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Let (T, 7, u) be a finite measure space, X be a Banach space, P be a metric space and let L, (y, X)
denote the space of equivalence classes of X-valued Bochner integrable functions on (7,1, ). We
show that if ¢: T x P—2X is a set-valued function such that for each fixed peP, ¢(-,p) has a
measurable graph and for each fixed t€ T, ¢(t,-) is either upper or lower semicontinuous then
the Aumann integral of ¢, ie, [r¢(t,p)du(t)={[rx(t)dp(t):xeS,(p)}, where S,(p)=
{yeL (u,X):y(t)ed(t,p)p—ae.}, is either upper or lower semicontinuous in the variable p as
well. Our results generalize those of Aumann (1965, 1976) who has considered the above
problem for X =R", and they have useful applications in general equilibrium and game theory.

1. Introduction

Let (7,1, u) be a finite measure space, P be a metric space, X be a Banach
space and let L,(u, X) denote the space of equivalence classes of X-valued
Bochner integrable functions on (7,1,u). Let ¢: T x P—2X be a set-valued
function (where 2% denotes the set of all non-empty subsets of X), such that
for each fixed peP,¢(',p) has a measurable graph and for each fixed
te T, ¢(t,-) is either upper or lower semicontinuous. We wish to know
whether the Aumann integral of ¢, ie., [r$(t, p) du()={ [rx(t) du(t):x € S4(p)},
where S4(p)={yeL,(u X):y(t)€ ¢(t,p) u—a.e.}, is either upper or lower semi-
continuous in the variable p as well. It is the purpose of this paper to
provide an answer to the above question. Specifically, we show (Theorems
3.1 and 3.2) that integration preserves upper semicontinuity (u.s.c.) and that
(Theorem 3.3) integration preserves lower semicontinuity (l.s.c.).

We will first discuss briefly the main applications of our results in general
equilibrium and game theory. The question of whether integration preserves

*This is a revised version of my paper entitled ‘On the Lebesgue-Aumann Dominated
Convergence Theorem in Infinite Dimensional Spaces’, written in 1986. The present version has
benefitted from the comments, discussions and suggestions of Erik Balder, M. Ali Khan, Jean-
Francois Mertens, Aldo Rustichini and of a knowledgeable referee. My debt to the pioneering
works of Aumann (1965) and Debreu (1967) should be evident. Of course, I am responsible for
any remaining shortcomings.
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u.s.c. arises naturally in general equilibrium. In particular, T denotes the
measure space of agents, X denotes the commodity space, P denotes the
price space, ¢(t,p) denotes the demand set of agent ¢ at prices p and the
integral of ¢ denotes the aggregate demand set. For X =R’ (where R’ is the
£-fold Cartesian product of the set of real numbers R), Aumann (1965, 1966,
1976) has examined the above problem which is fundamental in order to
prove the existence of an equilibrium for an economy with a measure space
of agents and with finitely many commodities. However, if one wishes to
examine the problem of the existence of an equilibrium for an economy with
a measure space of agents and with an infinite dimensional commodity space,
then an infinite dimensional generalization of the above result seems to be
required.’ It turns out that the finite dimensional arguments of Aumann
cannot be readily adopted to cover Banach-valued correspondences.? In
particular, his proof is based on the Lyapunov theorem, a result which is
false in infinite dimensional spaces. Nevertheless, for strong forms of u.s.c.
‘correspondences (i.e., weakly us.c. correspondences) results analogous to
those of Aumann have been obtained in Yannelis (1988).

It is important to note that the method of proof in Yannelis (1988) utilizes
in a crucial way the convex valuedness of the set-valued function. In
particular, the argument is based on the ‘approximate version of the
Lyapunov—Richter Theorem’, and it is applied to convex, closed valued and
weakly u.s.c. correspondences.® Since the correspondences we consider in
Theorem 3.1 are not convex valued or closed valued or weakly u.s.c. this
argument cannot be applied here. Nevertheless, in the setting of Yannelis we
prove a result (Theorem 3.2) similar to his, using a weak sequential
convergence theorem obtained in Yannelis (1989).

Theorem 3.2 has found useful applications in game theory [see for instance
Khan (1986) or Yannelis (1987) among others]. Specifically, the main result
needed to prove the existence of a Nash equilibrium for a game with a
continuum of players, is that the set of integrable selections of the set-valued

1t should be noted that Debreu (1967, pp. 364-367) has already examined the problem of
whether integration preserves u.s.c. or Ls.c. for correspondences taking values in a Banach space.
Moreover, Debreu provided an extension of the Lebesgue dominated convergence to infinite
dimensional spaces. However, his notion of convergence is different than the one used in this
paper [as in Aumann (1965) we follow the Kuratowski-type of convergence of sets, see the next
section of the paper for a definition], and consequently our results do not follow from his.

2A correspondence is a set-valued function for which all image sets are non-empty.

3To be more specific, by the ‘approximate version of the Lyapunov—Richter Theorem’ we
mean that if F is a set-valued function from the atomless measure space T to the separable
Banach space X, then under appropriate assumptions cl{F= {conF (where cl denotes norm
closure and con denotes closed convex hull). This result is proved by Datko (1973) for X being a
reflexive separable Banach space. The reflexivity assumption was relaxed by Khan (1985).
However, recently Rustichini and Yannelis (1988) have shown that the norm closure can be
removed if the dimensionality of the measure space is larger than the dimensionality of the
separable Banach space. In particular, this occurs if the economy has ‘many more’ agents than
commodities. Of course the concept of dimension has to be given a rigorous formulation.
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function ¢: TxP-2% ie, S4p) is weakly us.c. whenever for each
teT,¢(t,p) is weakly us.c. with respect to p. Now, if m:L,(u, X)>X is a
linear mapping defined by n(x)=J,.rx( t) du(t), the integral of the set-valued
function ¢: T x P—»2X is n Sd,(p) {n(x):xeS4(p)}. Hence, if Sy(-) is weakly
us.c. so is m(S,(-))={¢(t,"). It is exactly this idea which is exploited in the
proof of Theorem 3.2 in order to show that integration preserves weak u.s.c.

Finally, we wish to note that the problem of whether integration preserves
Ls.c. (Theorem 3.3) has been useful in the literature of games with incomplete
information in order to prove the ls.c. of expectation operators [see for
instance Balder—Yannelis (1988)].

The paper proceeds as follows: Section 2 contains notation and definitions.
Our main results are stated in section 3 and their proofs are collected in
section 4.

2. Notation and definitions
2.1. Notation

R" denotes the n-fold Cartesian product of the set of real numbers R.

con A4 denotes the closed convex hull of set A4.

24 denotes the set of all non-empty subsets of the set A.

& denotes the empty set.

\ denotes the set theoretic subtraction.

dist denotes distance.

proj denotes projection.

If A= X, where X is a Banach space, ¢l A denotes the norm closure of A.

If F, (n=1,2,...) is a sequence of non-empty subsets of a Banach space X,
we will denote by LsF, and LiF, the set of its (strong) limit superior and
(strong) limit inferior points respectively, i.c.,

i mes

LsF,= {xeX x=lim x,,x, €F,, k=1,2,. } and

k— o
LiF,,={xeX:x= lim x,,x,€F,, n=1,2,...}.

A w in front of LsF, (LiF,) will mean limit superior (limit inferior) with
respect to the weak topology o(X*, X).

2.2. Definitions
Let X and Y be sets. The graph of the set-valued function ¢:X—-2" is
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denoted by G,={(x,y)e X x Y:ye¢(x)}. Let (T,7,u) be a complete, finite
measure space, and X be a separable Banach space. The set-valued function
¢: T—2* is said to have a measurable graph if G,e1® B(X), where B(X)
denotes the (norm) Borel o-algebra on X and ® denotes product o-algebra.
The correspondence ¢: T—2X is said to be lower measurable if for every open
subset V of X, the set {te T: ¢(t) n V#F} is an element of 7. Recall [see for
instance Debreu (1967, p. 359) or Himmelberg (1975, p. 47)] that if ¢: T—»2%
has a measurable graph, then ¢ is lower measurable. Furthermore, if ¢(-) is
closed valued and lower measurable then ¢: T—2* has a measurable graph.
A well-known result of Aumann (1967) which will be of fundamental
importance in this paper, [see also Himmelberg (1975, Theorem 5.2, p. 60)]
says that if (T,7,u) is a complete, finite measure space, X is a separable
metric space and ¢: T—2%¥ is a non-empty valued correspondence having a
measurable graph, then ¢(-) admits a measurable selection, i.c., there exists a
measurable function f: T— X such that f(t)ep(t)u—a.e.

We now define the notion of a Bochner integrable function. We will follow
closely Diestel and Uhl (1977). Let (7,7, u) be a finite measure space and X
be a Banach space. A function f:T—X is called simple is there exist
X1,X3,...,%, in X and oy,0,,...,0, in 7 such that f=>7_,x;y,, where
Y ()=1 if tea; and x,(t)=0 if t¢a;. A function f:T—-X is said to be
u-measurable if there exists a sequence of simple functions f,: T— X such that
lim,_, , || f(t) — f(1)]| =0 for almost all te T. A p-measurable function f:T—X
is said to be Bochner integrable if there exists a sequence of simple functions
{fun=1,2,...} such that

lim {1, ~5 (]| du(z)=o0.

n-o T

In this case we define for each Eet the integral to be [¢f(t)du()=
lim,_, . §¢ f,(£)du(?). It can be shown [see Diestel and Uhl (1977, Theorem 2,
p. 45)] that, if f:T—-X is a u-measurable function then f is Bochner
integrable if and only if {,||f(¢)||du(r) < co. We denote by L,(u, X) the space
of equivalence classes of X-valued Bochner integrable functions x: T—X
normed by

IIXI|=£ [lx(0)]| dus(e).

It is a standard result that normed by the functional ||-|| above, L,(u,X)
becomes a Banach space [see Diestel and Uhl (1977, p. 50)].

We denote by S, the set of all X-valued Bochner integrable selections from
¢: T-2%, ie,
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Se={xeL(u,X):x()ep(t) u—ae.}.

Moreover, as in Aumann (1965) the integral of the set-valued function
¢: T—2% is defined as follows:

:§r¢>(t) du(t) = {j' x(t)du(t): xe S¢}-

In the sequel we will denote the above integral by {¢. Recall that the
set-valued function ¢: T—2% is said to be integrably bounded if there exists a
map heL (4, R) such that sup{||x|:xe¢(n)} <h(t)u—ae. Moreover, note
that if T is a complete measure space, X is a separable Banach space and
¢: T-2% is an integrably bounded, non-empty valued correspondence having
a measurable graph, then by the Aumann measurable selection theorem we
can conclude that S, is non-empty and therefore [r¢(¢)dpu(z) is non-empty as
well.

Let A, (n=1,2,...) be a sequence of non-empty subsets of a Banach space.
Following Kuratowski (1966, p. 339) we say that A4, converges in A (written
as 4,—A) if and only if Lid,=LsA,=A. It may be useful to remind the
reader that Li4, and LsA, are both closed sets and that LiA,c LsA, [see
Kuratowski (1966, pp. 336-338)].

Let X be a metric space and Y be a Banach space. The set-valued function
¢: X -2 is said to be usc. at xoe X, if for any neighborhood N(¢(x,)) of
¢(x,), there exists a neighborhood N{(x,) of x, such that for all
x € N(xo), p(x) = N(¢(x,)). We say that ¢ is u.s.c. if ¢ is us.c. at every point
xeX. Recall that this definition is equivalent to the fact that the set
{xeX:¢(x)cV} is open in X for every open subset V of Y [see for instance
Kuratowski (1966, Theorem 3, p. 176)].

Let v be a small positive number and let B be the open unit ball in Y. The
set-valued function ¢: X —2Y is said to be quasi upper-semicontinuous (q.u.s.c.)
at xe X, if whenever the sequence x, (n=1,2,...) in X converges to x, then
for some ngy, ¢P(x,) < ¢(x)+vB for all n=n, We say that ¢ is q.us.c. if ¢ is
g.u.s.c. at every point xe X. It can be easily checked [see for instance Aubin
and Ekeland (1984, p. 108)] that if ¢ is compact valued, quasi upper-
semicontinuity implies upper-semicontinuity and vice-versa.

In particular, note that if K is a compact subset of Y, the subsets
N(K,d)={ye Y:dist(K, y)£4} form a fundamental basis of neighborhoods of
K, ie., any neighborhood of the compact set K contains N(K,d) for a
suitable §>0. Consequently, if the correspondence ¢:X —2¥ is compact
valued, then ¢ is us.c. at x,€ X if and only if

for every 6 >0, there exists v>0 such that for all
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x € N(xo,0), ¢(x) = N($(xo), d). (2.1)

However, if for xqe X, ¢(x,) is not compact valued, then for all x e N(x,,v),
d(x) = N(¢(x,),6) may hold, even if ¢ is not us.c. To see this define the
set-valued function ¢:R—2F* by ¢d(z)={(x,y): x=z}. Obviously (2.1) holds
for 6=v, i.e, ¢ is q.u.s.c. but ¢ is not w.s.c. Indeed, the set {(x, y): [y|<1/|x|} is
a neighborhood of ¢(0), but for any x#0, ¢(x) is not contained in the set
{(x,9: y] < 1y

Let now P and X be metric spaces. The set-valued function F:P—2% is
said to be ls.c. if the sequence p, (n=1,2,...) in P converges to pe P, then
F(p)< LiF(p,). Finally recall that the correspondence F:P—2% is said to be
continuous if and only if it is u.s.c. and ls.c.

With all these preliminaries out of the way we can now turn to the
statements of the main theorems.

3. The main theorems

Below we now state our main results:

Theorem 3.1. Let (T,1,u) be a complete, finite measure space, P be a metric
space and X be a separable Banach space. Let : T x P—2* be a non-empty
valued, integrably bounded correspondence, such that for each fixed teT,
Y(t,") is qu.s.c. and for each fixed pe P, Y(-,p) has a measurable graph. Then

.fl//(l, -} is q.u.s.c.

Theorem 3.2. Let (T,t,u) be a complete, finite measure space, P be a metric
space and X be a separable Banach space. Let y: T x P—2¥ be a non-empty,
closed, convex valued correspondence such that:

(i) for each fixed te T, y(t,") has a weakly closed graph,*
(ii) for all (t,p)eTxP, Y(t,p)cK(t) where K:T—2* is an integrably
bounded, weakly compact and non-empty valued correspondence.

Then

{W(t,") has a weakly closed graph.
Theorem 3.3. Let (T,t,u) be a complete, finite measure space, X be a
separable Banach space and P be a metric space. Let ¢:T x P—2* be an

integrably bounded set-valued function such that for each fixed teT, ¢(t,-) is
ls.c. and for each fixed pe P, ¢(-,p) has a measurable graph. Then

“By this we mean that if the sequence {p,n=1,2,...} in P converges to peP then
w—Lsy(t,p,)<w(t,p) for each teT.
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[o(z,-) is Ls.c.

Remark 3.1. If in addition to the assumptions of Theorem 3.1, it is assumed
that [¢(t,") is compact valued, then we can conclude that [ (t,7) is us.c.

Remark 3.2. 1If in Theorem 3.1 we add the assumption that (-,) is convex
valued and that for all (¢t,p)e T x P, y(t, p)= K, where K is a weakly compact,
convex, non-empty subset of X, then it follows from Lemma 4.1 (see next
section) that [r(t,-)du(t) is weakly compact valued and we can conclude
that [ry(s,-)du(t) is weakly us.c., ie., the set {peP:{;y(s,p)du(t)cV} is
open in P for every weakly open subset V of X. Hence, from Theorem 3.1 we
can obtain a version of Theorem 4.1 in Yannelis (1988) which does not
require (T,7,u) to be atomless. Note, however, that the measurability
assumption made in Theorem 3.1 is slightly stronger than the one made in
Theorem 4.1 of Yannelis (1988) (recall Lemma 4.4 in the next section).

Remark 3.3. 1t can be easily shown by means of the failure of the
Lyapunov theorem in infinite dimensional spaces that Theorem 3.2 is false
without the convex valuedness of the set-valued function y: T x P—2% [see
Rustichini (1989) for a complete argument]. Hence, the convexity assumption
on the values of i cannot be dropped from the similar result to Theorem 3.2
obtained by Yannelis (1988).

The Corollaries below follow directly from Theorems 3.1, 3.3 and Remark
3.1. They extend some results of Aumann (1965, Theorem 5 and Corollary
5.2) to separable Banach spaces.

Corollary 3.1. Let (T,1,u) be a complete, finite measure space, P be a metric
space and X be a separable Banach space. Let y: T x P—2¥ be an integrably
bounded, non-empty valued correspondence such that for each fixed peP,
Y (-,p) has a measurable graph and for each fixed te T, y(t,) is continuous.
Moreover, suppose that jTt//(t,-)d,u(t) is compact valued. Then

[ (e, )du(t) is continuous.
T

Corollary 3.2. (Lebesgue—Aumann Dominated Convergence Theorem).”> Let
(T,7,u) be a complete, finite measure space and X be a separable Banach
space. Let ¢,.T—-2%X (n=1,2,...) be a sequence of integrably bounded,
nonempty valued correspondence having a measurable graph, such that:

>Compare with Theorem 6.3, in Debreu (1967, p. 366) and with Corollary 3.2 in Yannelis
(1989) where different notions of convergence of sequences of set-valued functions were used..

JMath- D
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(i) Foralln(n=1,2,...), ¢, (t)cKu—ae., where K is a compact, non-empty
subset of X, and
(ii) P )—P()p—ae.

Then
§ #a(0) d#(t)—wlifb(t) dpu(?).

T

Moreover, if ¢(-) is convex valued then

id%.(t) du(t)—>£¢(t) du(?).

4. Proof of the main theorems
4.1. Lemmata

For the proof of our main results we will need some preparatory lemmata.

Lemma 4.1. Let (T,t,u) be a finite measure space and X be a Banach space.
Let ¢: T—2% be a set-valued function satisfying the following condition:

(i) ¢(t)cKpu—ae., where K is a weakly compact, non-empty subset of X.
Then

cl | Gom (1) dp(t) = | conb(t) du(o).
T T

Proof. Let K=conK. Note that K is weakly compact, [see Dunford and
Schwartz (1958, Theorem 4, p. 434)] non-empty and convex. Hence, from
Diestel’s theorem [Diestel (1977, Theorem 2)] we have that Sz is weakly
compact in L, (u, X). Since con¢(-) is norm closed and convex valued so is
Sane- It is a consequence of the Separation Theorem that the weak and norm
topologies coincide on closed convex sets. Hence, Sg;, is weakly closed.
Since S, <=Sg and the latter set is weakly compact we can conclude that
Samne 1s weakly compact. Define the mapping y:L,(u, X)—»X by y(x)=
{rx(tydu(r). Certainly y is linear and norm continuous. It follows from
Theorem 15 in Dunford and Schwartz (1958, p. 422) that y is also weakly
continuous. Therefore, y(Sagny)={y(x):x€Sa,}=frcong(r)du(r) is weakly
compact, and we can conclude that cl [ cone(f)du(r)=[rcon¢(s). This
completes the proof of Lemma 4.1.

Notice that the above proof of Lemma 4.1 showed that {,con¢(t)du(t) is
weakly compact. Hence, Lemma 4.1 may be seen as the infinite dimensional
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extension of Theorem 4 of Aumann (1965). Also, note that Datko (1973) and
Khan (1985) showed that if (T,7,u) is assumed to be atomless then the
conclusion of Lemma 4.1 can be strengthened to cl§¢= fconé.

The result below is an infinite dimensional Li version of the Fatou Lemma
for the set of all integrable selections from a correspondence.

Lemma 4.2. Let (T,t,u) be a complete, finite measure space and X be a
separable Banach space. Let ¢,: T—2* (n=1,2...) be a sequence of integrably
bounded set-valued functions having a measurable graph, ie., G, €1® B(X),
Then

SLid’n [ LlS¢n
Proof. See Yannelis (1989, Lemma 5.3).

Lemma 4.3. Let (T,t,p) be a finite measure space and X be a separable
Banach space. Let {f,:n=1,2,...} be a sequence of functions in L,(u, X),1<
p<oo such that f, converges weakly to feL,(u,X). Suppose that for all n
(n=1,2,...), f(t) e F(t) u—a.c., where F: T-2% is a weakly compact, integrably
bounded, non-empty valued correspondence. Then

f(tyeconw—Ls{f ()} u—ae.

Proof. See Yannelis (1989, Corollary 3.1).

Lemma 4.4. Let (T,t,p) be a complete finite measure space and X be a
separable Banach space. Let {F, :n=1,2,...} be a sequence of non-empty
valued and lower measurable correspondences. Then LiF,(-) has a measurable
graph, ie., Gp;p €1® (X).

Proof. First notice that LiF,(-) is closed valued [recall from Kuratowski
(1966, pp. 336-337), that if A, is a sequence of sets, Lid, and LsA, are both
closed sets]. By definition [see Kuratowski (1966, p. 335)], LiF,(t)=
1 fe X:lim,_  dist(f, F,(t)) =0}. Since by assumption the sequence of set-
valued functions F () have a measurable graph and (7,7, ) is a complete
mcasure space, F,(-) are lower measurable. It follows from Himmelberg
(1975, Theorem 3.3, p. 50) that dist(f,F,(t)) is continuous in f and
mcasurable in ¢, ie., dist(-,-) is jointly measurable with respect to the o-
algebra t® B(X). Hence, lim,.  dist(f,F,(t)) is jointly measurable with
respect 1o the g-algebra t® B(X). Notice that
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Grip, = {(t, f)eTx X: lim dist(f, F,(t) = 0}.

n—ow

Since lim,_, , dist(f, F,(t)) is jointly measurable, the set G.;_ belongs to
t®B(X), ie., LiF, has a measurable graph. This completes the proof of
Lemma 4.4.

Remark 4.1. Under the assumptions of Lemma 4.4 LsF,(-) has a measur-
able graph as well. Simply notice that [see Kuratowski (1966, p. 337)]
LsF,(t)={feX: Lidist(f, F,(¢)) =0}.

4.2. Proof of Theorem 3.1

Without loss of generality we may assume throughout the argument that
frdu(r)=1. Let B be the open unit ball in X, and v be a small positive
number. We must show that if {p,;n=1,2,...} is a sequence in P converging
to pe P, then for a suitable n,,

[¥(t,p) du(t) = [W(t,p)dp()+vB for allnzn,.
T T

Define  the  set-valued  function  S§,:P-20%% by  S,(p)=
{xeL,(u,X):x(t)ey(t,p) u—ae.}. Let B and B be the open unit balls in X
and L,(u, X), respectively. We first show that for a suitable ny, Sy(p,)<
S,(p) +vB for all n2n,.

We begin by finding the suitable n,. Since for each fixed te T, y(t,-) is
g.u.s.c. we can find a minimal M, such that

U(t,p,)<ylt,p)+6B forallnzM,, 4.1

where d =v/3u(T).

We now show that M, is a measurable function of ¢. However, first we
make a few observations. By assumption for each fixed p and n,
Gy(.py+s8ET®P(X) and so does (Gy(. ,,+s8)° (Where S° denotes the
complement of the set S). It is easy to see that Gy , N Gy p)+s8)° €ET®
B(X). Therefore, the set

U={(t,X)eTxX:(t,X) €Gy(..py " (Cy(.. pmy+38)°}
belongs to 7 ® B(X).
It follows from the projection theorem [see for instance Debreu (1967,

(3.4), p. 357)] that

projr(U)et.
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Notice that
proj(U)={te T:y(t, p) £ ¥(t, p,) + 6B}
={te T:y(t,p\(¥(t, p,) +0B) # T}

By virtue of the measurability of the above set we can now conclude that M,
is a measurable function of ¢. In particular, simply notice that

{te " M,=m}= () {te T:¥(t.p,) <¥(t,p) + OB}

nzm

A{te TY(t, p- ) £ (1, p) +5B).

We are now in a position to choose the desired n,. Since ¥/(-,-) is integrably
bounded there exists heL(u,R) such that for almost all teT, sup{||x||
:xey(t,p)} < h(r) for each peP.

Choose 8, such that if u(S)<d,, (S=T), then [sh(r)du(t) <v/3. Since M, is
a measurable function of ¢, we can choose n, such that u({te "M, =n,})<
0,. This is the desired n,. Let n=ny, and yeS,(p,). We must show that
yeS,(p)+uB.

By assumption, for each fixed pe P, y(-,p) has a measurable graph and
Y(-,") is non-empty valued. Hence, by the Aumann measurable selection
theorem there exists a measurable function f,:T—X such that
fi)ey(t,p)u—ae. Define the correspondence 0: T—-2% by
0(t) =({y(t)} + B) N y(t, p). It follows from (4.1) that for all te Ty={t: M, <
ne}, 6(t) # . Moreover, 6(-) has a measurable graph. Another application of
the Aumann measurable selection theorem allows us to guarantee the
existence of a measurable function f,:T—X such that f,(r)ef(r)u—ae.
Define f: T—X by

_J i) for t¢T,,
f(t)—{fz(t) for teT,.

Then f(t)ey(t,p)u—ae. and since y(-,') is integrably bounded we can
conclude that feS,(p). If we show that ||/ —y||<v then yeS,(p)+vB and we
will be done. But this is easy to see. We have

Hf—yH=T/IT Hfl(t)—y(t)Hd#(tHTI [1£2(0) = p(0){|duz)

<2 [ he)du()+ [ du(r)
To

T/To



384 N.C. Yannelis, Semicontinuity of the Aumann integral
<20/340u(T)y=2v/3+v/3u(T) W(T)=n0.

This completes the proof of the fact that, if the sequence {p,:n=1,2,...} in
P converges to pe P, then for a suitable n,,

S,(py) =S, (p)+vB for all nzn,. (4.2)

Define now the mapping y: L, (i, X)—X by y(x)= 7 x(t) du(z). It follows from
(4.2) that for all n=n,,

Y(Sy(pa)) = {y(x): x€S,(p,)}

=£ W(t, p,) du(t) = Y(Sy(p) +vB) = (S, (p)) +7(vB)

= ; ¥ (t, p)du(t) +vB.

Hence,

fut.p)d (=, p)du(®y+vB for all n2n,.
T T
ie., fry(t,)du(t) is g.us.c. as was to be shown.

4.3. Proof of Theorem 3.2
We first show that the set-valued function S,: P—2%® % defined by

Sy(p)={xeL (1, X):x(t)ey(t,p) p—ae.},

has a weakly closed graph, ie, if {p,;n=1,2,...} is a sequence in P
converging to pe P, then

w—LsS,(p,)c=S,(p). (4.3)
To this end let xew—LsS,(p,), i.c., there exists x, (k=1,2,...} in L; (4, X)
such that x, converges weakly to xe L (u, X), and x,(t)e(t,p,) p—ae., we
must show that xeS,(p). It follows from Lemma 4.3 that x(t)econw—

Ls{x,(t)} p—a.e. and therefore,

x(tyeconw— Lsyr(t,p,) u—a.e. (4.4)
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Since for each fixed te T, ¥(t,-) has a weakly closed graph we have that

w—Lsy(t,p,) < y(t,p) p—ae. (4.5)
Combining (4.4) and (4.5) and taking into account the fact that ¢ is convex
valued we have that x(t)ey(t,p) u—a.e. Since ¢ is integrably bounded, we

can conclude that xeS,(p). This completes the proof of the fact that S,(-)
has a weakly closed graph. Define the linear mapping

m: Ly (1, X)= X by n(x)=fx(t) du().

It follows from (4.3) that if the sequence {p,;n=1,2,...} in P converges to
pe P, then

m{w— LsS,(p,) = {r(x): xew—LsS,(p,)} =w—Ls { y(t, p,) c (S, (p))
={n(x):xe S, (p)}
=[y(t,p),

ie., fy(t,") has a weakly closed graph as was to be shown.

4.4. Proof of Theorem 3.3
We first show that the set-valued function S,: P—2%*% defined by

Se(p)={yeL (1, X): y(t) € p(t,p) n—ae.}
is Ls.c.
To see this, let {p,:n=1,2,...} be a sequence in P converging to pe P. We

must show that S,(p) = LiS,(p,). Since by assumption for each fixed teT,
o(t,-) is l.s.c. we have that ¢(t, p) < Lig(t, p,) for all te T, and therefore,

Se(P) = SLig(pn)- (4.6)
It follows now from Lemma 4.2 that (4.6) can be written as

S¢ (p)= SLi¢(Pn) < LiSqa(Pn)-

Hence,
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Se(+) is Ls.c.

Define now the mapping y:L,(g, X)>X by y(x)= [7x(¢)du(t). Then y is
linear and norm continuous. Notice that

7(Se(p)={7(x):x€S,(p)} =£¢>(t, p) du(2).

Since S,(-) is Ls.c. so is p(S,), ie., qub(t,-)du(t) is l.s.c. as was to be shown.
This completes the proof of Theorem 3.2.

4.5. Proof of Corollary 3.2

We begin by proving an approximate version of the Fatou Lemma in
infinite dimensions [see also Balder (1988), Khan and Majumdar (1986) and
Yannelis (1988) for w— Ls versions of this Lemma], which may be considered
as an extension of the finite dimensional Fatou-type lemmata obtained in
Aumann (1965), Artstein (1979), Balder (1984), Hildenbrand and Mertens
(1971), Rustichini and Yannelis (1986), and Schmeidler (1970).

Lemma 4.5. Let (T,t,u) be a complete, finite measure space and X be a
separable Banach space. Let ¢,:T—2* (n=1,2,...) be a sequence of non-

empty valued, graph measurable and integrably bounded correspondences,
taking values in a compact, non-empty subset of X. Then

LSid)n(t) du(t) =cl { Lsg,(t) du(®).

Moreover, if Ls¢,( ) is convex valued, then

LSi(bn(t) du(ty= iLsti)n(t) du(r).

Proof. Denote by P the interval [0,1). As in Rustichini and Yannelis (1986)
define the set-valued function : T x P—2% by

®a(t) it 1/(n+1)<p<l/n,
Y(t,p)=< d() V@, (1) If p=1/(n+1),
Ls, (1) if p=0.

It can be easily checked that for each fixed te T, y(t,-) is u.s.c. and that for
each fixed peP, Y(-,p) has a measurable graph [recall Lemma 4.4 and
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Remark 4.1]. Moreover, y is integrably bounded. Hence, y satisfies all the
assumptions of Theorem 3.1. and thus, jTl//(t,-)du(t) is q.us.c. Let now
xeszch),, tydu(t), ie., there exists x, such that llmkﬂC Xp =X,
Xu € f70n () du(t) (k=1,2,...). We wish to show that xeclfy Ls¢,(t) du(t).

Since jT (t,-)du{t) is q.us.c. it follows that if p, converges to 0 then
jT Y(t, p,,) du(r) ch Y (t,0)du(t) +vB for all sufficiently large k. Consequently,
X, € [7¥(t,0) du(t)+vB for all sufficiently large k and therefore,

xeclft//tO)du —cl]Lsd) (O du(n)

as was to be shown. If now Ls¢,() is convex valued (recall that Ls¢,(-) is
closed valued as well) it follows from Lemma 4.1 and the first conclusion of
Lemma 4.5 that

Ls[d),,d,u(t)cclesq,’) du(t)—jLsd) () du(e).

The proof of Lemma 4.5 is now complete.

We are now ready to complete the proof of Corollary 3.2. Notice first that
it follows from Lemma 4.2 that

[Lig, < Lif@,. (4.7)

To see this define the linear mapping 7:L,(u, X)—>X by }'(x)ijx(t) du(t).
Note that y(SL,.%):{y(x):xeSud,n}=jLid),, and hence by virtue of Lemma
4.2 we can conclude that

P(SLig,) =7(LiS,, )= {r(x): XELIS¢ } Llj(j)n

This completes the proof of (4.7). Since by assumption ¢,(t)—¢(t) u—ae., ie.,
¢(t) = Li¢,(t) = Ls¢,(t) u—a.e., it follows from Lemma 4.5 and the expression
(4.7) above that

f¢=[Li¢,=Lifp,=Lsf¢,=cl[Lsp,=clf¢. (4.8)
Therefore,
cl I ¢(t)dp() sz éu(t) du(t) =Ls | §,(t) du(®)
T

1e.,

§ du(t)dpu(t)—cl § (1) dp(2).

T
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If now ¢(-) is convex valued, (4.8) can be written (recall the second
conclusion of Lemma 4.5) as

f¢=(Lip,=Li{$p,=Ls[$,=[Lsp,=[¢.
Thus,

ld)(t) du(t)=Li | ¢,(t) du(t)=Ls | ¢,(t) dp(2),
T T

ie.,

£¢n(l) du(t)—§ (1) du(2),

T

and this completes the proof of Corollary 3.2.
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