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Abstract

This paper seeks to contribute to discussion of the reasonableness of
sometimes seemingly innocent assumptions used in theoretical trade mod-
els that the direction of trade is both predetermined for each good for
each country and fixed. Here, we provide computational evidence as to
the reasonableness of this assumption.We consider a simple three-country,
three-good, pure-exchange model with CES preferences. We compute free
trade competitive equilibria, three-country non-cooperative Nash equilibria,
and customs union equilibria for randomized parameterizations, and find
that trade patterns change in around 35% of the cases between free trade
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and customs union equilibria. In three-country Nash and customs unions
comparisons trade patterns change roughly 40% of the time. We evalu-
ate alternative cases, including with different numbers of randomizations in
the parameter space. Results remain robust, reinforcing our conclusion that
the assumption of unchanged trade pattern changes, common in theoretical
analysis, does not have firm numerical support in the cases we consider.
JEL classification codes F10, F13, F15
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1. INTRODUCTION

This paper reports computational evidence that suggests that, despite assump-
tions made in theoretical analysis to the contrary, changes in the pattern of trade
are surprisingly likely to occur in three or more country trade models that com-
pare various tariff equilibria and free trade. Early customs unions models (Viner
(1950), Meade (1955), Lipsey (1970), Berglas (1979) and Lloyd (1982)) assumed
fixed trade patterns, sometimes implicitly rather than explicitly. Berglas (1979)
is explicit when he states on page 329 that ”We deliberately ignored the possibil-
ity that the formation of a customs union would extinguish or reverse the flow of
trade...” The more modern regional trade agreements literature, which focuses on
general equilibrium and optimal tariffs, restricts model structures in ways which
effectively rule out changing trade patterns. Kennan and Riezman (1990), Sy-
ropoulos (1999), and Kose and Riezman (2000) all assume symmetry, and have
fixed trade patterns as a result. Krugman (1991) uses symmetry and monopolis-
tic competition (which ensures complete specialization) with the result that trade
patterns will also not change across equilibria. The assumption of fixed trade
patterns is also pervasive in the tariff retaliation literature (Johnson (1953-54)
and Kennan and Riezman (1988).) Our analysis suggests that in environments
with three or more countries and three or more goods, and where asymmetries of
size and/or preference patterns enter, trade patterns can frequently change across
equilibria.
This finding brings into question the robustness of some of the results in the

theoretical literature on both regional trade agreements and optimal tariffs since
these are based on the assumption that trade flows by commodity and by country
remain unchanged in direction as different equilibria are compared. The wider
implications are both that it is possible to assess the reasonableness of their as-
sumptions using the methods we outline, and that in extending two-country re-
sults in the literature to models with three or more countries and three or more
goods one has to deal with the possibility that a move from free trade to tariff
equilibrium involves changing trade patterns.
In making our computations we consider a simple three-country, three-good,

pure-exchange economy1 with CES preferences since it is a parsimonious, trans-

1Models with production add more parameters to the model specification, but do not change
the basic feature that country behaviour towards each other in terms of optimal tariff setting, is
determined by elasticities of excess demand functions. These, particularly in turn, reflect under-
lying demand and supply functions. If supply functions are perfectly inelastic demand functions
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parent structure within which to conduct our analysis. The strategic variables
we consider in the non-cooperative games are country tariff rates. We consider
random draws on possible model parameterisations. For each generated parame-
terization, we compute a free trade equilibrium, a customs union equilibrium in
which the two member countries play non-cooperatively against the third country,
and a three-country, non-cooperative Nash equilibrium2. Instead of imposing a
trade pattern on any equilibrium considered in the model, as is usually done in the
literature, we allow it to be endogenously determined as part of each equilibrium
computation.
We find trade pattern changes in about 35% of cases when comparing free

trade and customs union equilibria, and around 40% of cases for comparisons
between three-country Nash equilibria and customs unions. We believe that these
frequencies would increase as more goods and countries are added, but we have
not considered such cases due to the computational complexities involved. We
conclude that while assumptions of unchanged directions of trade in theoretical
models may be convenient or even necessary for analytical tractability, they are
not supported by computational experience for the models and functional forms
we consider here.

2. THE COMPUTATIONAL MODEL

To analyze the likelihood of trade pattern changes, we specify functional forms,
parameter values, and endowments and use numerical simulation techniques ap-
plied to a three-country trade model. We use a procedure of random selection of
parameter values; randomly drawing preference share parameters, elasticity pa-
rameters and endowments from pre-specified admissible ranges. For each model
specification generated in this way we compute three types of equilibria; a free
trade equilibrium, a three country non-cooperative Nash equilibrium, and a two
country customs union equilibrium with the member countries jointly playing
Nash against the third country. For each parameterization we determine whether
or not trade patterns change in comparisons across these equilibria, and on this
basis compute sample frequencies for trade pattern changes.

determine excess demand elasticities. Randomizing over preference function parameters is thus
sufficient to generate an implicit randomization over excess demand function elasticities

2We assume uniqueness of these equilibria. We have not encountered any instances of multi-
plicity in our model solutions, although there are no guarantees, even with the simple structures
we use, that this will be so. (see Kehoe 1980).
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2.1. Model Structure

In the three-country, three-good, pure exchange general equilibrium model, each
country has a single representative consumer who has endowments of the three
goods and a utility function of the form

U i = U i(X i
1,X

i
2,X

i
3) (i = 1...3) (2.1)

For any good j, we define the seller’s price (i.e. net of tariff prices) as Pj, and
allow each country to impose tariffs at rate tij on good j imported by country
i. Tariffs are set to zero on any good exported by country i. This implies that
internal (gross of tariff prices) for good j in any other country i are

P i
j =

¡
1 + tij

¢
Pj (2.2)

Tariff revenues collected by country i are given by

T i =
3X

i=1
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h
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³
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and the income of the country i is given by

I i =
X
j

PjE
i

j + T i (2.4)

Maximizing (2.1) subject to (2.2), (2.3) and (2.4) implies that a zero trade
balance condition holds for each country.
In the customs union case, the two union members will jointly set an optimal

tariff, and the third country will do so unilaterally. In the three-country Nash case,
countries set optimal tariffs on all imported goods. The model we use assumes
nothing about the direction of trade since this is endogenously determined as part
of the equilibrium structure, and so only after trade directions are known do the
pricing relationships in (2.2) apply.
In our computations, we use CES preferences for the utility functions (2.1),

for which (in the CES case) utility maximizing demands are given by

X i
j =

aijI

(P i
j )

σi
3P

j=1

αi
jP

i(1−σi)
j

(i = 1, ...3)(j = 1, ...3) (2.5)
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2.2. Free Trade Competitive Equilibria

In free trade equilibria, tariff rates are zero on all products in all countries. Given
that only relative prices matter in such a structure, we can normalize prices to
sum to unity in computing such equilibria, i.e.

3X
j=1

Pj = 1; Pj ≥ 0 (2.6)

Equilibrium prices clear markets globally, i.e. equilibrium prices (P ∗1 , P
∗
2 , P

∗
3 )

are determined such that

3X
j=1

X i
j(P

∗
1 , P

∗
2 , P

∗
3 )−

3X
j=1

E
i

j = 0 (i = 1, ..., 3) (2.7)

and global excess demand are zero for each good.

2.3. Three Country Non-Cooperative Nash Equilibria

We also compute three-country non-cooperative Nash equilibria. In these, each
country reacts to the other two countries’ tariff setting and computes their own
optimal tariffs. In the Nash equilibrium, country computations of optimal tariffs
are mutually consistent3.
Specifically, in these cases each country determines their own optimal tariffs

(tij) by maximizing U i subject to the constraint that global equilibrium in the
three goods markets occurs. Each country maximizes U i subject to (2.2), (2.3)
and (2.4), with the (tij) being endogenously determined. In these optimization
problems, each country treats the other country tariffs as fixed, so that in the
optimization the values of (tij) for i 6= j are taken as given. These are denoted by
t̂ij.
In a Nash equilibrium optimal tariff rates ti∗j are such that

ti∗j = t̂ij ∀ i, j (2.8)

3See Johnson (1953-54) for computation of Nash equilibria for the two-country case where
each country’s best reply is independent of the other country’ actions (constant elasticity offer
surfaces) and Hamilton and Whalley (1983) for the two-country CES/Cobb-Douglas case.

6



and market clearing conditions hold

3X
j=1

Xj
i (P

∗
1 , P

∗
2 , P

∗
3 , T

∗1, T ∗2, T ∗3)−
3X

j=1

E
j

i = 0 ∀ i. (2.9)

A Nash equilibrium occurs in this structure when each country charges its
optimal tariffs on imports given the tariffs set by other countries, country opti-
mization is mutually consistent, and global markets clear. Market clearing, trade
balance and optimizing behaviour on tariffs in each country thus define equilibria.
Tariff revenues, T i, also enter this version of the model, and affect demands since
they are redistributed to the country’s representative consumer in lump sum fash-
ion. As above, no prior assignment of trade directions by product and by country
is made.

2.4. Customs Union Equilibria

We also compute customs union equilibria using this structure. These are con-
strained Nash equilibria in which two of the three countries play cooperatively.
Thus, if countries 1 and 2 form a customs union, they have zero tariffs between
them and set a common external tariff against country 3. We constrain the intra-
CU tariffs to be zero, and allow countries 1 and 2 to jointly set an optimal tariff
against country 3. Country 3 also sets an optimal tariff against the two country
customs union. Countries 1 and 2 have a conflict of interest as to how their joint
external tariff is set, and how they might best resolve this conflict has been the
subject of previous research (see Kennan and Riezman, (1990)). Here, we simply
assume that the joint external tariff is set to maximise the sum of country 1 and
2’s utilities. Once again, the pattern of trade is not pre-specified.
The optimization problem for the members of the customs union (countries 1

and 2) is thus given as

maxU1 + U2 (2.10)

subject to (2.2), (2.3) and (2.4) for each country, and the constraints on tij set out
above.
In this mixed cooperative, non-cooperative structure, countries 1 and 2 set

zero tariffs against each other, i.e. if the supplying country is 1 or 2 then

t1j = t2j = 0 (2.11)
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Implicit in this formulation is the assumption that members of the union re-
ceive the tariff revenues collected on their own imports from the third country.
When a member country imports a good from both the member and non-member
country, tariffs are only applied to the portion of imports coming from the non-
member country. For example, suppose countries 1 and 2 form a customs union,
and in equilibrium country 1 imports good 2 from both countries 2 and 3, in this
case

P 1
2 = P 2

2 = (1 + t12)P2.

The tariff t12 is not directly applied to imports from country 2, in this case,
only imports from country 3. In computation we therefore need to determine
bilateral trade flows.

3. IMPLEMENTINGTHEAPPROACHANDMODELRE-
SULTS

To assess the frequency of trade pattern changes in comparisons across these
equilibria for this model, we use a procedure of random draws on parameterisations
of the model for preferences and endowments. Table 1 outlines the model structure
we use in our calculations and other details of our procedures. These apply for
pre-specified ranges of share parameters and elasticities in preferences, and also
for endowments.4 We consider 2000 model parameterisations in our central case
and later we do sensitivity analysis to allow for different numbers of random draws
of parameter specifications and restrictions on the coverage of randomization (say,
only for endowments).

4These ranges are between 0 and 1 for share parameters, with shares normalized to sum to
one across goods for any country, between 0 and 1 for endowments of goods by country since
relative endowments are what matter, and between 0.5 and 1.5 for substitution elasticities so as
to yield a central tendency value of 1.0 (Cobb-Douglas).
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Table 1
Model Structure and Other Details of Experiments used to Assess the

Frequency of Trade Pattern Changes
Dimensionality: 3 countries, 3 goods
Preferences: CES, with parameter values generated

by random draws
Endowments: Preference parameters and endowments

are randomly drawn from a unit interval
Number of cases: We consider 2000 different model

specifications in our central case, with
an equilibrium computed for each

Equilibria computed for Competitive equilibria, three-
each case: country Nash equilibria, Customs

Union equilibria (the sum of member
utilities is maximized)

In these model formulations and unlike in theoretical work, the direction of
trade in goods can change across equilibria, say between free trade and customs
union equilibria. We endogenize trade direction changes in our computational
analysis by modifying directional assumptions made in successive country op-
timization problems on the basis of what computed equilibria actually reveal.
Specifically, any computation made as part of a sequence of calculations resulting
in an equilibrium uses the last computation to yield the trade pattern assumption
to be used in the next calculation. As computation progresses the trade pattern
is allowed to change, and full equilibrium requires that the trade pattern does
not change from one iteration to the next. In the competitive equilibrium case
all that is required is that trade patterns be consistent from one calculation to
the next, and markets clear. In the customs union and three country Nash cases,
equilibrium requires that, in addition to trade pattern consistency, assumed and
optimal tariffs must be the same for each country.
For free trade and customs union cases we are able to compute all equilibria for

all model parameterisations generated by randomizations over the parameter space
using these methods. We are, however, unable to compute three country Nash
equilibria for approximately 17% of the model parameterisations we consider. In
these cases solutions to country optimization problems settle on local rather than
global optima and cycling occurs between such local solutions. In these cases, it
is not possible to easily determine points on country reaction functions. There
is no prior literature, to our knowledge, on computation of three-person Nash
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equilibria and hence previous discussion of the problem does not seem to exist.
No problems of the type outlined above are encountered in the two- country case
using our model solution code for Nash equilibria. Such cases are ignored in our
calculation of frequency of trade direction changes.
Our results are shown in Table 2. They reveal significant sample frequencies

for trade direction changes between free trade and customs union equilibria, as
well as between three country Nash outcomes and these two equilibrium solutions.
In 35% of the cases that we consider, at least one element of inter country trade
changes sign between customs unions and free trade equilibria, and 40% of cases
show similar changes between Nash and customs union equilibria. Between free
trade and Nash equilibria, the direction of trade changes in about 21% of computed
cases.

Table 2
Percentage Sample Frequencies for Trade Pattern Changes

Equilibrium comparisons Sample frequencies for
trade pattern changes

1. Free trade and customs union 35.6
2. Non-cooperative Nash and customs unions 41.1
3. Free trade and non-cooperative Nash 21.0

Table 3 reports on the sensitivity of our results to both different numbers of
randomizations and restrictions on the coverage of randomizations. These indicate
only small changes in the sample frequencies for changes in trade patterns.
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Table 3
Sensitivity Analysis of Percentage Sample Frequencies for Trade

Direction Changes

Percentage of Sample Frequencies for which
Trade Reversals Occur

Free trade Between Nash Free trade
and CU and CU and Nash

Central case 35.6 41.1 21.0

Reducing the numbers of
randomizations to 500 35.3 41.9 18.8

Reducing the numbers
of randomizations to 1000 37.3 40.8 21.7

Increasing the numbers
of randomizations to 3000 36.0 40.6 20.2

Taken as a set, these results suggest that assumptions on pre-specified and
unchanging trade directions usually made in theoretical analyses are difficult to
justify for the model specifications we consider here. Trade direction changes
seem to occur surprisingly frequently and extensively, and these can potentially
undermine theoretical results generated by theoretical trade models analyzed with
fixed directional assumptions.

4. CONCLUSION

In this paper we present computational evidence on the reliability of the assump-
tion widely-used in the trade theory literature that the direction of trade by com-
modity and country remains unchanged as various comparative static exercises
are undertaken. In a three-country three-good model, we compute free trade,
customs union, and three-country Nash equilibria for a pure exchange model for
a series of randomly generated parameterisations of the model. We find that in
around 35% of free trade-customs union cases and in around 40% of customs
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union-three-country Nash cases trade patterns change, with comparisons showing
trade pattern changes in about 20% of free trade-three country Nash cases. Our
conclusion is that the assumption of unchanged trade patterns, widely used in
theoretical literature on geographically discriminatory trade agreements, has only
weak computational support.
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