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We provide some new Caratheodory-type selection theorems, ie., selections for
correspondences of two variables which are continuous with respect to one variable
and measurable with respect to the other. These results generalize simultaneously
Michael’s [21] continuous selection theorem for lower-semicontinuous correspon-
dences as well as a Caratheodory-type selection theorem of Fryszkowski [10]. Ran-
dom fixed point theorems (which generalize ordinary fixed point theorems, e.g.,
Browder’s [6]) follow as easy corollaries of our results, < 1987 Academic Press, Inc.

1. INTRODUCTION

The two major types of selection theorems are continuous selection
results of Michael-type [21], and measurable selection results of von
Neumann-Aumann-type [1, 8, 19]. Both types of selection theorems have
found important applications in general equilibrium theory as well as in
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other areas of analysis [11, 15, 17, 23, 29, 30, 31]. The present paper is
concerned with so-called Caratheodory-type selections which combine both
measurable and continuous selections via the setting of a product space.
Thus Caratheodory-type selections are selections for correspondences of
two variables which are continuous with respect to one of the variables and
measurable with respect to the other. The main reference for this type of
result appears to be Fryszkowski’'s paper [10], which in turn generalizes
results of Cellina and Castaing [7]. We ourselves have encountered need
for this type of result in [17,31] while studying equilibria in economies
with a measure space of agents.

Our main result (Theorem 3.1) is a simultaneous generalization of
Michael’s continuous selection theorem for lower-semicontinuous
correspondences (Theorem 3.1, [21, p. 368]) as well as of Fryszkowski’s
Theorem I [10, p. 44]. As an application of Theorem 3.1 we obtain a ran-
dom fixed point theorem, Theorem 3.3, which generalizes the fixed point
theorem of Bohnenblust—Karlin [4] as well as a result of Itoh [16]. The
random fixed point theorems, in turn, are generalizations of ordinary fixed
point theorems, ¢.g., Browder’s [6], but only when the underlying space is
separable.

Now, we would like to comment on the relationship between our results
and those of Fryszkowski. We consider the following setting. Let 7 be a
measure space, and X and Y be topological spaces. Let ¢: Tx X —» 2" be a
(possibly empty-valued) correspondence and

U={(t.x)eTxX:$(1, x) # T}

A function f: U— Y such that f(1, x)e ¢(s, x) for all (¢, x)e U, f(-, x) is
measurable for each x and f(¢, ) is continuous for each ¢ is said to be a
Caratheodory-type selection for the correspondence ¢. In the actual results,
ours as well as Fryszkowski’s, it is assumed that 7 is a complete measure
space, X is complete separable metric, and Y is a Banach space. In
addition, Fryszkowski assumes that X is locally compact and U=T x X.
In our view, Fryszkowski’s arguments are somewhat ad hoc. In effect, by
an application of Michael’s continuous selection theorem, he reduces the
problem to an application of the measurable selection theorem of [19] to
an auxiliary correspondence into a function space. This type of argument
cannot be readily adapted to the setting when U is an arbitrary subset of
T x X. Likewise, we do not need the local compactness. By comparison, our
arguments are more direct. To a large extent we simply just mimic
Michael’'s proof. That is, we carry out a “parametrized” version of his
proof, where the parameter ¢ ranges over the measurable space 7. We think
that the details here are far from routine. We need a number of results scat-
tered throughout the literature on measurable selections (Castaing—
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Valadier [8] is especially helpful) as well as some simple ideas of “descrip-
tive set-theoretic” character.

Finally, we suggest that allowing U to be an arbitrary subset of Tx X,
rather than T x X itself, is a significant generalization. We needed this type
of results in [17] and [31] to extend the theory of Nash equilibria,
developed in [9, 11, 13, 14, 20, 22, 24, 26, 29, 30] to the setting of an
arbitrary measure space of agents and an infinite dimensional strategy
space. Moreover, random fixed point theorems also follow as easy
corollaries of this more general version.

In [18] we have proved the Caratheodory-type selection theorem which
we needed in [17]. This result did not require the full strength of Michael’s
methods but only a rather direct argument involving partitions of unity.
The present paper deals primarily with the kinds of situations arising in
applications of the theory of measurable selections in analysis (lower-
semicontinuous closed-valued mappings), see [1, 2, 8]. By contrast, [18]
1s focused on a different and narrower situation which arose in [17].

The paper is organized as follows. Section 2 contains notation and
definitions. Section 3 contains the statements of the main results of the
paper. Several technical lemmata needed for the proof of our main results
are given in Section 4. Finally, Section 5 contains proofs of the main
results.

2. NOTATION AND DEFINITIONS

2.1. Notation

24 the set of all subsets of the set 4,
cl A the closure of the set A4,
\ the set theoretic subtraction,

If ¢: X - 2" is a correspondence then ¢|,: U— 2" denotes
the restriction of ¢ to U,

B(x, €) the open ball centered at x of radius ¢,

diam diameter,
dist distance,
proj projection.

2.2. Definitions

Let X and Y be sets. The graph G, of a correspondence ¢: X — 2" is the
set G,={(x,y)eXxY: yed(x)}. If X and Y are topological spaces,
¢: X =2 is said to be lower semicontinuous (ls.c.) if the set {xeX:
d(x)nV#F} is open in X for every open subset V of Y.

If (X,) and (Y, %) are measurable spaces and ¢: X -2 is a
correspondence, ¢ is said to have a measurable graph if G, belongs to the

409.122:2-7
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product ¢-algebra ¢ @ .4. We are often interested in the sttuation where
(X, (¥) 1s a measurable space, Y is a topological space and # = #(Y) is the
Borel g-algebra of Y. For a correspondence ¢ from a measurable space into
a topological space, if we say that ¢ has a measurable graph, it is
understood that the topological space is endowed with its Borel ¢-algebra
(unless specified otherwise). In the same setting as above, ie., (X, ®) a
measurable space and Y a topological space, ¢ is said to be lower
measurable if

xidx)nV£Gled for every V openin Y.

A continuous selection for a correspondence ¢ between topological spaces
is a function f defined on the set X = {x€e X: ¢(x)# ¢}, continuous on this
set and satisfying f(x)e ¢(x) for xe X.

A measurable selection is defined analogously: if X is as above, we require
f to be measurable on X with respect to the o-algebra of relatively
measurable subsets of X. That is, if (X, X) 1s a measurable space, the
relatively measurable subsets of X are sets of the form X n A, where A€ .
Of main interest is the case when ¥ belongs to ¢ and then, of course, the
relatively measurable subsets of X are just the (ordinary) measurable sub-
sets of .

Let (X, (T) be a measurable space and Y and Z be topological spaces.
Let ¢: X xZ— Y be a (possibly empty-valued) correspondence. Let U=
{x.2)eXxZ: ¢(x,2)# I }. A Caratheodory selection for ¢ is a function
fi U— Y such that f(x, z)e @(x, z); for each xe X, f(x, +) is continuous on
U¥={zeZ: (x,z)e U}, and for each ze Z, f(-, z) is measurable on U_=
{xeX: (x,2)eU}.

If (X,d), (Y, #) and (Z, %) are measurable spaces, U< X x Z and
f: U— Y, we call f jointly measurable if for every Be 8, f ~'(B)=Un A for
some Al @%. It is a standard result that if Z is a separable metric
space, Y is metric and f: X' x Z - Y is such that for each fixed xe X, f(x, *)
is continuous and for each fixed ze Z, f(-, z) is measurable, then f'is jointly
measurable (where #=#(Y), € =4%(Z)) However, when U is a proper
subset of X' x Z, the situation is more delicate. The appropriate result is
stated as Lemma 4.12.

Recall that an open cover # of a topological space X is locally finite if
every x € X has a neighborhood intersecting only finitely many sets in #.
With all these preliminaries out of the way, we can now turn to our main
results.

3. MAIN THEOREMS

The theorem below generalizes the Caratheodory-type selection theorem
of Fryszkowski [10].
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THEOREM 3.1. Let (T, 1, u) be a complete finite measure space, Y be a
separable Banach space and Z be a complete, separable metric space. Let
¢: Tx Z—2" be a convex, closed (possibly empty-) valued correspondence
such that:

(i) ¢(-, -) is lower measurable with respect to the o-algebra 1 ® B(Z)
and

(ii) for each teT, ¢(1, -) is ls.c.

Then there exists a Caratheodory-type selection for ¢. Moreover this selec-
tion is jointly measurable.

THEOREM 3.2. The statement of Theorem 3.1 remains true without closed
valueness of ¢: Tx Z — 27V if either

(1) Y is finite dimensional or

(it)  ¢(1, x) has a nonempty interior for all (1, x)e U.

Let T be any measure space and X be a nonempty subset of any linear
topological space. Let ¢ be a correspondence from Tx X into 2*. The
correspondence ¢ is said to have a random fixed point if there exists a
measurable function x: T'— X such that x(z)e ¢(r, x(¢)) for almost all ¢ in
T. Below we provide a random fixed point theorem. This result generalizes
a theorem of Bohnenblust and Karlin [4]. For other random fixed point
results see [16, 23].

THEOREM 3.3. Let (T, 1, ) be a complete finite measure space, and X be
a nonempty compact convex subset of a separable Banach space Y. Let
¢: Tx X — 2% be a nonempty, convex, closed valued correspondence such
that:
(1) ¢(-, -) is lower measurable and

(i1) for each teT, ¢(t, -) is Ls.c.
Then ¢ has a random fixed point.

THEOREM 3.4. The statement of Theorem 3.3 remains true without closed
valueness of ¢: T x X — 2% if either
(1) Y is finite dimensional or
(i1) ¢(1, x) has a nonempty interior for all (t, x)e Tx X.
Remark 3.1. We wish to comment further on Theorem 3.1. Let U=

{(t, x)e Tx Z: §(¢t, x) # & }. It follows at once from (i) that Ue 1 ® B(Z).
Hence clearly U, et for every xe Z, and by (ii) U’ is open for every te T.
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Assumption (i) can be relaxed to supposing the lower measurability with
respect to the o-algebra of t® #(Z)-relatively measurable subsets of U
together with the hypothesis U et for every xe Z, and Theorem 3.1 still
holds.

Remark 3.2. Theorem 3.4(1) can be seen as a generalization of a version
of a theorem of Gale-Mas-Colell [11] given in Yannelis—Prabhakar [29,
Theorem 3.4].

4. LEMMATA

LEmMMA 4.1 (Aumann). [If (T, t, u) is a complete finite measure space, Y
is a complete, separable metric space, and F: T — 2" is a correspondence with
measurable graph, ie., G.et® B(Y), then there is a measurable function
fiproj G ) — Y such that f(t)e€ F(¢) for all teproj (G p).

Proof. See Aumann [1] or Castaing—Valadier [3].

LemMa 4.2 (Projection theorem). Ler (7,1, 1) be a complete finite
measure space and Y be a complete, separable metric space. If G belongs to
Tt B(Y), its projection proj{G) belongs to t.

Proof. See Theorem IT1.23 in Castaing—Valadier [3].

LemMa 43. Let (T,t) be a measurable space, Z be an arbitrary
topological space, and W,,, n=1, 2,..., be correspondences from T into Z with
measurable graphs. Then the correspondences \J, W, (), N, W,(-) and
Z\W () have measurable graphs.

The proof is obvious.

LemMa 44. Let (T, t, i) be a complete finite measure space, Z be a
complete separable metric space and W: T — 2% be a correspondence with
measurable graph. Then for every xeZ, dist(x, W(-)) is a measurable
Sfunction, where dist(x, &)= +cc.

Proof. First, observe that S={reT: W(t)#¢| belongs to =1
by Lemma42 Now {seS: dist(x, W(s))<i}={seS: W(s)n
B(x, 1) # &} =proj-[Gy n (T x B(x, 2))]. Another application of
Lemma 4.2 concludes the proof.

LemMMA 4.5. Let (T, 1, u) be a complete finite measure space, Z be a
complete separable metric space, and W: T — 2% be a correspondence with
measurable graph. Then the correspondence V: T — 27 defined by

V(t)={xe Z: dist(x, W(1))> 1} (where A is any real number)
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has a measurable graph. The same holds for the correspondence V(t)=
{xe Z: dist(x, W(r)) <4}

Proof. Consider the function g: TxZ — [0, +00] given by g(t, x)=
dist(x, W(r)). By Lemma4.4d, g(-, x) is measurable for each x, and
obviously g(z, -) is continuous for each 1 It is well known that g is
therefore jointly measurable, i.e., measurable with respect to the product
o-algebra 1® #(Z). For this result see, e.g, Lemma II1.14, [3]. Finally,
G,=g ([4 +0]1), hence G, eT1® B(Z).

LemMMa 4.6. Let (T,t) be a measurable space and Z be a separable
metric space. If F: T— 27 is a lower measurable correspondence, then the
correspondence : T — 27 defined by y(t)=cl F(t) has a measurable graph.

Proof. See Himmelberg [12, Theorem 3.37.
Lemvma 4.7, Let (S, ) be a measurable space, X a separable metric

space and W:S—2* a lower measurable correspondence. Then the
correspondence V: S — 2* defined by

V(s)={xeX: dist(x, W(s)) <4},

where 4 is any real number, has a measurable graph with respect to the
o-algebra A @ #B(X).

Proof. We consider the function
g(s, x) = dist(x, W(s)),

where g(s, x})= +oo if W(s)= (. Since W(-) is lower measurable, it
follows at once that g(-, x) is measurable for every fixed x, for
{seS:dist(x, W(s))<i}={seS: W(s)nB(x, 1) #J}

and the latter set belongs to &I by the assumption of lower measurability.
(In particular, {seS: W(s)# &} e(.)

Obviously, for each fixed se S, g(s, -) is continuous. Hence by Lem-
ma I11.14, [8] (or see Lemma 4.12), g is measurable with respect to the
product g-algebra ¢ ® #(X). Finally

{(s,x): xeV(s)} =g "({(—o0, 1)) e X ® A(X), which is the desired result.

LemMma 4.8. Let (S,, ;) for i=1,2, be measurable spaces. S<S,,
Sed,, h:S— S, be a measurable function and A ,® (L. Then

projs,(G,nA)ed,.
Proof. See [18, Lemma 4.4].
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LEMMA 4.9, Let (T,,1,) for i= 1,2, 3, be measurable spaces, v: T\ — T,
he a measurable function and ¢: T, x T, — 2" be a correspondence with
measurable graph, e, G,eT, @1, 15. Let W: T, — 27 pe defined by

W(t)y={xeT, y(t)edlt, x)}.

Then W has a measurable graph, ie., G, e1,®1,.

Proof. See [18, Lemma 4.57.

LemMA 4.10. Ler (T, t) be a measurable space, ST, Set and Y be a
complete, separable metric space. Let ¢: T—2" be a lower measurable
correspondence and f: S — Y be a measurable function. Then the correspon-
dence : T — 27 defined by

Y1) =) (f(1) + B0, &)
is lower measurable. Here we understand that f(t)+ B(0, &)= if t¢ S.

Proof. We must show that {reT: y(1)nU# J} et for every open
subset U of Y. Set (1) = (¢(r) n U)+ B(0, £). Observe that

{teT: () U)n (flt)+ B(0,8))# T}
{teS: f(1)eb(1)} =proj (G, G,).

lteTty(NnU#T}

Since U is open, ¢(t)n U is lower measurable, and since 0(¢)={ye }:
dist(y, ¢(1) " U)<e}, 0(-) has a measurable graph by Lemma 4.7. There-
fore by Lemma 4.8, proj {(G,n G,) e t. Therefore {tre T: y(t)nU#F}e.
This completes the proof of the lemma.

LEmMA 4.11. Ler X, Y be topological spaces and ¢: X — 2, y: X - 27
be nonempty valued 1.s.c. correspondences. Let V be an open entourage for
some uniform structure on Y. Suppose that ¢(x) N V(¥ (x)) # & for all xe X.
Then the correspondence 0: X — 2V defined by 0(x)=¢(x)n V(¥(x)) is ls.c.

Proof.  See Michael [21, Proposition 2.5].
LeEMMA 4.12. Let (T, t) be a measurable space, Z be a separable metric
space, Y be a metric space and U< Tx Z be such that:
(i) for each teT the set U'={xeZ: (t,x)e U} is open in Z and
(ii} for each xe Z the set U .= {teT: (1, x)e U} belongs to 1.

Moreover, let 2 U — Y be such that for each re T, f(¢, -} is continuous
on U’ and for each xe Z, f(-, x} is measurable on U..
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Then f is relatively jointly measurable with respect to the c-algebra
T® B(Z), i.e., for every V open in Y,

{(t,x)eU: f(t,x)eV}=Un4

for some A1 @ #(Z).
Finally, condition (ii) is implied by either one of the following two con-
ditions:
(ii"y UetRHB(Z);
(ii") Z is complete separable metric; for some U'< Tx Z x Z such

that U'et® B(Z)Q B(Z), U=proj,.,(U') and (T, 7) is the underlying
measure space of some complete finite measure space (7, 1, p).

Remark. When U= T x Z the above lemma is standard; see, ¢.g., Lem-
ma II1.14, [8]. The proof from [8] gives even the more general version of
Lemma 4.12 after only minor modifications. We give the details for reader’s
convenience.

Proof. Let x, (n=0,1,2,..) be dense in Z. For p>1 put f(1, x)=
S, x,), for (¢, x) e U, if n is the smallest integer such that xe B(x,, 1/p) and
(1, x,)e U. It is easy to see that f,(1, x)= f(¢, x,) if (1, x) belongs to the set

[an X <B (x lp)\g B (x lp))] NU.

Note that by the hypothesis (ii), U, et

Now, we observe that f, is defined everywhere on U. To see this, let
(1, x)e U. By (i), U' is open. Hence let ¢ > 0 be such that B(x, ¢)< U'. Since
x, (n=0,1,2,.) are dense in Z, there is some n such that
X, € B(x, min(e, 1/p)). Thus x,e U'. Hence xe B(x,, 1/p) and (¢, x,)e U.
Therefore, f,(¢, x) is defined.

We shall now show that 1, is relatively jointly measurable. For this pur-
pose let ¥ be open in Y and set

S,={teU,: f(t,x,)eV}.

Since U, et and f(-, x,,) is measurable on U, it follows that S, et. It is
now easy to see that

A S AR |

Thus f, is relatively jointly measurable.
Since f{(1, -) is continuous on U’, we obtain at once that f,(z, x) con-
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verges to f(z, x} when p approaches infinity. Thus f(z. v) is relatively jointly
measurable. That a limit of relatively jointly measurable functions is
relatively jointly measurable is clear, since relative joint measurability is
just the ordinary measurability with respect to an appropriate g-algebra; in
our case, with respect to the g-algebra of subsets of U which are of the
form Un A where Act® A(Z).

That (ii") implies (ii) is well known and easy to see. Finally let U and U’
be as in (i1") and let xe Z. Set

U'=1{(t y)(t,x y)elU.

Again clearly U"et® %(Z) and it is easy to see that proj(U")=U,.
Hence U.et by Lemma 4.2.

5. PROOF OF THE MAIN THEOREMS

We begin with an approximate Caratheodory-type selection result which
is needed for the proof of Theorem 3.1.

MaIN LemMma 5.1 (Approximate Caratheodory-Type Selection). Ler
(T, 1, 1) be a complete measure space, Y be a separable Banach space and Z
be a complete, separable, metric space. Let ¢: Tx Z — 2" be a convex valued
correspondence (possibly empty) such that

(1) ¢(-, *) is lower measurable and
(it) for each te T, ¢(t, -) is ls.c.

Let U={(t, x)e TxZ: ¢(t,x)# &}, and for each xe X, let U = {teT:
(t,x)e U} and for each teT, let U'={xeZ: (t,x)e U}. Then there exists
an approximate or g-Caratheodory-type Selection from | U, ie., given ¢ >0,
there exists a function f*: U — Y such that f(1, x)e ¢(t, x) + B(0, &), and for
each xe Z, (-, x) is measurable on U, and for each teT, f*(t, -} is con-
tinuous on U'.

Proof. Since Y is separable we may choose {y, . n=1,2,.} to be a
countable dense subset of Y. For each te T and ¢>0, let We(r)={xeZ:
v, €[#(t, x)+ B(0,¢e)]}. It follows from (ii) that for each reT and
n=1,2,., Wi(t)is open in Z. Since for each (1, x) e U, ¢(1, x) # J, the set
{We(t): n=1,2,..} is an open cover of U'. Note that ¢(s, x)+ B(0, &) =
{yeY: dist(y, ¢(1, x))<e}. Setting S=TxZ, X=Y, A=1®H(Z) and
Wi(s)=¢(t, x) for s=(t,x)e S in Lemma 4.7, we conclude that ¢(-, -)+
B(0, &) has a measurable graph. By Lemma 4.9, W¢(-) has a measurable
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graph. This is also easy to see directly. For each m=1, 2,.., define the
operator ( ),, on subsets of Z by
1

(M, = {w e W dist(w, Z\ W) 25,;}
For n=1,2,., let Vi(t)= Wit \UiZ (W), Tt can be easily checked
that {Vi(t): n=1,2,..} is a locally finite open cover of the set U'. Since
W:(-) has a measurable graph, by Lemmata4.3 and 4.5, V*(-) has a
measurable graph. Let {g:(f, x): n=1,2,..} be a partition of unity sub-

ordinated to the open cover {V:(r): n=1,2,.}, for instance, for each
n=1,2,., let

1y = st Z V)
Bl V= S it v, 2V (0)

Then {gi(s, *): n=1,2,..} is a family of continuous functions g'(z, *): U' -
[0, 1] such that gi(s, x})=0 for x¢ Vi(¢) and 3™ , gi(r, x)=1 for all
(t, x)eU. Define fU—Y by f*(t,x)=37"_, gi(t, x) y,. Since {Vi(1):
n=1,2,.} is locally finite, each x has a neighborhood N_ which intersects
only finitely many V%(r). Hence, (s, -) is a finite sum of continuous
functions on N and it is therefore continuous on N . Consequently, /*(1, -)
is a continuous function on U'. Moreover, for any # such that g¢(z, x) >0,
xeVi(tye Wi(ty={zeZ: y,e[d(t,2)+ B(0,¢)]}, e, y,edt x)+
B(0, &). So f*(t, x} is a convex combination of elements from the convex set
@1, x)+ B(0, &). Therefore, f7(1, x) e ¢(t, x) + B(0, ¢) for all (7, x) € U. Since
Vi(-) has a measurable graph, by Lemmata 4.3 and 4.4, dist(x, Z\V%(+)) is
a measurable function for every xe Z. Hence, for each n, x, g°(, x) is a
measurable function. Consequently, f“(-, x) is measurable for each x.
Therefore f* is an approximate or ¢-Caratheodory-type selection from ¢ U.
This completes the proof of the Main Lemma.

Proof of Theorem 3.1. Now, we construct inductively, functions
frU—Y, I=1,2,., such that

(a) fdt, -) is continuous on U’ and fi(-, x) is measurable on U,
(b) S, x)ed(r, x)+ B(0,1/2)), [=1,2,.,
(€) flt,x)efi_i(t, x)+2B(0, 12" 1), [=2,3,...
The existence of f; satisfying (a) and (b) for /=1, is guaranteed by the
Main Lemma 5.1. Suppose that we have f,..., f, satisfying (a), (b), and (c)
for I=1,2,., k. We must find f, , ;: U— Y which satisfies (a), {b), and (c)

for I=k + 1. Now define ¢, . (¢, x)= (1, x) " (fi{t, x) + B(0, 1/2¥)). Then
&, +1(2, x) is nonempty, by the induction hypothesis, and ¢, , (¢, -) is Ls.c.
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by Lemmad4.11. It follows from Lemma4.10 that ¢, (-, ) is lower
measurable. By the Main Lemma 5.1 there exists f, , ,: U — Y such that
Jo (L xYed, (t, x)+ B(0, 121y, But then f,, ,(t,x)e(f (1, x)+
B(0, 1/2%)) + B(0, 1/2* "y <= (fi(t, x) +2B(0, 1/2¥))  which is (c¢) and
it x) €1, x)+ B0, 124 1) which is (b). By (c), {f; [=1,2,..} is
uniformly Cauchy, and therefore converges uniformly to f: U — Y. Since ¢
is closed valued f(1, x) € @(¢, x) for all (¢, x)e U. Furthermore, f(t, ) is con-
tinuous in U’ and f{-, x) is measurable on U,. By Lemma 4.12, f(-, ) is
jointly measurable. This completes the proof of the theorem.

MAIN LEMMA 5.2. Under the conditions of Theorem 3.1 there exists a
countable collection F of Caratheodory-type selections from ¢| U such that
for every (1, x)e U, { f(t, x): fe F} is dense in ¢(1, x).

Proof. Let {E":n=1,2..} be a convex open basis of Y. For each
n=1,2., U={(t,x)eTxZ: ¢(t, x)nE"#Z}et®AB(Z). For each
teT, define U"(t)= {xe Z: (t,x)e U"}. Note that for each re T, U"(s) is
open in Z. Moreover, U”(-) has a measurable graph. For each k=1, 2,...,
and re T, let A}(t)= {xe Z:dist(x, Z\U,(t)) > 1/2*}. By Lemma 4.5, 4()
has a measurable graph. Note that {J_, 4%(¢)= U"(t), and for each re T,
A} is closed in Z. Define ¢/: Tx Z - 2" by

"1 Y):{cl(qﬁ(t,x)mE") if xeAlr)
A é(t, x) if x¢ A1)

Since for each re T, Aj(t) is closed in Z, ¢%(1, -} is L.s.c. Moreover, since for
every open subset V of Y, {(4,x): QU x)nVET}={(s x):
cg(t, )N E" ) V# S, xe A1)} u {1, x): ¢(t, )V # T, x¢ AN(t)} e
TQ#(Z), ¢i(-,) is lower measurable. By Theorem 3.1 there exist
Caratheodory-type selection f%(-, -) from ¢}(-, -). Let # be the collection
of all /4, n,k=1,2,... Then % is a countable collection of Caratheodory-
type selections from ¢| U, and it can be easily seen that {f(z, x): fe F | is
dense in ¢(¢, x) for all (¢, x)e U. This completes the proof of the lemma.

We will need the following notions. If K is a closed, convex subset of a
normed linear space, then a supporting set of K is a closed convex subset S
of K, S# K, such that if an interior point of a segment in K is in S, then the
whole segment is in S. The set of all elements of K which are not in any
supporting set of K will be denoted by /(K). The following facts below are
due to Michael [21, p. 372].

Fact 5.1. If any convex subset K of Y is either closed or has an
interior point or is finite dimensional, then I(cl K) < K.
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Fact 5.2. Let K be a nonempty, closed, convex separable subset of a
Banach space Y, and {y:i=1,2,.} be a dense subset of K. If

foralliandz= ) (3)z,

i=1

(yi—y1)
max(1, |y, —yl)

=yt

I

then z € I(K).
Proof. See Michael [17, Lemma 5.1, p. 372].

Proof of Theorem 32. Define : Tx Z — 2" by (1, x)=cl §(¢, x). Since
#(1, -) is Ls.c. so is (1, -). Moreover, ¥ is lower measurable. By the Main
Lemma 5.2 there exist Caratheodory-type selections {g,.(t, x): k=1,2,...}
dense in (¢, x) for all (1, x)e U. Let for each k=1, 2,...,

gk(t’ x)_gl(t’ X)
max(la Hgl\(ts x)*gl([’ .’C)H)’

filt, x)=g,(t, x) +

By Fact 5.2, f(¢, x)e I{(y/(¢, x)) for all (¢, x)e U. Since the series defining f
converges uniformly, it follows that for each 1€ T, f(t, -) is continuous and
for each xe X, f(-, x) is measurable. By Fact5.1, f(1, x)e I(y(t, x)) =
o{1, x) if either (i) or (i1) of Theorem 3.2 are satisfied. This completes the
proof of the theorem.

Proof of Theorem 3.3. Tt follows from Theorem 3.1 that there exists a
function f: Tx X — X such that f(z, x) e ¢(¢, x) for all (¢, x)e T x X, and for
each xe X, f(-, x) is measurable and for each re T, f(1, -) is continuous.
Moreover, f{(-, ) is jointly measurable.

For each re T, let F(1)= {xe X: g(1, x) =0}, where g(, x)= f(¢, x) — x.
It follows from the Tychonoff fixed point theorem that the function f(z, - ):
X — X has a fixed point. Therefore, for each re T, F(t)+ . Since g is
jointly measurable, F has a measurable graph. Hence by Aumann’s
measurable selection theorem (Lemma 4.1), there exists a measurable
function x*: T — X such that for almost all ¢ in 7, x*(¢) € F(¢), i.e., x*(t)=
(1, x*(1)) € ¢(t, x*(1r)). This completes the proof of the theorem.

Proof of Theorem 3.4. The argument is similar to that adopted in the
proof of Theorem 3.3 except that one must use now Theorem 3.2 instead of
Theorem 3.1.
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