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Summary. A mechanismcoalitionally implements a social choice set if any out-
come of the social choice set can be achieved as a coalitional Bayesian Nash
equilibrium of a mechanism and vice versa. We say that a social choice set
is coalitionally implementable if there is a mechanism which coalitionally im-
plements it. Our main theorem proves that a social choice set is coalitionally
implementable if and only if it is interim individually rational, interim efficient,
coalitional Bayesian incentive compatible, and satisfies a coalitional Bayesian
monotonicity condition as well as a closure condition. As an application of our
main result, we show that the private core and the private Shapley value of an
economy with differential information are coalitionally implementable.
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1 Introduction

An economy with differential information consists of a finite set of agents, each of
whom is characterized by a random utility function, a random initial endowment,
a private information set, and a prior (a precise definition can be found in Section
2.1).

The traditional notion which has been adopted in the literature to analyze
trade in a differential information economy is the (Walrasian) rational expecta-
tions equilibrium. One of the criticisms of the above notion is that it does not
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provide a mechanism which describes how the equilibrium prices reflect informa-
tion asymmetries in the economy. To this end we adopt the private core (Yannelis,
1991) and the private value (Krasa and Yannelis, 1994) in order to analyze the
trading procedure in a differential information economy. The private core and
the private value are not fully cooperative in a differential information economy
framework, because within a coalition agents make redistributions of their initial
endowments based on their own private information (without necessarily sharing
it). Hence, despite the fact that coalitions of agents get together and make re-
distributions (the cooperative aspect of the concepts), there is a noncooperative
element in that agents in the coalition bargain using their differential informa-
tion. This noncooperative feature of the private core and the private value results
in allocations which are always coalitionally incentive compatible.1 Moreover,
these concepts provide sensible and reasonable outcomes in situations where
the traditional rational expectations equilibrium fails to do so [for examples of
this effect, see Koutsougeras and Yannelis (1993, pp. 206-207) and Krasa and
Yannelis (1994, pp. 890-892) as well as the Example 3.1 in Section 3 of this
paper].2

The outcomes generated by the private core or value are of interest because
they resemble contracts, and contracts are a common means by which agents
execute trade. In particular, in a contract it is common for agents to make an
agreement ex ante (or interim), which is executed ex-post (for example insur-
ance contracts). The allocation rules we consider, the private core and the private
value, have the following properties that we believe are desirable. First, informa-
tion asymmetries matter and agents benefit from superior information. Second,
optimal contracts (i. e., private core or private value allocations) always exist,
which is not the case for the rational expectations equilibrium. This matches
the observation that contracts are more common than competitive markets in
situations where differential information makes trade difficult.3 In view of these
attractive features that the private core and the private value possess, it is im-
portant to know whether or not they are implementable,i.e., can a game be
constructed whose equilibrium outcomes coincide with the private core or the
private value? This knowledge will enable us not only to understand better the
outcomes that these allocation rules generate but also to distinguish and compare
them from the traditional (Walrasian) rational expectations equilibrium.

Our implementation results indicate that indeed information asymmetries mat-
ter and the stringent informational conditions needed for the Bayesian Nash im-
plementation of the Walrasian expectations equilibrium (see for example Blume
and Easley, 1990; Palfrey and Srivastava, 1987; Postlewaite and Schmeidler,
1986) are not needed. In particular, Palfrey and Srivastava (1987) have shown
that the core (their core notion is different than the one adopted in this paper) of an
economy with differential information may not be implementable as a Bayesian

1 See Section 2.4 for a precise definition.
2 See also Ichiishi and Radner (1999) and Ichiishi and Sertel (1998) for related core notions.
3 These points are made formally in Example 3.1 of Section 3 where we refer the reader for

further discussion.
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Nash equilibrium.4 However, despite the negative result of Palfrey and Srivastava
(1987), we demonstrate that indeed our private core notion is implementable as
a coalitional (strong) Bayesian Nash equilibrium,i.e., we can construct a game
(mechanism) whose coalitional Bayesian Nash equilibrium outcomes coincide
with the private core. By focusing on the coalitional implementation of a social
choice set, we reconsider the problem of implementation in differential infor-
mation economies studied in a series of papers by Blume and Easley (1987),
Jackson (1991), Palfrey and Srivastava (1986, 1987, 1989), and Postlewaite and
Schmeidler (1986, 1987). To be precise, we say that a mechanismcoalitionally
implements a social choice set if any outcome of the social choice set can be
achieved as a coalitional Bayesian Nash equilibrium of a mechanism, and vice
versa. We say that a social choice set iscoalitionally implementable if there is a
mechanism which coalitionally implements it.

The main purpose of this paper is to show that a social choice set is coali-
tionally implementable if and only if it is interim individually rational, interim
efficient, coalitional Bayesian incentive compatible, and satisfies a coalitional
Bayesian monotonicity condition as well as a closure condition. As an applica-
tion of this result, we show that the private core and the private Shapley value
of an economy with differential information are coalitionally implementable. In
doing so, we build on the incomplete information monotonicity condition of Jack-
son (1991), Palfrey and Srivastava (1987, 1989), and Postlewaite and Schmeidler
(1986), and introduce new concepts. We define a coalitional form of monotonicity
which is appropriate for our model.

Finally, it should be mentioned that we not only examine the problem of
coalitional Bayesian implementation for the first time and provide characteriza-
tion results, but we also make several other advances. First, we are able to address
the incentive compatibility issue in a coalitional way. This is of great impor-
tance because individually incentive compatible contracts may not be necessarily
coalitional incentive compatible Hence, if one considers multilateral contracts,
the individually incentive compatibility may not be sufficient to guarantee that
the contract may be viable. Secondly, we implement the Shapley value without
restricting trade to be bilateral (e. g., Gul, 1989) or to the transferable utility
case (e. g., Winter, 1994). Hence, we also contribute to the literature of finding
ways to rationalize the Shapley value. Thirdly, we offer a new construction of a
mechanism which takes into account coalitional deviations, is not wasteful, and
is feasible.

The paper is organized as follows: In Section 2, we describe the model and
characterize the coalitional implementation. In Sections 3 and 4, we show that
the private core and the private value are coalitionally implementable. Concrete
examples are presented in Section 5. Finally, some concluding remarks are col-
lected in Section 6.

4 That is, one cannot construct a game whose set of Bayesian Nash equilibria coincides with their
core notion.
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2 Coalitional implementation

We begin with some notation and definitions.|A| denotes the number of elements
in the setA. If A is a set, we denote byχA the characteristic function having the
property thatχA(ω) is one if ω ∈ A and it is zero otherwise.\ denotes the set
theoretic subtraction.

2.1 Differential information economies

Below we define the notion of an economy with differential information. Let
(Ω, F , µ) be a probability measure space denoting the states of the world,R�

be an Euclidean space denoting the commodity space andI = {1, 2, . . . , N } be
a finite set of agents. For simplicity, we assume thatΩ = {ω1, ω2, . . . , ωn} is a
finite set of states.5 An economy with differential information is described by
E = {(Xi , ui , Fi , µ, ei ) : i ∈ I }, where

(1) Xi = R�
+ is theconsumption set of agenti ∈ I ,

(2) ui : Ω × R�
+ → R is thestate-dependent utility function of agenti ∈ I ,

(3) Fi is a finite measurable partition ofΩ denoting theprivate information
of agenti ∈ I ,

(4) µ is a probability measure onΩ denoting thecommon prior of each agent,
(5) ei : Ω → R�

++ is anFi -measurable function6 denoting thestate-dependent
initial endowment of agenti ∈ I .

We assume that the structure of the differential information economy is common
knowledge among all agents. We call a set of states an event. An eventEi , which
is an element of the partitionFi , is the largest set of states that agenti cannot
distinguish. LetEi (ω) denote the event ofFi which containsω ∈ Ω. This means
that when the true stateω occurs, agenti knows only that the eventEi (ω) occurs.
Assume thatµ(ω) > 0 for everyω ∈ Ω.

Let LF be the set ofF -measurable functions which mapsΩ to R�
+, LXi

the set ofFi -measurable functions which mapsΩ to R�
+, andLi the set ofFi -

measurable functions which mapsΩ to R�. The conditional expected utility
function of agenti is a functionVi : Ω × LF → R defined by7

Vi (ω, xi ) =
1

µ(Ei (ω))

∑
ω′∈Ei (ω)

ui (ω
′, xi (ω

′))µ(ω′).

An elementx = (xi )i∈I ∈ LX :=
∏

i∈I LXi is called anallocation. The set of
feasible allocations is given byA = {x ∈ LX :

∑
i∈I xi =

∑
i∈I ei }. For each

i , an elementzi ∈ Li with zi = xi − ei is a net trade of agenti . The set of
feasible net trades is given byZ = {z ∈ L :

∑
i∈I zi = 0} whereL =

∏
i∈I Li .

Let Ẑ = {ẑ ∈ ∏
i∈I Yi :

∑
i∈I ẑi = 0}, whereYi = R� for everyi ∈ I . Notice that

the initial endowment vector denoted bye = (ei )i∈I is an element ofLX .
5 One would allow for infinitely many states and infinitely many commodities. We refer the reader

to Hahn and Yannelis (1995) for the details.
6 A function f : Ω → R is Fi -measurable if f (ω) = f (ω′) for everyω, ω′ ∈ Ei ∈ Fi .
7 One could allow agents to have different priors.
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2.2 Coalitional implementation

A social choice set Γ is a subset ofA. A mechanism for an economy with
differential informationE is a pair (M , f ) where M =

∏
i∈I Mi is the set of

messages andf : M → Ẑ is an outcome function. IfM = F with F =
∏

i∈I Fi ,
the mechanism (F , f ) is adirect revelation mechanism. A strategy for agenti is
a functionσi : Fi → Mi . We use the following notation:σ = (σi )i∈I , σ(E (ω)) =
(σi (Ei (ω)))i∈I , f (σ)(ω) = f (σ(E (ω))), E = (Ei )i∈I . For S ⊂ I , σS = (σi )i∈S ,
σ−S = (σi )i �∈S , σS (ES (ω)) = (σi (Ei (ω)))i∈S , σ−S (E−S (ω)) = (σi (Ei (ω)))i �∈S , ES =
(Ei )i∈S .

Definition 2.2.1. A strategy vector σ is a Bayesian Nash equilibrium (BNE) for
the mechanism (M , f ) if for every i ∈ I , for every ω ∈ Ω, and for every strategy
σ′

i : Fi → Mi ,

Vi (ω, ei + fi (σ)) ≥ Vi (ω, ei + fi (σ
′
i , σ−i )).

When agents are allowed to form coalitions, one may define a stronger equilib-
rium concept.

Definition 2.2.2. A strategy vector σ is a coalitional Bayesian Nash equilibrium
(CBNE) for the mechanism (M , f ) if it is not true that there exists a state ω ∈ Ω,
a coalition S ⊂ I , and a strategy σ′

S :
∏

i∈S Fi → ∏
i∈S Mi such that

Vi (ω, ei + fi (σ
′
S , σ−S )) > Vi (ω, ei + fi (σ)), ∀i ∈ S .

In this paper, we consider full implementation which requires that the set of
equilibrium outcomes of the mechanism exactly coincide with the given social
choice set. This does not allow the existence of any undesirable equilibrium
outcome in the mechanism.

Definition 2.2.3. A mechanism (M , f ) coalitionally implements (c-implements)
a social choice set Γ if

(1) For any x ∈ Γ , there exists a coalitional Bayesian Nash equilibrium σ for
(M , f ) such that e + f (σ) = x ,

(2) If σ is a coalitional Bayesian Nash equilibrium for (M , f ), then e +f (σ) ∈ Γ .

A social choice setΓ is coalitionally implementable (c-implementable) if there
is a mechanism (M , f ) which c-implementsΓ . Given a mechanism (M , f ), we
assume that for everyi ∈ I and every strategy vectorσ, there is a strategy
σ′

i for agent i such thatfi (σ′
i , σ−i ) = 0. That is, we restrict attention to such

mechanisms.
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2.3 Interim efficiency and interim individual rationality

A social choice setΓ is interim efficient (IE) if for every x ∈ Γ , there is no
x ′ ∈ A such that for someω ∈ Ω, Vi (ω, x ′

i ) > Vi (ω, xi ) for everyi ∈ I 8 Since for
eachω ∈ Ω, ui (ω, ·) is monotone and continuous, so isVi (ω, ·). Therefore, one
can easily show that the above definition of interim efficiency coincides with that
of a stronger interim efficiency,i.e., a social choice setΓ is interim efficient if for
everyx ∈ Γ , there is nox ′ ∈ A such that for someω ∈ Ω, Vi (ω, x ′

i ) ≥ Vi (ω, xi )
for every i ∈ I with strict inequality for somei ∈ I .

Proposition 2.3.1. If a social choice set Γ is c-implementable by a mechanism
(M , f ) and f : M → Ẑ is onto, then it is IE.

Proof. Suppose, by way of contradiction, that (M , f ) c-implementsΓ but Γ is
not IE. Then, there exists an allocationx = e + z ∈ Γ such that for some state
ω ∈ Ω and for some allocationx ′ = e + z ′ ∈ A,

Vi (ω, ei + z ′
i ) > Vi (ω, ei + zi ),∀i ∈ I .

SinceΓ is c-implementable, we have a CBNEσ such thatf (σ) = z . Becausef
is onto, there is a strategy profileσ′ such thatf (σ′(ω)) = z ′(ω) ∈ Ẑ for every
ω ∈ Ω. Hence, for everyi ∈ I ,

Vi (ω, ei + fi (σ
′)) > Vi (ω, ei + fi (σ)),

a contradiction to the fact thatσ is a CBNE. �

A social choice setΓ is interim individually rational (IIR) if for every x ∈ Γ
and for everyω ∈ Ω, Vi (ω, xi ) ≥ Vi (ω, ei ) holds for everyi ∈ I . One can easily
show that interim individual rationality is a necessary condition for coalitional
implementation. The following result is the counterpart of that by Hurwicz et al.
(1984, Proposition, p. 14).

Proposition 2.3.2. If a social choice set Γ is c-implementable, then it is IIR.

Proof. Suppose (M , f ) c-implementsΓ butΓ is not IR. Then there isx = e+z ∈ Γ
such that there existsω ∈ Ω and i ∈ I such thatVi (ω, xi ) < Vi (ω, ei ). SinceΓ
is c-implementable, we have a CBNEσ such thatf (σ) = z . Since we assume
that for everyi and everyσ, there existsσ′

i such thatf (σ′
i , σ−i ) = 0, we have

Vi (ω, ei + f (σ′
i , σ−i )) > Vi (ω, ei + f (σ)), a contradiction. �

8 Note that our interim efficiency notion is different than usual one (e. g., Holmström-Myerson,
1983) in that we use a weaker quantifier “for someω ∈ Ω.” Due to the private information measur-
ability, our notion is not so strong as it seems and cannot be directly compared with the usual one.
For comparisons of different efficiency notions in differential information economies, see Hahn and
Yannelis (1997).
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2.4 Coalitional Bayesian incentive compatibility

When agents have differential information, arbitrary allocations are not generally
viable. In particular, arbitrary allocations might not be incentive compatible in
the sense that groups of agents may misreport their information without other
agents noticing it, and hence achieve different payoffs. We will show that a
social choice set must satisfy an incentive compatibility criterion in order to be
coalitionally implementable.

An allocationx = e + z ∈ A is coalitionally Bayesian incentive compatible
if it is not true that there exists a coalitionS and statesω∗, ω′ (ω∗ /= ω′) with
ω′ ∈ ⋂

i �∈S Ei (ω∗) such that

1
µ(Ei (ω∗))

∑
ω∈Ei (ω∗)

ui (ω, ei (ω) + zi (ω
′))µ(ω)

>
1

µ(Ei (ω∗))

∑
ω∈Ei (ω∗)

ui (ω, ei (ω) + zi (ω))µ(ω)

for every i ∈ S . In essence, this concept assures that no coalitionS can make
redistributions among themselves in states that the complementary coalition can-
not distinguish, and become better off. In other words, if stateω∗ occurs and
the agents in the coalitionI \ S cannot distinguish between the stateω∗ andω′,
it must be the case that the agents of coalitionS cannot become better off by
announcingω′ instead of the actually occurredω∗. The measurability implies
that ω′ /∈ Ei (ω∗) for every agenti in the coalitionS .

As in Palfrey and Srivastava (1989), adeception for agenti is a function
αi : Fi → Fi . Let α∗

i : Fi → Fi be the truth-telling strategy for agenti . A
deception vectorα = (αi )i∈I is compatible with F if α(ω) :=

⋂
i∈I αi (Ei (ω)) /= ∅

for everyω ∈ Ω. In a direct revelation mechanism, a deception is a strategy such
that for everyω ∈ Ω, agenti reportsαi (Ei (ω)) instead ofEi (ω). Notice that when
σi : Fi → Mi is a strategy andαi is a deception of agenti , their composition
σi ◦ αi : Fi → Mi is also a strategy of agenti .

We use the following notation:E S (ω) =
⋂

i∈S Ei (ω), E−S (ω) =
⋂

i �∈S Ei (ω),
αS (ω) = E S

α (ω) =
⋂

i∈S αi (Ei (ω)), α−S (ω) = E−S
α (ω) =

⋂
i �∈S αi (Ei (ω)), (σ◦α)S =

(σi ◦ αi )i∈S .9 Let z ∈ Z be a feasible net trade. Ifα(ω) /= ∅, let z ◦ α(ω) =
z (α(ω)) = z (ω′) for all ω′ ∈ α(ω), otherwise let (z ◦ α)(ω) = 0. Note that
(z ◦ α)i = zi ◦ α and (z ◦ α∗)(ω) = z (ω). Recall from Lemma 1 of Palfrey and
Srivastava (1989, p. 120) that for everyi ∈ I , if ω′ ∈ Ei (ω), then α(ω′) ⊂
Ei (α(ω)) for every i ∈ I , whereEi (α(ω)) is the event that containsα(ω). In

9 For example, consider the following information structure:

F1 = {{ω1, ω2}, {ω3}}, F2 = {{ω1, ω3}, {ω2}}, F3 = {{ω1}, {ω2}, {ω3}}
Let us define a deceptionα as follows: for everyω, αi (Ei (ω)) = Ei (ω1), ∀i = 1, 2 andα3(E3(ω)) =
E3(ω). Then for the coalitionS = {1, 3}, α∗

S (ω3) = E S (ω3) = {ω3}, α∗
−S (ω3) = E−S (ω3) =

{ω1, ω3}, αS (ω3) = E S
α(ω3) = {ω1}.
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view of this Lemma, we immediately conclude that ifz ∈ Z , thenz ◦ α ∈ Z for
every deceptionα.

Using the notion of deception, we can define coalitional Bayesian incentive
compatibility as follows.

Definition 2.4.1. A social choice set Γ is said to be coalitionally Bayesian incen-
tive compatible (CBIC) if for every x = e + z ∈ Γ , it is not true that there exists
a state ω ∈ Ω, a coalition S ⊂ I , and a deception αS :

∏
i∈S Fi → ∏

i∈S Fi

such that for every i ∈ S ,

Vi (ω, ei + [z ◦ (αS , α∗
−S )]i ) > Vi (ω, xi ),

where e + z ◦ (αS , α∗
−S ) ∈ A.

This notion of incentive compatibility states that it is not possible for any
coalition S to become better off by announcing a false event. Observe that ifS
is a singleton, then the CBIC condition is reduced to standard Bayesian incentive
compatibility. It is straightforward to show (see Theorem 2.4.1 below) that the
coalitional Bayesian incentive compatibility is a necessary condition for coali-
tional implementation,i.e., if a social choice set is implementable as a coalitional
Bayesian Nash equilibrium, then it is coalitionally Bayesian incentive compatible.
Note that this is the counterpart of the standard Bayesian Nash implementation
results (see, for example, Jackson, 1991; Palfrey and Srivastava, 1989; Postle-
waite and Schmeidler, 1986),i.e., if a social choice set is implementable as a
Bayesian Nash equilibrium, then it is Bayesian incentive compatible.

Theorem 2.4.1. If a social choice set Γ is c-implementable, then it is CBIC.

Proof. Let (M , f ) c-implementΓ andx = e + z ∈ Γ . Then there is a CBNEσ∗

with f (σ∗) = z . Now suppose thatx is not CBIC, then there exists a stateω ∈ Ω,
a coalitionS ⊂ I , and a deceptionαS :

∏
i∈S Fi → ∏

i∈S Fi such that for every
i ∈ S ,

Vi (ω, ei + [z ◦ (αS , α∗
−S )]i ) > Vi (ω, xi ),

with e + [z ◦ (αS , α∗
−S )] ∈ A, which is equivalent to

Vi (ω, ei + fi ((σ
∗ ◦ α)S , σ∗

−S )) > Vi (ω, ei + fi (σ
∗)),

a contradiction to the fact thatσ∗ is a CBNE for the mechanism (M , f ). Hence,
Γ is CBIC. �

2.5 Coalitional Bayesian monotonicity

In the literature of Nash implementation with complete information, Maskin
(1977) first recognized that a monotonicity condition is necessary. The Maskin-
type monotonicity condition states the following: Denote the ex post preference
of agenti at the stateω by �i (ω). If the outcomex is in a social choice set
Γ (ω) andx /∈ Γ (ω′) whereω′ �= ω, then there exist an agenti and an outcome
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x ′ such thatx �i (ω) x ′ but x ′ �i (ω′) x (see also Saijo, 1988; Williams, 1986).
In an incomplete information setting, Palfrey and Srivastava (1987, 1989) and
Postlewaite and Schmeidler (1986) introduced a Bayesian monotonicity condi-
tion, which is an extension of that of Maskin (1977). Below we introduce a
coalitional form of Bayesian monotonicity.

Definition 2.5.1. A social choice set Γ satisfies Bayesian monotonicity (BM) if
for every x = e + z ∈ Γ , whenever e + z ◦ α ∈ A \ Γ for α compatible with F ,
there exists a state ω ∈ Ω, an agent i ∈ I , and a net trade z ′ ∈ Z such that
e + z ′ ◦ α ∈ A, e + z ′ ◦ (αi , α

∗
−i ) ∈ A,

(1) Vi (ω, ei + (z ′ ◦ α)i ) > Vi (ω, ei + (z ◦ α)i ), and
(2) Vi (ω′, ei + zi ) ≥ Vi (ω′, ei + [z ′ ◦ (αi , α

∗
−i )]i ), ∀ω′ ∈ Ω.

In our context, Palfrey and Srivastava (1989) require instead of (2) above that:

(2′) Vi (ω′, ei + zi ) ≥ Vi (ω′, ei + [z ′ ◦ (αω
i , α∗

−i )]i ), ∀ω′ ∈ E−i
α (ω),

whereαω
i (Ei ) = αi (Ei (ω)) for everyEi ∈ Fi . Our definition of Bayesian mono-

tonicity is not directly comparable with those of Palfrey and Srivastava (1989)
and Jackson (1991) because of the private information measurability. But if we
impose the private information measurability on their notions, our definition is
the same with that of Jackson (1991) since his conditions must hold for all decep-
tions (including incompatible ones) but incompatible deceptions here make the
first condition violated. However, our definition is stronger than that of Palfrey
and Srivastava (1989) since they require the second condition to hold only for the
states which the other agents collectively report and for the restricted deceptions.
Below we introduce a coalitional form of the above definition.

Definition 2.5.2. A social choice set Γ satisfies coalitional Bayesian monotonic-
ity (CBM) if for every x = e +z ∈ Γ , whenever e +z ◦α ∈ A\Γ for α compatible
with F , there exists a state ω ∈ Ω, a coalition S ⊂ I , and a net trade z ′ ∈ Z
such that e + z ′ ◦ α ∈ A, e + z ′ ◦ (αS , α∗

−S ) ∈ A,

(1) ∀i ∈ S , Vi (ω, ei + (z ′ ◦ α)i ) > Vi (ω, ei + (z ◦ α)i ), and
(2) ∃i ∈ S , Vi (ω′, ei + zi ) ≥ Vi (ω′, ei + [z ′ ◦ (αS , α∗

−S )]i ), ∀ω′ ∈ Ω.

Note that ifS is a singleton, the coalitional Bayesian monotonicity is equivalent
to the Bayesian monotonicity. Since{i} is a coalition, the Bayesian monotonicity
implies the coalitional Bayesian monotonicity but not vice versa. This means that
if an allocation is eliminated by the Bayesian Nash equilibrium criterion, then
it must be excluded by the coalitional Bayesian Nash equilibrium criterion. The
following theorem and its proof shed light on the implications of coalitional
Bayesian monotonicity to the coalitional implementation. It is the coalitional
counterpart of a result in Palfrey and Srivastava (1989, Theorem 2, p. 124).

Theorem 2.5.1. If a social choice set Γ is c-implementable, then it satisfies the
CBM condition.
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Proof. Let (M , f ) c-implementΓ andx = e +z ∈ Γ . Then there exists a CBNEσ
of (M , f ) with f (σ) = z . Assume that for someα compatible withF , e + z ◦ α ∈
A \ Γ . Note thatf (σ ◦ α) = z ◦ α. SinceΓ is c-implementable ande + f (σ ◦ α) =
e +z ◦α ∈ A\Γ , the strategy vectorσ◦α is not a CBNE. Therefore, there exists a
stateω ∈ Ω, a coalitionS ⊂ I , and a strategy vectorσ′

S ∈ ∏
i∈S Fi → ∏

I ∈S Mi

such that for everyi ∈ S , Vi (ω, ei + fi (σ′
S , (σ ◦ α)−S )) > Vi (ω, ei + fi (σ ◦ α)).10

Now for every i ∈ S , define σi by σi (Ei ) = σ′
i (Ei (ω)) for every Ei ∈ Fi

and let z ′ = f (σS , σ−S ). Then sincez ′ ◦ α = f (σ′
S , (σ ◦ α)−S ), it follows that

Vi (ω, ei +(z ′◦α)i ) > Vi (ω, ei +(z ◦α)i ) for everyi ∈ S . Note thatz ′◦(αS , α∗
−S ) =

f (σ′
S , σ−S ). Since σ is a CBNE, the coalitionS with the strategyσ′

S cannot
improve uponσ. That is, there exists somei ∈ S such thatVi (ω′, ei + zi ) =
Vi (ω′, ei + fi (σ)) ≥ Vi (ω′, ei + fi (σ′

S , σ−S )) = Vi (ω′, ei + [z ′ ◦ (αS , α∗
−S )]i ) for

everyω′ ∈ Ω. HenceΓ satisfies the CBM condition. �

2.6 Closure

Denote by
∧

i∈I Fi the finest common coarsening of {Fi : i ∈ I }, i.e., the finest
partition ofΩ which is coarser thanFi for everyi ∈ I . An eventE is said to be
common knowledge at ω if (

∧
i∈I Fi )(ω) ⊂ E where (

∧
i∈I Fi )(ω) is the event

of
∧

i∈I Fi containingω. Notice that (
∧

i∈I Fi )(ω) itself is common knowledge
at ω. We also call

∧
i∈I Fi the common knowledge partition of Ω.

Following Postlewaite and Schmeidler (1986), we definez ∗ to be thecom-
mon knowledge concatenation of {z k ∈ L : k = 1, . . . , m} if z ∗(ω) =∑m

k=1 z k (ω)χE k (ω) where{E k : k = 1, . . . , m} is the common knowledge parti-
tion of Ω. Let {z k ∈ L : k = 1, . . . , m} be a collection of net trades such that
e + z k ∈ Γ . If the common knowledge concatenationz ∗ of {z k : k = 1, . . . , m}
has the property thate + z ∗ ∈ Γ , thenΓ is said to satisfyclosure (C). It turns
out that a c-implementable social choice setΓ satisfies the closure condition as
Lemma below indicates.

Lemma 2.6.1. If a social choice set Γ is c-implementable, then it satisfies the
condition C.

Proof. Suppose that (M , f ) c-implementsΓ . Let {E k : k = 1, . . . , m} be the
common knowledge partition ande + z k ∈ Γ for k = 1, . . . , m. Define z ∗ =∑m

k=1 z k ·χE k . We must show thate+z ∗ ∈ Γ . Let σk be a CBNE such thatf (σk ) =
z k . Then the strategy vectorσ defined byσ(E (ω)) =

∑m
k=1 σk (E (ω))χE k (ω) is

also a CBNE. For otherwise there exists a stateω ∈ Ω, a coalitionS ⊂ I , and
σ′

S :
∏

i∈S Fi → ∏
i∈S Mi such that for everyi ∈ S ,

Vi (ω, ei + fi (σ
′
S , σ−S )) > Vi (ω, ei + fi (σ)),

which is equivalent to

10 Since it does not matter which message agenti ∈ S sends atω′ /∈ Ei (ω), without loss of
generality, we can chooseσ′

S such thatσ′
i (Ei (ω′)) = σ′

i (Ei (ω)) at everyω′ ∈ Ω for all i ∈ S .
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Vi (ω, ei + fi (σ
′
S , σk

−S )) > Vi (ω, ei + fi (σ
k )),

whereω ∈ E k for somek . Thenσk is not a CBNE, a contradiction. Furthermore,
f (σ) = z ∗. SinceΓ is c-implementable,e + z ∗ ∈ Γ . �

2.7 Sufficient conditions for coalitional implementation

In this section, we will show that interim individual rationality, interim efficiency,
coalitional Bayesian incentive compatibility, coalitional Bayesian monotonicity,
and closure are sufficient conditions for coalitional implementation. As in the
previous literature, the proof is constructive. It is an extension of the constructions
in Postlewaite and Schmeidler (1986) and Palfrey and Srivastava (1989), which
allows us to consider deviations by coalitions. It should be noted that, as in
Hurwicz et al. (1984), our mechanism is not wasteful and also maintains the
feasibility of the outcomes out of equilibrium.

Before stating the main theorem, it is worth mentioning the case where there
is only one good in the economy. If there is only one good, the measurability
of allocations implies that the set of interim efficient allocations is equivalent to
the set of feasible allocations. In this case, the initial endowment is the unique
interim efficient and interim individually rational allocation (see footnote 15)
and it is clearly c-implementable. It is enough to consider the mechanism (M , f )
where f (σ) = 0 for every strategy profileσ. Hence, in the theorem below it is
assumed that there is more than one good.

Theorem 2.7.1. Assume that N ≥ 3. If a social choice set Γ is IIR, IE, CBIC,
and satisfies CBM and C, then it is c-implementable.

Proof. Consider the message space of agenti , Mi = {mi = (Ei , z i , ni ) ∈
Fi × Z × N 0 : e + z i ∈ Γ} for every i , whereN 0 = {0, 1, 2, 3, . . .}. Thus every
agenti reports his/her private information eventEi , net trade profilez i = (z i

j )j∈I

of the economy, and a nonnegative integerni . In principle, we can divide the mes-
sage spaceM into two main groups. One is a region where the reported private
information events have nonempty intersection. In this region, the mechanism
designer cannot tell whether someone is lying about his/her private information
event. This region consists ofM 0, M 1, M 4, andM 5 (see below for the definitions
of the regions and outcome function). In the regionM 6 where the reported infor-
mation events have empty intersection, some agent reports a non-zero integer. In
M 6, the mechanism designer knows that some one is lying about his/her private
information event. The outcome function in this region assigns no trade. The
remaining regions areM 2 andM 3. When all agents report the integer zero and
every agent except agent 1 reports the same net trade configuration, the message
belongs to the regionM 2. The mechanism makes agent 1 give away his/her re-
ported endowments to the other agents who will equally share them with each
other. In the regionM 3, where all agents report the integer 0 but the message
does not belong to eitherM 0 or M 2, agent 1 takes the reported endowments of
all the other agents.
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For the former regions (i.e., M 0, M 1, M 4, M 5), more explanation is needed.
First of all, in the regionM 0, every agent agrees on the net trade profile of the
economy and the integer zero, but reports his/her own private information event.
In this case, the outcome function assigns the agreed net trade at the consented
states. In the regionM 1(S ), agents in the coalitionS unanimously report the net
trade profile of the economy and a nonzero integer, but they report their own
private information events. However, the agents in the complementary coalition
use strategies in the same fashion as inM 0. The outcome function assigns the
net trade suggested by the coalitionS at the agreed states inM 11(S ) where some
agent in the coalitionS does not prefer his/her proposed net trade to the net trade
proposed by the complementary coalition at their agreed states. The outcome
function assigns no trade inM 12(S ). In this case, every agent in the coalitionS
prefers the net trade of the coalition at some agreed state of the complementary
coalition. In the regionM 4(S ), agents in the coalitionS use strategies without
unanimity. In the complementary coalition, agents send messages in the same
fashion as inM 0. In this region, the outcome is determined by the “integer
game”, i.e., the agent who has the lowest index among the agents reporting the
highest integer receives the reported endowments of all the other agents. Finally,
the regionM 5 collects all the messages which are not inM 0, M 1, M 2, M 3, M 4

andM 6. In particular, there is no agent who reports the integer zero. As inM 4,
the outcome is determined by the integer game, but there is no tie-breaker of
choosing the agent with the lowest index so that the winners (the agents reporting
the highest number) evenly share the sum of the endowments of the losers.

We now formalize the above discussion. LetS be a nonempty proper coalition
of I and let us writemi = (m1

i , m2
i , m3

i ) for eachi ∈ I . For everyi ∈ I , define
zi [ES ](ω) = zi (ω′) whereω′ ∈ E S ∩ E−S (ω). Define the sets:

M 0 = {m ∈ M : mi = (Ei , z , 0),∀i ∈ I ;
⋂
i∈I

Ei /= ∅},

M 1(S ) = {m ∈ M \ M 0 : mi = (Ei , z ′, n), n /= 0,∀i ∈ S ; mi = (Ei , z , 0),

∀i �∈ S ;
⋂
i∈I

Ei /= ∅},

M 11(S ) = {m ∈ M 1(S ) : ∃i ∈ S , Vi (ω, ei + zi ) ≥ Vi (ω, ei + z ′
i [ES ]),

∀ω ∈ E−S },

M 12(S ) = M 1(S ) \ M 11(S ),

M 1 =
⋃
S

M 1(S ),

M 2 = {m ∈ M : m1 = (E1, z ′, 0);mi = (Ei , z , 0),∀i /= 1},

M 3 = {m ∈ M \ (M 0 ∪ M 2) : m3
i = 0,∀i ∈ I },

M 4(S ) = {m ∈ M \
3⋃

k=0

M k : mi = (Ei , z , 0),∀i /∈ S ;
⋂
i∈I

Ei /= ∅},
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M 4 =
⋃
S

M 4(S ),

M 5 = {m ∈ M \
4⋃

k=0

M k :
⋂
i∈I

m1
i /= ∅},

M 6 = {m ∈ M \ M 3 :
⋂
i∈I

m1
i = ∅}.

Define the outcome functionf : M → Ẑ as follows: For everyi ∈ I ,

fi (m) =




zi (ω), ω ∈ ⋂
i∈I m1

i if m ∈ M 0,
z ′

i (ω), ω ∈ ⋂
i∈I m1

i if m ∈ M 11(S ) for someS ,
0 if m ∈ M 12(S ) for someS ,
e1(ω)/(N − 1), ω ∈ m1

1 if m ∈ M 2, i /= 1,
−e1(ω), ω ∈ m1

1 if m ∈ M 2, i = 1,∑
j/=i ej (ωj ), ωj ∈ m1

j if m ∈ M 3, i = 1,
−ei (ωi ), ωi ∈ m1

i if m ∈ M 3, i /= 1,∑
j/=i ej (ω), ω ∈ ⋂

i∈I m1
i if m ∈ M 4, i = min{k : k ∈ K},

−ei (ω), ω ∈ ⋂
i∈I m1

i if m ∈ M 4, i /= min{k : k ∈ K},
1

|K |
∑

j /∈K ej (ω), ω ∈ ⋂
i∈I m1

i if m ∈ M 5, i ∈ K ,

−ei (ω), ω ∈ ⋂
i∈I m1

i if m ∈ M 5, i /∈ K ,
0 if m ∈ M 6,

whereK = {k ∈ I : m3
k = maxi∈I m3

i }.
Since the mechanism is common knowledge, every agent knows that his/her

(implicitly) reported endowment can be confiscated. Therefore, it is must be
the case that when each agent reports his/her private information (and implic-
itly reports his/her initial endowment), he/she cannot overreport his/her initial
endowment. That is, for everyi ∈ I and everyαi , ei (ω′) ≤ ei (ω) for every
ω′ ∈ m1

i = αi (Ei (ω)) whenω occurs. Sinceei (ω) + z j
i (ω′) ≥ ei (ω′) + z j

i (ω′) ≥ 0
for ω′ ∈ ⋂

i∈I m1
i with m ∈ M 0 ∪ M 1(S ) for someS and for everyi , j ∈ I

when stateω occurs, it follows that the allocations induced by the mechanism
are always positive,i.e., ei (ω) + fi (m) ≥ 0 for every i , every ω and everym.
Furthermore,

∑
i∈i fi (m) = 0 for everym ∈ M . Hence the mechanism is feasible.

By Lemma 2.7.2 below, for everyx = e + z ∈ Γ , we have a CBNEσ for
(M , f ) such thatf (σ) = z . By Lemma 3.7.4 below, we conclude that for every
CBNE strategyσ for (M , f ), e + f (σ) ∈ Γ . HenceΓ is c-implementable. �

Lemma 2.7.2 below establishes that the mechanism of Theorem 2.7.1 satisfies
the first requirement for coalitional implementation (condition (1) of Definition
2.2.3). Lemma 2.7.4 below shows that the mechanism of Theorem 2.7.1 satisfies
the second requirement for coalitional implementation (condition (2) of Definition
2.2.3).

Lemma 2.7.2. For every x = e+z ∈ Γ , let σ be such that σi (Ei (ω)) = (Ei (ω), z , 0)
for all i and for all ω. Then σ is a CBNE for the mechanism (M , f ) and f (σ) = z .
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Proof. See Appendix. �

For the proof of Lemma 2.7.4 we need a result (Lemma 2.7.3) which guarantees
that no CBNE message lies outside of the regionM 0. Indeed, if a message lies
inside the regionM 0, there is no profitable coalitional deviation. Moreover, if
a message lies outside of the regionM 0, there is always a profitable coalitional
deviation.

Lemma 2.7.3. If σ is a CBNE for (M , f ), then σ(E (ω)) ∈ M 0 for all ω ∈ Ω.

Proof. See Appendix. �

Although all agents do not truthfully report their private information events, the
equilibrium still belongs to the social choice set as long as they agree on the net
trade configuration and the integer zero.

Lemma 2.7.4. If σ is a CBNE for (M , f ), then e + f (σ) ∈ Γ .

Proof. See Appendix. �
Remark 2.7.1. If there is only one agent in the economy, the initial endowment
is the unique feasible allocation, which is trivially c-implementable. Assume that
N = 2 and that the initial endowment is not interim efficient. If a social choice
setΓ is IR, IE, CBIC, and satisfies CBM and C, then it is c-implementable. The
proof of Theorem 2.7.1 can be modified as follows. The mechanismf assigns
the same net trade as before except onM 2, wheref assigns no trade. Thus, there
is no profitable deviation fromM 0 to M 2 and there is a profitable deviation from
M 2 to M 0, since the initial endowment is not Pareto optimal. Note thatM 3 = ∅.
The other arguments continue to hold.

Remark 2.7.2. It should be noted that for the complete information case Dutta and
Sen (1991) provided a strong Nash implementation theorem, which is different
than ours. In particular, they do not require individual rationality. In economic
environments, they identified only the sufficiency conditions for strong Nash im-
plementation. One can substitute the strong Maskin monotonicity condition with
the individual rationality condition and the coalitional monotonicity condition
(which is weaker than the strong Maskin monotonicity) to get a full charateriza-
tion result for strong Nash implementation.

3 Coalitional implementation of the private core

The core notion defined below (see also Yannelis, 1991) does not necessarily
allow agents in a coalition to share their private information. In fact, allowing
agents in a coalition to use either their common knowledge information or their
pooled information, one may face serious problems as Example 3.1 will indicate
(see also Koutsougeras and Yannelis, 1993, Section 5). More importantly, how-
ever, we will show in Section 5 that a core notion which allows for pooling of
information may not be c-implementable.
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Definition 3.1. An allocation x ∈ A is an (ex ante) private core allocation of
the economy with differential information E if it is not true that there exists a
coalition S ⊂ I and (yi )i∈S ∈ ∏

i∈S LXi such that

(1)
∑

i∈S yi =
∑

i∈S ei , and
(2) for every i ∈ S ,∑

ω∈Ω

ui (ω, yi (ω))µ(ω) >
∑
ω∈Ω

ui (ω, xi (ω))µ(ω).

The (ex ante) private core is the set of all ex ante private core allocations for
E .

Definition 3.2. An allocation x ∈ A is an (interim) private core allocation of
the economy with differential information E if it is not true that there exists a
state ω ∈ Ω, a coalition S ⊂ I , and (yi )i∈S ∈ ∏

i∈S LXi such that

(1)
∑

i∈S yi =
∑

i∈S ei , and
(2) for every i ∈ S , Vi (ω, yi ) > Vi (ω, xi ).

The (interim) private core is the set of all interim private core allocations for
E and it is denoted by C (E ).

The only difference between the two above concepts is that agents in the ex
ante private core use their ex ante expected utility functions and in the interim
private core, their interim expected utility functions. The example below will
illustrate that despite the fact that they have the same properties, i. e., they are
coalitional incentive compatible and they take into account the informational
superiority of an individual, they may be different.

Example 3.1. Consider an economy with differential information with three
agents, one good, and three states (i.e., Ω = {ω1, ω2, ω3}) with equal probability
(i.e., µ({ω}) = 1/3 for everyω ∈ Ω), where utility functions, initial endowment,
and private information sets are given as follows:

u1(ω, x ) =
√

x , e1 = (10, 10, 0), F1 = {{ω1, ω2}, {ω3}},
u2(ω, x ) =

√
x , e2 = (10, 0, 10), F2 = {{ω1, ω3}, {ω2}},

u3(ω, x ) =
√

x , e3 = (0, 0, 0), F3 = {{ω1}, {ω2}, {ω3}}.

It can be shown that the allocationx∗ = (x1, x2, x3) is in the ex ante private core
where

x∗
1 = (8, 8, 2), x∗

2 = (8, 2, 8), x∗
3 = (4, 0, 0). (3.1)

In the above example, agents 1 and 2 cannot undertake any risk sharing among
themselves (the trades between agents 1 and 2 are state independent and these
trades do not make them better off) without agent 3. Since agent 3 has superior
information, she acts as an intermediary who executes the correct trades (makes
a Pareto improvement) and as a consequence gets rewarded for this service.

It should be noted that the allocation (3.1) in the ex ante private core is
entirely different than that of any traditional rational expectations equilibrium
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(REE). Indeed, in any REE, agent 3 gets zero because his/her budget set is
zero in each state. However, in any ex ante private core allocation, agent 3 gets
positive consumption11 in stateω1. It follows that agent 3 plays the role of an
intermediary who makes a Pareto improvement for the economy as a whole and
he/she gets rewarded for this. It is important to note that if the private information
of agent 3 isF ′

3 = {{ω1, ω2, ω3}}, then agent 3 gets (0, 0, 0) and in this case the
initial endowment is the unique ex ante private core allocation. Hence, contrary
to the REE,12 changes in the private information of an agent have effects on the
resulting ex ante private core.13

Suppose now that agents 1 and 2 pool their information to obtain the alloca-
tion:

x∗
1 = x∗

2 = (10, 5, 5), x∗
3 = (0, 0, 0).

However, such a contract may not be viable because the above allocation is not
incentive compatible. Simply notice that agent 1 becomes better off by reporting
stateω3 if stateω1 occurs and agent 2 cannot distinguishω1 from ω3. Using the
same reasoning, one can easily see that agent 2 has an incentive to reportω2

whenever stateω1 occurs and agent 1 cannot detect his because he/she is not
able to distinguishω1 from ω2. Hence, pooling of information violates coalitional
incentive compatibility (see also Example 5.1 in Section 5).

Finally, notice that the initial endowment is theunique interim private core
allocation14 and it is not in the ex ante private core since the initial endowment
is blocked by the grand coalition with the allocationx∗ given by (3.1).

In the next example, we have an interim private core allocation which is
not the initial endowment. Hence, the example below indicates that an interim
private core allocation exists.

Example 3.2. Consider an economy with differential information with two agents,
two goods (i.e., x1, x2), and three equally probable states, where utility functions,

11 This can be proved as follows: Suppose not and letx be an ex ante private core allocation such
that agent 3’s consumption at stateω1 is zero. Sincex ∈ A, x3 = (0, 0, 0) andx1 − e1 = −(x2 − e2).
Sincexi − ei is Fi -measurable fori = 1, 2, xi − ei is (F1 ∧ F2)-measurable fori = 1, 2. Note that
F1 ∧ F2 = {{ω1, ω2, ω3}}. Therefore,x1 − e1 = (c, c, c) and x2 − e2 = (−c, −c, −c) for some
c ∈ R. If c < 0, agent 1 blocksx sincex1 < e1. If c > 0, agent 2 blocksx for the same reason.
Thus x = e. However, the grand coalition with the allocation given in the above Example blocks
x = e, a contradiction.

12 Notice that by changing the private information of agent 3 fromF3 = {{ω1}, {ω2}, {ω3}} to
F ′

3 = {{ω1, ω2, ω3}}, the REE does not affect the consumption of agent 3,i.e., he/she always gets
zero since his/her budget set is zero in every state.

13 Similar examples can be constructed for the interim private core, the ex ante private value, and
the interim private value (see also Krasa and Yannelis, 1994, Section 4).

14 In an economy with one good per state,i.e., the interim private core is the initial endowment.
First, notice that the initial endowment is in the interim private core. Otherwise, there exists a state
ω, a coalitionS , and (yi )i∈S such that

∑
i∈S

yi =
∑

i∈S
ei and Vi (ω, yi ) > Vi (ω, ei ) for every

i ∈ S . Since there is only one good, by monotonicity and measurability, we haveyi (ω) > ei (ω) for
every i ∈ S , a contradiction. If there is another interim private core allocationx /= e, the feasibility
implies that there is an agenti ∈ I such thatei (ω) > xi (ω) for someω ∈ Ω. Since there is only
one good,Vi (ω, ei ) > Vi (ω, xi ) by measurability and monotonicity. This implies that this agent is a
blocking coalition againstx at ω, a contradiction.
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random initial endowments, and private information structures are given as fol-
lows:

u1(ω, x1, x2) =
√

x1x2, ∀ω e1 = ((3, 1), (3, 1), (5, 3)), F1 = {{ω1, ω2}, {ω3}},

u2(ω, x1, x2) =
√

x1x2, ∀ω, e2 = ((1, 3), (3, 5), (3, 5)), F2 = {{ω1}, {ω2, ω3}}.

The allocation

x∗ = (x∗
1 , x∗

2 ) = (((2, 2), (2, 2), (4, 4)), ((2, 2), (4, 4), (4, 4)))

is the unique interim private core allocation which is different from the initial
endowment.

In order to show that the interim private core is c-implementable, we will
need some Lemmata.

Lemma 3.1. The interim private core C (E ) is IIR and IE.

Proof. It is immediate from the definition. �
Lemma 3.2. The interim private core C (E ) satisfies the CBM condition.

Proof. Let x = e + z ∈ C (E ) and e + z ◦ α ∈ A \ C (E ). We must show that
there exists a stateω∗ ∈ Ω, a coalitionS ⊂ I , and a net tradez ′ ∈ Z such that
e + z ′ ◦ α ∈ A, e + z ′ ◦ (αS , α∗

−S ) ∈ A,

(a) for everyi ∈ S , Vi (ω∗, ei + (z ′ ◦ α)i ) > Vi (ω∗, ei + (z ◦ α)i ), and
(b) for somei ∈ S , Vi (ω′, ei + zi ) ≥ Vi (ω′, ei + [z ′ ◦ (αS , α∗

−S )]i ) for all ω′ ∈ Ω.

Sincee + z ◦ α /∈ C (E ), there exists a stateω∗ ∈ Ω, a coalitionS ⊂ I , and
z ∗ ∈ Z such that

∑
i∈S z ∗

i = 0 and for everyi ∈ S ,

Vi (ω
∗, ei + z ∗

i ) > Vi (ω
∗, ei + (z ◦ α)i ). (3.2)

Now definez ′ = (z ′
i )i∈I ∈ Z by

z ′
i (ω′) =

{
z ∗

i (ω∗) if ω′ ∈ (
∧

i∈I Fi )(α(ω∗)),
0 otherwise.

Thene + z ′ ◦ α ∈ A and (z ′ ◦ α)i (ω∗) = z ∗
i (ω∗) for every i ∈ S . Thus, it follows

from (3.2) that for everyi ∈ S ,

Vi (ω
∗, ei + (z ′ ◦ α)i ) > Vi (ω

∗, ei + (z ◦ α)i ).

Thus, condition (a) holds.
Also note that for everyω′ ∈ Ω,

[z ′ ◦ (αS , α∗
−S )](ω′) =

{
z ∗(ω∗), if E S

α (ω′) ⊂ (
∧

i∈I Fi )(α(ω∗)),
0, otherwise,

which implies thate + z ′ ◦ (αS , α∗
−S ) ∈ A. Sincee + z ∈ C (E ), it must be the

case that for somei ∈ S ,
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Vi (ω
′, ei + zi ) ≥ Vi (ω

′, ei + [z ′ ◦ (αS , α∗
−S )]i ), ∀ω′ ∈ Ω.15 (3.3)

Hence condition (b) holds, and this completes the proof of the Lemma. �
Lemma 3.3. The interim private core C (E ) is CBIC.

Proof. Let x = e + z ∈ C (E ) and suppose thatx is not CBIC. Then there exists
a stateω ∈ Ω, a coalitionS , and a deceptionαS :

∏
i∈S Fi → ∏

i∈S Fi such
that (αS , α∗

−S ) is compatible withF and for everyi ∈ S ,

Vi (ω, ei + [z ◦ (αS , α∗
−S )]i ) > Vi (ω, xi ),

wheree + z ◦ (αS , α∗
−S ) ∈ A. Since for everyω′ ∈ E S

α (ω)
⋂

E−S (ω) it holds that
zi (ω′) = zi (ω), i.e., [(z ◦ (αS , α∗

−S )]i (ω) = zi (ω) for every i /∈ S , it must be the
case that for everyi /∈ S ,

Vi (ω, ei + [z ◦ (αS , α∗
−S )]i ) = Vi (ω, xi ). (3.4)

SinceVi (ω, ·) is continuous for everyi ∈ I , there exists anε > 0 such that for
every i ∈ S ,

Vi (ω, ei + [z ◦ (αS , α∗
−S )]i − ε · 1) > Vi (ω, xi ). (3.5)

Now definex ′ = (x ′
i )i∈I by

x ′
i =

{
ei + [z ◦ (αS , α∗

−S )]i − ε · 1 if i ∈ S ,

ei + [z ◦ (αS , α∗
−S )]i + |S |

|I \S | ε · 1 if i /∈ S .

Note that x ′
i is Fi -measurable andx ′ is a feasible allocation sincee + z ◦

(αS , α∗
−S ) ∈ A. However, (3.5) implies thatVi (ω, x ′

i ) > Vi (ω, xi ) for ev-
ery i ∈ S . BecauseVi (ω, ·) is monotone for everyi ∈ I , (3.4) implies that
Vi (ω, x ′

i ) > Vi (ω, xi ) for every i /∈ S , a contradiction to the fact thatx ∈ C (E ).
�

Lemma 3.4. The interim private core C (E ) satisfies the condition C.

Proof. Let {E k : k = 1, . . . , m} be the common knowledge partition ande +
z k ∈ C (E ) for k = 1, . . . , m. Define z ∗ =

∑m
i=1 z k · χE k . Suppose, by way of

contradiction, thate + z ∗ /∈ C (E ). Then there exists a stateω, a coalitionS ⊂ I ,
andxS ∈ ∏

i∈S LXi such that
∑

i∈S xi =
∑

i∈S ei and for everyi ∈ S ,

Vi (ω, xi ) > Vi (ω, ei + z ∗
i ),

which is equivalent to
Vi (ω, xi ) > Vi (ω, ei + z k

i ),

whereω ∈ E k for somek . Thene + z k is not an interim private core allocation,
a contradiction. �

15 For if (3.3) does not hold, then there is a stateω ∈ Ω such thatVi (ω, ei + [z ′ ◦ (αS , α∗
−S )]i ) >

Vi (ω, ei + zi ) for every i ∈ I , a contradiction to the fact thate + z ∈ C (E ).
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Theorem 3.5. If N ≥ 3, the interim private core C (E ) is c-implementable.

Proof. By Lemmata 3.1 - 3.4, the interim private coreC (E ) is IIR, IE, CBIC,
and satisfies CBM and C. Thus, by virtue of Theorem 2.7.1, we can conclude
that the interim private core is c-implementable. �
Note that when there are two agents in the economy and the initial endowment
is not interim efficient, the interim private coreC (E ) is implementable.

4 Coalitional implementation of the private value

As is the case with the private core notions defined above, the private value (see
also Krasa and Yannelis, 1994) does not necessarily allow agents to share their
private information. The problems that arise whenever coalitions of agents either
pool their information or use their common knowledge information are discussed
in Krasa and Yannelis (1994, 1996).

We introduce an interim version of a private value allocation. For each econ-
omy with differential informationE , for each stateω ∈ Ω, and for each set of
weights{λi (ω) : i ∈ I }, we can now associate a TU-gameG = (I , W ) according
to the following rule: For eachω ∈ Ω and eachS ⊂ I , let

W (ω, S ) = max

{∑
i∈S

λi (ω)Vi (ω, xi ) :
∑
i∈S

xi =
∑
i∈S

ei ; xi ∈ LXi

}
. (4.1)

The interim Shapley value of the TU-gameG = (I , W ) is a rule which assigns
to each agenti a payoffΨi (ω, W ) at each stateω, which is given by:

Ψi (ω, W ) =
∑

S⊂I ,S	i

(|S | − 1)!(N − |S |)!
N !

[W (ω, S ) − W (ω, S \ {i})].

Note that the interim Shapley value is individually rational and Pareto opti-
mal, i.e., Ψ (ω, W ) ≥ W (ω, {i}) for every ω ∈ Ω and for everyi ∈ I , and∑

i∈I Ψ (ω, W ) = W (ω, I ) for everyω.

Definition 4.1. An allocation x ∈ A is an (interim) private value allocation
of the economy with differential information E if for every ω ∈ Ω, there exist
λ(ω) = (λi (ω))i∈I ∈ RN

+ \ {0} such that for each i ∈ I ,

λi (ω)Vi (ω, xi ) = Ψi (ω, W ),

where Ψi (ω, W ) is the interim Shapley value derived from the TU-game G =
(I , W ) defined by (4.1). The interim private value is the set of all interim private
value allocations for E and it is denoted by V (E ).

Theorem 4.1. If N ≥ 3 and λ � 0, then the interim value V (E ) is c-
implementable.
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Proof. Since the interim private valueV (E ) is IIR, IE, CBIC, and satisfies CBM
and C (see Hahn and Yannelis, 1995, for the details), Theorem 2.7.1 implies that
the interim private value is c-implementable. �
Similarly with the interim private core, if there are two agents in the economy
and the initial endowment is not interim efficient, the interim valueV (E ) with
λ � 0 is c-implementable.

5 Examples of non-c-implementation

According to Palfreya and Srivastava (1987), the rational expectations equilib-
rium (REE) social choice set is Bayesian Nash implementable but neither the
interim efficient social choice set nor the interim core is Bayesian Nash im-
plementable because neither one satisfies the Bayesian monotonicity condition.
Note that Palfrey and Srivastava define an interim efficiency notion without
information sharing at all and the initial endowment of each agentei is not
Fi -measurable. Hence their core notion is quite different than ours and one can
easily show that it is not c-implementable. Also, one can construct examples to
show that the interim private core is not Bayesian Nash implementable. We show
below that the interim fine core (which allows for information pooling within a
coalition) is not c-implementable.

Definition 5.1. A feasible allocation x with xi being
∨

i∈I Fi -measurable for
every i ∈ I is an interim fine core allocation of the economy with differential
information E if it is not true that there exist a state ω ∈ Ω, a coalition S ⊂ I , and
(yi )i∈S such that yi is

∨
i∈S Fi -measurable for every i ∈ S ,

∑
i∈S yi =

∑
i∈S ei ,

and Vi (ω, yi ) > Vi (ω, xi ) for every i ∈ S .

The above core concept is different from the (interim) private core in that agents
in a coalition now are allowed to pool their information instead of making redis-
tributions based on their individual private information only (as the private core
requires). This notion is analogous to fine core notion of Wilson (1978) (see also
Srivastava, 1984a, b; Yannelis, 1991). The interim fine core and the interim fine
value need not be c-implementable because they violate the CBIC condition as
the following example indicates.

Example 5.1. Consider an economy with differential information with three
agents, two goods (i.e., x1, x2), and three equally probable states, where util-
ity functions, random initial endowments, and private information sets are given
as follows:

u1(ω, x1, x2) =
√

x1x2, e1 = ((7, 1), (7, 1), (4, 1)), F1 = {{ω1, ω2}, {ω3}},

u2(ω, x1, x2) =
√

x1x2, e2 = ((7, 1), (7, 1), (4, 1)), F2 = {{ω1, ω2}, {ω3}},

u3(ω, x1, x2) =
√

x1x2, e3 = ((1, 10), (1, 7), (1, 7)), F3 = {{ω1}, {ω2, ω3}}.

The allocationx∗ = (x∗
1 , x∗

2 , x∗
3 ) with
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x∗
1 = ((33/8, 33/10), (13/3, 13/5), (5/2, 5/2))

x∗
2 = ((33/8, 33/10), (13/3, 13/5), (5/2, 5/2))

x∗
3 = ((54/8, 54/10), (19/3, 19/5), (4, 4))

is an interim fine core allocation. But it is not CBIC. To see this, suppose that
ω2 is realized and letz ∗ = x∗ − e. Consider the coalitionS = {1, 2} and the
deceptionαi (Ei (ω)) = {ω3} for everyω ∈ Ω and for i ∈ S . Since

Vi (ω2, ei + [z ∗ ◦ (αS , α∗
−S )]i ) > Vi (ω2, x∗

i )

for i ∈ S , it follows that x∗ is not CBIC. Therefore, the interim fine core is not
c-implementable.16

We will show that the fine core allocation in Example 5.1 is also a fully re-
vealing REE allocation17 which in turn violates the CBIC condition and therefore
it is not c-implementable: Consider the same economy and the same allocation
x∗ as in Example 5.1. The price-allocation pair (p∗, x∗) = (p∗, x∗

1 , x∗
2 , x∗

3 ) with
p∗ = ((4/5, 1), (3/5, 1), (1, 1)) constitutes a fully revealing rational expectations
equilibrium. However, since the allocationx∗ is not CBIC as it is shown in Exam-
ple 5.1, we can conclude that the set of REE allocations is not c-implementable.
It should be noted that one cannot c-implement the ex ante private core because
such allocation rules are not necessarily interim individually rational.

Finally, one may wonder as to whether or not an extension of the coalition-
proof Nash equilibrium concept to differential information economies can be
adopted here instead of the coalitional Bayesian Nash equilibrium concept. The
answer is no because such a concept will yield outcomes which are not necessarily
interim efficient.

6 Conclusions

We introduced the idea of coalitional Bayesian implementation with the main
objective to examine solution concepts that the standard Bayesian Nash imple-
mentation literature does not cover. In particular, we presented necessary and
sufficient conditions for the coalitional implementation of a social choice set,
and as a consequence of this, we showed that the private core and private value
are indeed coalitionally implementable.

It is important to note that our c-implementation results do not rule out
information asymmetries,i.e., an agent who has superior information that is useful
to the rest of the economy will be rewarded. This is in sharp contrast with the

16 A similar example can be constructed for the interim private value allocation (see Hahn and
Yannelis (1995) for the details).

17 When prices and allocations are (
∨

i∈I
Fi )-measurable, one can define the notion of a

(
∨

i∈I
Fi )-revealing REE and it can be easily checked (the proof is similar to that of Debreu-

Scarf) that the set of (
∨

i∈I
Fi )-revealing REE allocations is contained in the fine core. A related

result has been proved by Srivastava (1984b).
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Bayesian Nash implementation results of the rational expectations equilibrium,
where the stringent informational assumptions rule out information asymmetries.

It should be emphasized that the idea of coalitional Bayesian implemen-
tation is quite natural for resource allocation concepts because the outcomes
that the game generates are always interim efficient, contrary to the standard
Bayesian Nash implementation. Moreover, the assumptions needed for the c-
implementation of our solution concepts are quite attractive from a normative
viewpoint.

Finally our results support the conjectures and findings of Wilson (1978),
Srivastava (1984a, b), Yannelis (1991), Krasa and Yannelis (1994, 1996), and
Koutsougeras and Yannelis (1993). Specifically, these authors note that some
information sharing (e. g., pooling of information) may not be incentive com-
patible and may also rule out the information superiority of an individual. Our
examples in Section 6 indicate that indeed such core and value notions which
allow for pooling information need not be c-implementable (as is the case for
the REE). In that sense, our main c-implementation theorem is especially useful,
because it not only delineates a set of reasonable and mild conditions which are
necessary and sufficient for c-implementation, but it also enables us to conclude
that the private core and private value do provide a successful alternative to the
(Walrasian) rational expectation equilibrium.

Appendix

Proof of Lemma 2.7.2. First notice thatσ(E (ω)) ∈ M 0 for everyω ∈ Ω. Observe
that f (σ) = z by the definition off . Consider an arbitrary stateω ∈ Ω. Let S be
a coalition deviating from the strategy vectorσ and denote the deviating strategy
of S by σ′

S with σ′
i (Ei (ω)) /= σi (Ei (ω)) andσ′

i (Ei (ω′)) = σi (Ei (ω′)),∀ω′ /∈ Ei (ω)
for every i ∈ S . Let σ′ = (σ′

S , σ−S ).
First, consider a proper coalitionS . Thenσ′(E (ω)) ∈ [

⋃4
k=0 M k ]∪M 6. Notice

that it is impossible thatσ′(E (ω)) ∈ M 5 because no agent reports the integer
zero in M 5. If σ′(E (ω)) ∈ M 0, CBIC of z implies that the coalitionS cannot
misreport to become better off. Ifσ′(E (ω)) ∈ M 11(S ), the definition off and the
property ofVi on this region implies that there exists at least one agent in the
coalition S who cannot become better off by deviating. Ifσ′(E (ω)) ∈ M 12(S ),
or σ′(E (ω)) ∈ M 6, the new outcome is no trade and IIR ofe + z implies that
no agent in the coalitionS can become better off. Ifσ′(E (ω)) ∈ M 2, where
only agent 1 deviates, it is clear that agent 1 becomes worse off. Suppose that
σ′(E (ω)) ∈ M 3, then by the definition off , at least one agent is worse off
since every agent (except agent 1) transfers his/her reported endowment to agent
1. If σ′(E (ω)) ∈ M 4(S ) with |S | ≥ 2, then IIR of z and the monotonicity of
preferences would imply that an agent in the coalitionS who is not the winner
of the “integer game” would be worse off.



Coalitional Bayesian Nash implementation 507

Let S be a grand coalition,i.e., S = I , σ′(E (ω)) ∈ ⋃6
k=0 M k . The interim

efficiency ofe + z implies that every agent in the grand coalition cannot become
better off.

Since no coalitional deviation fromσ is profitable, we conclude thatσ is a
CBNE andf (σ) = z . �
In the argument below, we setσi (Ei (ω)) = (σ1

i (Ei (ω)), σ2
i (Ei (ω)), σ3

i (Ei (ω))).

Proof of Lemma 2.7.3. Suppose, by way of contradiction, thatσ(E (ω)) �∈ M 0

for someω. Let us define ˜σS to be a deviation fromσS by the coalitionS as
follows: For everyi ∈ S ,

σ̃i (Ei (ω)) = (σ1
i (Ei (ω)), σ2

i (Ei (ω)), n∗),

σ̃i (Ei (ω
′)) = σi (Ei (ω

′)),∀ω′ /∈ Ei (ω),

wheren∗ = 1 + max{σ3
i (Ei (ω)) : i ∈ I }. Let σ̃ = (σ̃S , σ−S ). Then there are the

following cases to consider:

(1) Suppose thatσ(E (ω)) ∈ M 11(S ) for someS . Let σi (Ei (ω)) = (Ei , z ′, n) for
every i ∈ S . Observe that 0≤ ei + z ′

i ≤ ∑
i∈I ei for every i ∈ I . Consider

any ω′ ∈ ⋂
i∈I σ1

i (Ei (ω)). Then z ′
i (ω′) <

∑
j/=i ej (ω′) for every i ∈ I .

For, otherwise there is an agentk in I such thatz ′
k (ω′) =

∑
i/=k ei (ω′). By

feasibility,
∑

i/=k z ′
i (ω′) = − ∑

i/=k ei (ω). Sincez ′
i (ω′) + ei (ω′) ≥ 0 for every

i /= k , it follows that z ′
i (ω′) = −ei (ω′) � 0 for everyi /= k , a contradiction

to the IIR ofz ′. Hence, some agenti in I \S will deviate toM 4 ∪M 5 using
the strategy ˜σi to win the integer game and become better off.

(2) Suppose thatσ(E (ω)) ∈ M 12(S ) for someS . Note that
∑

j/=i ej (ω′) � 0
for every i ∈ I and everyω′ ∈ ⋂

j∈I σ1
j (Ej (ω)). Some agenti in I \ S will

deviate toM 4 ∪ M 5 by using strategy ˜σi . For he/she who gets−ei (ω′) at
σ would become the winner of the integer game, obtain

∑
j/=i ej (ω′), and

become better off, since the new message ˜σ(E (ω)) would belong toM 4∪M 5.
(3) Suppose thatσ(E (ω)) ∈ M 2. If

⋂
i∈I Ei /= ∅, then an agenti ∈ I \ {1} will

deviate using the strategy ˜σi . Since the new message ˜σ(E (ω)) belongs to
M 4, he/she wins the integer game and becomes better off. If

⋂
i∈I Ei = ∅,

agent 1 will deviate toM 6 using the strategy ˜σ1 and get no trade.
(4) Suppose thatσ(E (ω)) = (Ei , z i , 0)i∈I ∈ M 3. We first consider the case

where
⋂

i∈I Ei /= ∅. An agenti ∈ I \ {1} will deviate using the strategy ˜σi

to become better off. Since the new message ˜σ(E (ω)) lies in M 4 and he/she
wins the integer game, he/she becomes better off. If

⋂
i∈I Ei = ∅, an agent

i ∈ I \ {1} will deviate using the strategy ˜σi to become better off. Since
the new message ˜σ(E (ω)) lies in M 6 and he/she obtains no trade, he/she
becomes better off.

(5) If σ(E (ω)) ∈ M 4 ∪ M 5, an agenti who is one of the losers in the integer
game will use the strategy ˜σi and become better off. Since the new message
σ̃(E (ω)) lies in M 4 ∪ M 5, agenti becomes the winner of the integer game
and gets

∑
j/=i ej (ω′) � −ei (ω′) for everyω′ ∈ ⋂

j∈I σ1
j (Ej (ω)).
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(6) Suppose thatσ(E (ω)) = (Ei , z i , ni )i∈I ∈ M 6. Fix any agentk such that
σk (Ek (ω)) = (Ek , z k , nk ) with nk /= 0. Then the coalitionS = I \ {k} will
deviate by using the strategy ¯σS such that ¯σi (Ei (ω)) = (Ēi , z̄ i , nk + 1) and
σ̄i (Ei (ω′)) = σi (Ei (ω′)),∀ω′ /∈ Ei (ω) for everyi ∈ S , whereEk ∩[

⋂
i/=k Ēi ] /=

∅ and z̄ i /= z̄ j for somei , j ∈ I \ {k}. Since the new message ¯σ(E (ω)) with
σ̄ = (σ̄S , σ−S ) lies in M 5, the agentk , who is not the winner of the integer
game, gives to the coalitionS his/her reported endowmentek (ω′) � 0
with ω′ ∈ Ek ∩ [

⋂
i/=k Ēi ], which all agents in the coalitionS evenly share.

Therefore, every agent in the coalitionS becomes better off.

From (1) through (6), it follows thatσ is not a CBNE for (M , f ), a contradiction.
�

Proof of Lemma 2.7.4. By Lemma 2.7.3,σ(E (ω)) ∈ M 0 for all ω. SinceΓ
satisfies C, we getσ2

i (Ei (ω)) = z ∗ with e + z ∗ ∈ Γ for every i ∈ I and for
every ω ∈ Ω. Define αi (Ei (ω)) = σ1

i (Ei (ω)) for every i ∈ I . Then it follows
from the definition of the mechanism thatf (σ) = z ∗ ◦ α. We have to show that
e+f (σ) = e+z ∗◦α ∈ Γ . Suppose, by way of contradiction, thate+z ∗◦α ∈ A\Γ .
By CBM, there exists a stateω∗ ∈ Ω, a coalitionS ⊂ I , andz ′ ∈ Z such that
e + z ′ ◦ α ∈ A, e + z ′ ◦ (αS , α∗

−S ) ∈ A,

(1) ∀i ∈ S , Vi (ω∗, ei + (z ′ ◦ α)i ) > Vi (ω∗, ei + (z ∗ ◦ α)i ), and
(2) ∃i ∈ S , Vi (ω′, ei + z ∗

i ) ≥ Vi (ω′, ei + [z ′ ◦ (αS , α∗
−S )]i ), ∀ ω′ ∈ Ω.

If they use the strategyσ′
S with σ′

i (Ei (ω∗)) = (αi (Ei (ω∗)), z ′, 1) andσ′
i (Ei (ω)) =

σi (Ei (ω)),∀ω /∈ Ei (ω∗) for every i ∈ S , by (2) they move fromM 0 to M 11(S ).
Furthermore, sincef (σ′

S , σ−S ) = z ′ ◦ α, (1) implies that every agenti ∈ S
becomes better off atω∗, i.e., Vi (ω∗, ei + fi (σ′

S , σ−S )) > Vi (ω∗, ei + fi (σ)), a
contradiction to the fact thatσ is a CBNE for (M , f ). �
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