Bayesian individually rational under the worst belief in A;. It follows that this
allocation is Bayesian individually rational under all beliefs in A;. The formal proof
of Lemma 1 is in the Appendix.

Remark 5 Recall that the Designer does not know A;, but the Designer learns that the
allocation x is maxmin individually rational. Then, by Lemma 1, the Designer knows
that the set A; N A/ is contained in Aig.

As A; N AT §g a subset of A; 4, it is clear that if an allocation is not Bayesian
incentive compatible under all beliefs in A; N A for each i, then it cannot be
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Bayesian incentive compatible under all beliefs in A; 4 for each i. Now, we com-
pare “Bayesian incentive compatible under all beliefs in A; N A%/ for each i with
“maxmin incentive compatibility”. With the help of Example 5 below, we show that
an ex post efficient allocation x may not be Bayesian incentive compatible under all
beliefs in A; N A1 for each i, but it is maxmin incentive compatible.

Example 5 There are two agents, two goods, and four possible states of nature 2 =
{a, b, c, d}. Each agent i has a partition of €2, denoted by F;, where i = 1, 2,

Fir=1{{a, b}, {c.d}};  F2={{a,c},{b,d}}.

For example, if state a occurs, agent 1 observes the event {a, b} which is her private
information in the interim. At the same time, agent 2 observes the event {a, ¢} which
is his private information in the interim. Let the agents’ random initial endowment e
be

(e1(a),e1 (b),e1(c),e1(d) =((8,10),(8,10), (6,12),(6,12));
(e2(a),e2(b),ex(c), e2(d)) = ((8,10), (12,6), (8,10), (12,6)) .

That is, in state a, agent 1 receives 8 units of good 1 and 10 units of good 2, etc. Let cl.1
and cl.2 denote agent i’s consumption of good 1 and 2 respectively. The ex post utility

function of agent i is u; (cil, ci2, a)) = ,/cl.l =+, /cl.z, for each w € Q.
Let allocation x be

(x1(a), x1 (), x1 (), x1 () = (8, 10), (10, 8), (7, 11),(9,9));
(x2 (@), x2(b) , x2 (), x2(d)) = ((8,10), (10, 8), (7, 11), (9,9)) .

That is, in state a, agent 1 consumes 8 units of good 1 and 10 units of good 2, etc.
The allocation x is feasible and ex post efficient. Suppose that the agents want to end
up with the allocation x. Then, the Designer knows that x is Bayesian individually
rational. Also, suppose that the Designer learns from the agents that the allocation x
is maxmin individually rational. Then, the set A; 4 consists of beliefs € AT guch
that for agent i the allocation x is Bayesian individually rational under p, and maxmin
individually rational under u (E;), E; € F;."°
Suppose that each agent i’s prior belief is

wi(a)=04; ;i (b) =0.1; pi(c) =025 p;i(d) =025

It can be checked that the allocation x is Bayesian individually rational under u;,
i =1, 2. Also, x is maxmin individually rational. Indeed, for agent 1, we have that

min {u; (e1 (@), a),ui (e1 (b),b)} 1 (a) + w1 (b)]

+min {u; (e1 (¢),c),ui (e1 (d),d)} 1 (c) + p1 (d)] =
min {5.9907, 5.9907} 0.5 + min {5.9136, 5.9136} 0.5 = 5.9521 <
min {u) (x1 (a),a),uy (x1 (b),b)} 1 (@) + w1 (b)]

15 It can be checked that for agent 2, A 4 is a strict subset of Al
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+min {u; (x1 (c),c),uy (x1(d),d)} 1 (¢) + u1 ()] =
min {5.9907, 5.9907} 0.5 + min {5.9624, 6} 0.5 = 5.9765.

The same holds for agent 2.!% Hence, x is maxmin individually rational. Clearly, u;
isin A; 4, as the Designer cannot rule out 1; based on what he knows.

However, x is not Bayesian incentive compatible under p;. Indeed, for agent 1 and
event {a, b}, she gets

(«/§+\/ﬁ)”17@+(\/ﬁ+«/§)“17@=\/§+\/E=5.9907

w1 (a) + py (D) w1 (@) + g (b)

by reporting the true event {a, b}. However, she gets a strictly higher payoff

ui (a) w1 (b)
9 9) — —  ~°~ V11 7)——
<f+f> 101 @) + 111 (b) +< +‘F> 11 @) + 111 (b)

=(\/§+«/§)%+(¢ﬁ+ﬁ)%=599zs

by reporting the lie {c, d}. That is, x is not Bayesian incentive compatible.
The allocation x is maxmin incentive compatible. Take the same agent and the same
event as above. Upon observing the event {a, b}, agent 1 gets

min [v/8 + V10, V10 + v/8} = V8 + V10 = 5.9907
by reporting the true event {a, b}. She gets
min {+/9 + V0, VIT ++/7} = 5.9624

by reporting the lie {c, d}. Clearly, reporting the true event {a, b} is strictly better.
It can be checked that both agents strictly prefer to report the true events under the
Wald’s maxmin preferences. That is, x is maxmin incentive compatible.

By the definition of A;, we know that agent i’s prior u; is in the set A; N AS#
Hence, we showed that an ex post efficient allocation x may not be Bayesian incentive
compatible under all beliefs in A; N AT for each i, but it is maxmin incentive
compatible.

16 por agent 2, we have that

min {uz (2 (a) , a) , uz (e2 (¢) , ©)} [m2 (@) + w2 (€)1 4 min {uz (e2 (b), b) , uz (e2 (d) , d)}
(w2 (b) + 112 (d)] = min {5.9907, 5.9907} 0.65 + min {5.9136, 5.9136} 0.35 = 5.9637 <

min {uz (x2 (@) , a) , uz (x2 (¢) , )} [z (@) + w2 (©)] + min {uz (x2 (b), b) , uz (x2 (d) , d)}
(w2 (b) + 112 (d)] = min {5.9907, 5.9624} 0.65 + min {5.9907, 6} 0.35 = 5.9723.
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Moreover, if the Designer learns that A; 4 contains A; N AU a9 a subset, then
persuading the agents to use the Wald’s maxmin preferences can enlarge the set of
incentive compatible allocations. Formally,

Corollary 1 If an ex post efficient allocation x is Bayesian incentive compatible under
all beliefs in A\ AS*! for each i, then x is maxmin incentive compatible. The reverse
is not true.!”

In other words, Corollary 1 says that the set of maxmin incentive compatible allo-
cations contains the set of allocations that are Bayesian incentive compatible under
all beliefs in A; N A/ ull for each i as a strict subset.

Remark 6 Since A; 4 contains A; N AT a5 a subset by Lemma 1, then the set of
allocations that are Bayesian incentive compatible under all beliefs in A; ; for each
i is a subset of the set of allocations that are Bayesian incentive compatible under
all beliefs in A; N A1l for each i. Now, it follows from Corollary 1 that the set
of maxmin incentive compatible allocations contains the set of allocations that are
Bayesian incentive compatible under all beliefs in A; 4 for each i as a strict subset.
Thus, changing to Wald’s maxmin preferences makes the set of incentive compatible
allocations larger.

Remark 7 1In this section, we focus on the case in which A; 4 is a strict subset of ASull
From Example 5 and Corollary 1, we know that more ex post efficient and individually
rational allocations are incentive compatible under the Wald’s maxmin preferences.

5.3 Randomization

As pointed out by Raiffa (1961), and rigorously showed by Saito (2015), Ke and
Zhang (2020) and Liu et al. (2020), an agent with the Wald’s maxmin preferences
may strictly prefer randomizing over her choices to not randomizing. This is because
randomization may smooth out her payoff at every state of nature and strictly increase
her interim Wald’s maxmin payoff. Example 6 below shows that even if an ex post
efficient allocation is maxmin incentive compatible, an agent may not want to report the
true event with probability one, as reporting the true event with a positive probability
that is less than one may give her a strictly higher interim Wald’s maxmin payoff.
Furthermore, such a profitable unilateral deviation brings Pareto improvements to the
agents.

Example 6 There are two agents, 1 and 2, one good, and four states of nature Q2 =
{a, b, c,d}. Each agent i has a partition of €2, denoted by F;, where i = 1, 2:

Fir=1{{a, b}, {c.d}};  Fo={{a,d},{b, c}}.

For example, if state a occurs, agent 1 observes the event {a, b} which is her private
information in the interim. At the same time, agent 2 observes the event {a, d} which

17 The first part of proof is the same as the proof of Theorem 1, except now many beliefs in A; N Afull
coincide with the constructed belief uk=K , where ;,Lk:K is defined in the proof of Theorem 1. Furthermore,
Example 5 proves the second part of Corollary 1.
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is his private information in the interim. The ex post utility function of each agent i is
u;j (c;, w) = /c; for all € 2, where ¢; denotes agent i’s consumption of the good.
The agents get 2.5 units of the good in each state, i.e., ¢; (w) = 2.5, foreach w € Q
and for each i. Furthermore, the agents have the Wald’s maxmin preferences. Let x
be a feasible allocation:

(x1 (@), x1 (), x1(0), x1(d)=(,2,3,2);  (x2(a),x2(b),x2(c), x2(d)) =(2,3,2,3).

The allocation x is ex post efficient and maxmin incentive compatible. However,
when agent 1 observes the event {a, b}, she does not want to report the true event with
probability one, as reporting the true event with a positive probability that is less than
one gives her a strictly higher interim Wald’s maxmin payoff. Indeed, let o« € [0, 1]
be the probability of reporting the event {a, b} and 1 — « the probability of reporting
the event {c, d}. Clearly, « = 1 means that agent 1 reports the true event, and « = 0
means that she reports a lie. Then, agent 1 gets av/3 + (1 — &) +/2 if the state is a, and
she gets wv/2 + (1 — &) /3 if the state is b. Since she only knows that the realized
state could be a or b, her interim Wald’s maxmin payoff is

min{aﬁ+(1—a)ﬁ, aﬁ+(1—a)ﬁ].

Clearly, when o = 1, i.e., she reports the true event {a, b}, her interim Wald’s maxmin
payoffis /2. When o = %, i.e., she reports the true event {a, b} with probability %, her

interim Wald’s maxmin payoff is @ which is strictly higher than +/2. Therefore,
when agent 1 observes the event {a, b}, she has no incentive to report the true event
with probability one.

Furthermore, we show that agent 1’s profitable unilateral deviation brings Pareto
improvements to the agents. Suppose that agent 1 reports the event {a, b} with proba-
bility o = % when she observes the event {a, b}, and she reports the event {c, d} with
probability one when she observes the event {c, d}, while agent 2 always reports the
true events. We calculate the agents’ interim Wald’s maxmin payoffs below. We know
from above that when agent 1 observes the event {a, b}, her interim Wald’s maxmin
payoff of using o = % is ﬁ%ﬁ which is strictly higher than her interim Wald’s
maxmin payoff of x, i.e., /2. When agent 1 observes the event {c, d}, her interim
Wald’s maxmin payoff is the same as the interim Wald’s maxmin payoff of x. For
agent 2, when he observes the event {a, d}, his interim Wald’s maxmin payoff is

min {ot\/z-i-(l —a)V/3, \/§} = @,

which is strictly higher than his interim Wald’s maxmin payoff of x,
min {v2,+3} = V2.
When agent 2 observes the event {b, c}, his interim Wald’s maxmin payoff is

min{aﬁ+(1 — )2, ﬁ} =2,
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which is the same as his interim Wald’s maxmin payoff of x,
min {«/g, V2 } =2.

We can conclude that agent 1’s profitable unilateral deviation brings Pareto improve-
ments to the agents.

Since randomization may increase agents’ interim Wald’s maxmin payoffs and
bring Pareto improvements, we take into account that the agents may randomize over
their choices. In particular, we adopt the mixed maxmin incentive compatible notion
of Liu et al. (2020) which is a stronger notion than maxmin incentive compatible
(Definition 4).'® An allocation is mixed maxmin incentive compatible if no agent can
improve her interim Wald’s maxmin payoff by lying about her observed event with
a strictly positive probability. Nevertheless, the results of Sect. 4 and Sects. 5.1 and
5.2 hold under randomization. In particular, we show that the set of ex post efficient
and Bayesian incentive compatible (under all beliefs in A; 4 for each i) allocations
is a subset of the set of ex post efficient and mixed maxmin incentive compatible
allocations.

Let «; be a probability distribution over F;.

Definition 5 An allocation x is mixed maxmin incentive compatible, if for each agent
i, and for each E; € F;,

. . E; 2
min u; (i (@), w) > min Z u; (xi (w), a)) a; (E,) (16)
E,‘E.7:,'

for all ;.

Denote by X s 4 the set of ex post efficient and mixed maxmin incentive compatible
allocations. That is, every allocation x in X ;4 satisfies Definitions 5 and 1.

Remark 8 Clearly, every mixed maxmin incentive compatible allocation is maxmin
incentive compatible. We know from Example 6 that an ex post efficient and maxmin
incentive compatible allocation may not be mixed maxmin incentive compatible. Thus,
we know that the set of ex post efficient and mixed maxmin incentive compatible
allocations is a strict subset of the set of ex post efficient and maxmin incentive
compatible allocations, i.e., Xs4 is a strict subset of X 4, denoted by Xps4 C X4.

We show in Example 7 below that the allocation y of Example 1 (Eq. (7)) is not
only maxmin incentive compatible (see Example 3 above), but also mixed maxmin
incentive compatible. Thus, if the Designer adopts an ambiguous persuasion device
to convince/persuade the agents to use the Wald’s maxmin preferences as in Example
3, then given y, no agent has an incentive to lie.

18 1 ju et al. (2020) showed that every mixed maxmin incentive compatible allocation is maxmin incentive
compatible, but a maxmin incentive compatible allocation may not be mixed maxmin incentive compatible.
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Example 7 Recall that the allocation y of Example 1 is not Bayesian incentive com-
patible under all beliefs in A; 4 = AT for each i. Continue with Example 3 above.
We show below that the allocation y of Example 1, is mixed maxmin incentive com-
patible. Indeed, suppose that agent 1 observes the event {a, b}. Now, let o € [0, 1] be
the probability of reporting the event {a, b} and 1 — « the probability of reporting the
event {c}. Then, agent 1 gets a+/5 + 0 + (1 — ) +/5 4 1.5 if the state is a, and she
gets a+/5 — 1.5 4+ (1 — «) +/5 — 1.5 if the state is b. Since she only knows that the
realized state could be a or b, her interim Wald’s maxmin payoff is

min {av5+0+ (1—a)V5+15 av5-1.5+(1—-a)V5— 1.5} =45-15.

That is, her interim Wald’s maxmin payoff is /5 — 1.5 regardless of the value of «. It
follows that agent 1 has no incentive to misreport the observed event, when she sees
the event {a, b}. When Agent 1 observes the event {c}, she has no incentive to lie either.
Indeed, she gets av/2 +0 + (1 — a) /2 + 1.5 < +/2 + 1.5 whenever « is not zero.
She gets +/2 + 1.5, when she reports the true event {c} (i.e., « = 0). Thus, reporting
the true event is optimal. The same argument holds for agent 2. We can conclude that
the allocation y is mixed maxmin incentive compatible.

Remark 9 An allocation x is mixed Bayesian incentive compatible, if for each agent
i, and for each E; € F;,

D@ o i@ Eyz Y Y i (3 @) ) (£) i@ E.
weR weR EeF;

A7)
for all ;. Comparing with the Definition 3, we know that under the Bayesian pref-
erences, an allocation x is Bayesian incentive compatible, if and only if it is mixed
Bayesian incentive compatible.

We show below that the set X g is a strict subset of the set X s4.

Theorem 2 [f an ex post efficient allocation x is Bayesian incentive compatible under
all beliefs in A; g = AT for each i, then x is mixed maxmin incentive compatible.
The reverse is not true. That is, X p is a strict subset of Xya, Xp C Xyma.

From Example 7 above, we know that the ex post efficient allocation y is mixed
maxmin incentive compatible, but it is not Bayesian incentive compatible under all
beliefs in A; 4 = A1 for each i. Thus, X4 is not a subset of X 5. Suppose that an
ex post efficient allocation x is not mixed maxmin incentive compatible. Then, there
exists an agent 7, a state @ and a lie «;, such that reporting «; is strictly better than
reporting the true event in the state w. Since «; is a probability distribution over F;,
there must exist an event, such that reporting this event is strictly better than reporting
the true event in the state w. Then, it follows from the proof of Theorem 1 that X 5 is a
subset of X 74. We can conclude that X p is a strict subset of X 74. The formal proof
of Theorem 2 is in the Appendix.

Thus, even if the set of ex post efficient and mixed maxmin incentive compatible
allocations (i.e., Xpr4) is a strict subset of the set of ex post efficient and maxmin
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incentive compatible allocations (i.e., X 4), the set X 74 is still larger than the set of
ex post efficient allocations that are Bayesian incentive compatible under all beliefs in
Aiq = AT foreachii. (i.e., Xg). We can conclude that Xp € X3 C X4 C X4.

Furthermore, by Example 5 and the proofs of Theorem 2 and Corollary 1, we have
the following corollary.'®

Corollary 2 If an ex post efficient allocation x is Bayesian incentive compatible under
all beliefs in Aj N AT for each i, then x is mixed maxmin incentive compatible.
However, the reverse is not true.

6 Concluding remarks

We show that more efficient and individually rational allocations become incentive
compatible if the Designer persuades the agents to use the Wald’s maxmin preferences
instead of the Bayesian preferences. In other words, the agents become better off under
the Wald’s maxmin preferences, as they can reach efficient and individually rational
allocations that cannot be reached under the Bayesian preferences. Thus, the Wald’s
maxmin preferences provide superior outcomes for all agents. Furthermore, in the face
of a Designer who thinks that an agent’s prior can be any belief in A%/ it is always
a good idea to persuade the agents to use the Wald’s maxmin preferences, as the set
of individually rational and incentive compatible allocations becomes strictly larger.
Moreover, this result remains true, even when we take into account that the agents
may randomize over their choices. Thus, we justify the use of the Wald’s maxmin
preferences by showing that the agents can be persuaded to use the Wald’s maxmin
preferences in order to enlarge the set of incentive compatible allocations.

7 Appendix

7.1 Proof of Theorem 1

Proof We show that every allocation in X g is an allocation in X 4. Therefore, X p is
a subset of X4, i.e., Xp € X4. Let x be an allocation from X p. Then, x is ex post

efficient. If x is not maxmin incentive compatible, then there must exist an agent i, an
event E; and a lie E; # E;, such that

min u; (x; (@) @) < min (e @+ (BB @).0).  (8)

i

Now, let ™ and w** in E; be such that

u; ()Cl‘ (a)*) s w*) = mig u; (x; (w), w)

19 It can be checked that the allocation x of Example 5 is mixed maxmin incentive compatible.
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and

u; (Ei (™) + 1 (Ei, E_; (w**)) ; w**) = miél u; <€i () + 1 (Ei, E_; (w)> ,w) .

wWEL;

Case one: if E; is a singleton event, then w* = w**. By (18), we have
uj (xi (a)*) , w*) <u; (e,- (a)*) +t (12",-, E_; (a)*)) , a)*) . (19)

Then, x is not Bayesian incentive compatible regardless of the belief 1 in A% This
contradicts with the fact that x belongs to the set X p.
Case two: if E; is not a singleton event and w* = w**, then by (18) we have

wi (i (o) ) < i (e () + 1 (Bis E=i (07)) ") (20)

We show below that the interim Bayesian expected utility is continuous in prob-
ability. Let A% = {iu (- | E;) : u € A} be the set of all conditional probabilities of
agent i, when she observes E;. Given a conditional probability wk (- | Ej) € AFi the
interim Bayesian expected utility is

EU* (i | Ei) =) ui (xi (@), 0) i (0 | Ey). 1)

weR

Since the set of states of nature 2 is finite, for ease of notation, we also use u (- | E;)
to denote the vector (i (@ | E;)) peq. Which is in RI®l and |€2| is the cardinality of €2.
For every {/Lk (-] Ei)};:il — wu (- | E;), it must be {/Lk (w | Ei)};:il — u(wl Ep)
for each w in Q. It follows that we have { EU* (x; | E,-)}zil — EU (x; | E;) by the
additivity of the limit operation. Therefore, the interim Bayesian expected utility is
continuous at u (- | E;). Since p (- | E;) is an arbitrary conditional probability in AEi,
we have that EU is continuous on A%

Now, leta pf (- | E;) be such that yu* (0™ | E;) = 25, u¥ (o | Ei) = m
forallw’ € E;, 0 # w*, and ¥ (o' | Ei) = Oforallo’ ¢ E;.Clearly, when k goes to
infinity, then u* (- | E;) converges to the i (- | E;) which has u (0* | E;) = 1. Since
the interim Bayesian expected utility is continuous in probability, we have that as k
goes to infinity,

Z u; (ei (w) +1 (Ei, E_; (w)) w) 1k (| Ep)

we

converges to

u; <ei (w*) +t (Ei, E_; (a)*)) ,a)*) )
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Also,

Y i (xi (@), 0) 1t (0 | E)

we

converges to
u; (xi (a)*) , a)*) .

Now, in view of (20), there exists an integer K, such that u*=X (. | E;) assigns suffi-
cient weight to w* and

Yo (e @+ (B Eoi @) 0) K @1 E) > Y i (i @), 0) 1=K @ | Ep.
weQ weQ
(22)

That is, there exists a 4 in A7*/ under which x is not Bayesian incentive compatible.
This contradicts with the fact that x belongs to the set X g. Thus, we can conclude that
x must be maxmin incentive compatible.

Case three: if w* # w™*, then it must be

u; (x,~ (a)*) , a)*) < u; (e,' (a)**) + 1 (12", E_; (a)**)) a)**)
<u; (ei (%) +1; (E,-, E_; (a)*)) ,a)*) )

One can proceed as in Case two to obtain a contradiction.

We can conclude that if an allocation x is Bayesian incentive compatible under all
beliefs in A; 4 = A/*! for each i, then x is maxmin incentive compatible. That is,
Xp is asubset of X4,1.e., Xp C X4.

Furthermore, the allocation y of Example 1 (equation (7)) is ex post efficient.
Examples 1 and 3 above showed that y is maxmin incentive compatible, but it is not
Bayesian incentive compatible under all beliefs in A; y = A/*! for each i. Thus, the
set of ex post efficient and maxmin incentive compatible allocations contains the set
of ex post efficient allocations that are Bayesian incentive compatible under all beliefs
inAjg= AU for each i as a strict subset, i.e., X5 C X 4. O

7.2 Proof of Lemma 1

Proof Suppose that x is not Bayesian individually rational under each belief in A; for
each i. Then, there exists an agent i and a belief x in A;, such that

D (e (@), 0) (@) > Y ui (x; (@), 0) () (23)

we we
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From (1), we know that 7r; (E;) = u (E;) for each E; € F;. Thus, we have

Duitei @, o) p@ =Y | ui@,o 1) i (Ep)

weQ EeF \wck w (Eq)

and

Sui@ op@=3 [ X w0 ) 5 E.

E:
weR E;eF; \weE; M (E;

Then, by (23) we have that

3 (Zui (€ (@), ) :((;)))m E)> Y (Zui i (@), @) :((;)))m (Ep).

E;eF; \weE; E;eF; \weE;
24

By the definition of a minimum, we have that

Do DD i @), @) 5((2)_)) m(E) = ) {

min u; (x; (@), w)} i (Ej).
Eie-ri CUEE,' E,‘E]‘—,‘

w€eE;
(25)
Furthermore, since ¢; and u; are J;-measurable for each i, we have that

E;__» a;j u;i (e (@), w) :((Z)i)) i (E;j) = E;. {ar)rgg u; (e; (), a))} i (E;) .
(26)

Now, combining (24), (25) and (26), we have that
> {JEB ui (e (). w)} i (E) > ) {algig ui (xi (@) w)} i ().
E;eF; EieF;
That is, the allocation x is not maxmin individually rational. This allows us to conclude

that if an allocation x is maxmin individually rational under P; = A; for each i, then
x is Bayesian individually rational under each belief in A; for each i. O

7.3 Proof of Theorem 2
Proof We show that every allocation in Xp is an allocation in X ;4. Therefore, X p
is a subset of X 74, 1.e., Xp € Xpra. Let x be an allocation from X g. Then, x is ex

post efficient. If x is not mixed maxmin incentive compatible, then there must exist
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an agent i, an event E; and an ¢;, such that

min u; (ei (w) + ¢t (Ei, E_; (w)) ,w) o (El> > min u; (x; (w),w). 27)
weE; ! weEE;
E;eF;

Now, let o™ and @™ in E; be such that

ui (xi (%), 0*) = miEn uj (xj (w), w)

and

EieF;

= ur)ré%l Z u; <6i () +1; (Ei’ E (a))) ,a)) i (El> '

E,’E.’Fi

Case one: if 0* = w**, then by (27) we have

uj (x,- (a)*) , w*) < Z uj <e,- (w*) +t (E,-, E_; (a)*)) , w*) o (El) . (29)

E?,'E]:,‘

By definition, we have 0 < o; (E,) < 1 and Zf;e]-} o (E,) = 1. Then (28)

implies that there exists an E ; in F;, such that
u; (x,' (w*) , a)*) < u; (ei (a)*) + 1 (12", E_; (a)*)) , a)*) . (29)

Now, it is the same as the Case one and Case two of Theorem 1: (29) contradicts with
the fact that x belongs to the set X 5. Thus, we can conclude that x must be mixed
maxmin incentive compatible.

Case two: if * # »**, then it must be

u; (xi (a)*) , a)*) < Z u; (e,- (w**) + 1 (Ei, E_; (a)**)) ,a)**) o (12",)

EAI'GJ‘—,'

< Z u; (ei (a)*) +t (Ei, E_; (a)*)) ,w*) o (12",) .

E;eFi

Now, one can proceed as in Case one above to obtain a contradiction.

We can conclude that if an allocation x is Bayesian incentive compatible under all
beliefs in A; 4 = AU for each i, then x is mixed maxmin incentive compatible.
That is, X p is a subset of X4, X8 C Xupa.

Furthermore, from Example 7, we know that the ex post efficient allocation y
is not Bayesian incentive compatible under all beliefs in A; ; = A"/ for each i,

@ Springer



Z.Liu, N. C. Yannelis

but it is mixed maxmin incentive compatible. Thus, the set of ex post efficient and
mixed maxmin incentive compatible allocations contains the set of ex post efficient
allocations that are Bayesian incentive compatible under all beliefs in A; 4 = A/
for each i as a strict subset, i.e., Xg C MX4. O
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