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Devwudfw= Zh ghyhors d qhz iudphzrun iru wkh dqdo|vlv ri wkh lpsdfw ri wudgh

olehudol}dwlrq rq wkh zdjh vwuxfwxuh1 Rxu prgho irfxvhv rq wkh ghflvlrq ri

zrunhuv wr dffxpxodwh �up0vshfl�f vnloov/ e| �rq0wkh0mre� wudlqlqj/ nqrzlqj wkdw

wklv phdqv wkhlu ixwxuh zdjhv zloo kdyh wr eh qhjrwldwhg/ dqg wkdw wkh rxwfrph ri

qhjrwldwlrq zloo ghshqg rq wkh sur�wdelolw| survshfw ri �upv rshudwlqj lq d qhz

wudglqj hqylurqphqw1
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4 Lqwurgxfwlrq

Wkh h�hfwv ri wudgh olehudol}dwlrq rq zdjh vwuxfwxuh dqg hpsor|phqw kdyh
ehhq d frqwlqxlqj wrslf ri ghedwh1 +Vhh/ iru h{dpsoh/ Iuhhpdq +4<<8,/ Zrrg
+4<<7,/ Nuxjpdq +4<<8,/ Gdylv +4<<;,/ Idoyh| +4<<;,/ Ohdphu +4<<;,/ W|huv
dqg \dqj +4<<<,1, Hfrqrplvwv sduwlflsdwlqj lq wklv ghedwh w|slfdoo| xvh d
prgl�hg yhuvlrq ri wkh Khfnvfkhu0Rkolq prgho4/ zlwk �{hg hqgrzphqwv ri
vnloohg dqg xqvnloohg zrunhuv1 Zkloh wkdw iudphzrun lv d xvhixo vwduwlqj srlqw/
lw qhjohfwv dq lpsruwdqw dvshfw= wkh ghflvlrq wr dftxluh vnloov lq uhvsrqvh wr

h{shfwhg fkdqjhv lq wudgh uhjlph lv qrw prghoohg1
Rq wkh rwkhu kdqg/ lq wkh hqgrjhqrxv jurzwk olwhudwxuh/ kxpdq fdslwdo

dffxpxodwlrq kdv uhfhlyhg d juhdw ghdo ri dwwhqwlrq1 Vhh Oxfdv +4<;;,/ \rxqj
+4<<4,/ Vwrnh| +4<<4,/ dqg/ iru d vxuyh| ri wkh wudgh dqg jurzwk olwhudwxuh/
vhh Orqj dqg Zrqj +4<<9,1 Wkhvh dxwkruv krzhyhu irfxvhg rq orqj uxq
frqvlghudwlrqv/ dqg glg qrw frqvlghu vkruw0uxq lvvxhv vxfk dv wkh dffxpxod0
wlrq ri lqgxvwu|0vshfl�f dqg �up0vshfl�f kxpdq fdslwdo/ lq uhvsrqvh wr wudgh
olehudol}dwlrq1 Lq wklv sdshu/ zh vhhn wr �oo wkdw jds1

Wklv sdshu suhvhqwv d vlpsoh prgho ri �up0vshfl�f kxpdq fdslwdo dffx0
pxodwlrq lq d vpdoo rshq hfrqrp|1 Zh kdyh wzr pdmru jrdov lq wklv sdshu1
Zh zdqw wr �qg rxw li wudgh olehudol}dwlrq zloo +d, lqfuhdvh ru ghfuhdvh �up0
vshfl�f kxpdq fdslwdo dffxpxodwlrq dqg +e, zlghq wkh zdjh jds ehwzhhq
vnloohg dqg xqvnloohg zrunhuv1 Wklv zloo kdyh lpsolfdwlrqv iru wkh wudgh sdw0
whuq/ zhoiduh dqg lqfrph glvwulexwlrq lq erwk ohvv ghyhorshg frxqwulhv +OGFv,
dqg ghyhorshg frxqwulhv +GFv,1 Zh ghyhors d qhz iudphzrun iru wkh dqdo0
|vlv ri wkh lpsdfw ri wudgh olehudol}dwlrq rq wkh zdjh vwuxfwxuh1 Rxu prgho
irfxvhv rq wkh ghflvlrq ri zrunhuv wr dffxpxodwh �up0vshfl�f vnloov/ nqrzlqj
wkdw wklv phdqv wkhlu ixwxuh zdjhv zloo kdyh wr eh qhjrwldwhg/ dqg wkdw wkh
rxwfrph ri qhjrwldwlrq zloo ghshqg rq wkh sur�wdelolw| ri �upv rshudwlqj lq
d qhz wudglqj hqylurqphqw1

Zh vkrz wkdw/ iru d ohvv ghyhorshg hfrqrp| +rqh zklfk lpsruwv wkh kljk0
whfk jrrg,/ wkh h{shfwdwlrq ri wudgh olehudol}dwlrq ohdgv wr ohvv kxpdq fdslwdo
dffxpxodwlrq iru vnloohg zrunhuv lq wkh kljk0whfk lqgxvwu|1 Lq wkh devhqfh
ri shuihfwo| frpshwlwlyh oderu pdunhwv +lq rxu prgho zdjhv duh qhjrwldwhg
ehwzhhq pdqdjhphqw dqg zrunhuv zlwk �up0vshfl�f vnloov,/ wkh h�hfw ri iuhh
wudgh rq wkh vxsso| ri vnloovpd| zhoo eh zhoiduh0zruvhqlqj1 +Wklv lv suryhg lq

4Iru dq lpsruwdqw h{fhswlrq/ vhh Qhdu| +5333, zkr irfxvhg rq roljrsrolvwlf frpshwlwlrq/
zlwk U)G ulydu| lq wkh �uvw vwdjh ri wkh jdph1
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Sursrvlwlrq 9 dqg Dsshqgl{ 5E/ xqghu fhuwdlq sodxvleoh dvvxpswlrqv,1 Wklv
dujxphqw kdv uhfhlyhg vrph vxssruw iurp vrph vhfwlrq ri wkh surihvvlrq1 Lq
idfw/ wkh iroorzlqj txrwdwlrq iurp Kluvfkpdq +4<98/ s1 8, lv txlwh uhohydqw=

�Wkh rssrqhqwv ri iuhh wudgh kdyh riwhq srlqwhg rxw wkdw iru d ydulhw| ri

uhdvrqv lw lv lpsuxghqw dqg kdupixo iru d frxqwu| wr ehfrph vshfldol}hg dorqj

fhuwdlq surgxfw olqhv lq dffrugdqfh zlwk wkh glfwdwhv ri frpsdudwlyh dgydq0

wdjh1 Zkdwhyhu wkh phulwv ri wkhvh fulwlfdo dujxphqwv/ wkh| zrxog fhuwdlqo|

dftxluh ryhuzkhoplqj zhljkw li wkh txhvwlrq durvh zkhwkhu d frxqwu| vkrxog

doorz lwvhoi wr ehfrph vshfldol}hg qrw mxvw dorqj fhuwdlq frpprglw| olqhv/ exw

dorqj idfwru0ri0surgxfwlrq olqhv1 Yhu| ihz frxqwu| zrxog hyhu frqvflrxvo|

zlvk wr vshfldol}h lq xqvnloohg oderu/ zkloh iruhljqhuv zlwk d frpsdudwlyh dg0

ydqwdjh lq hqwuhsuhqhxuvkls/ pdqdjhphqw/ vnloohg oderu dqg fdslwdo wrrn ryhu

wkhvh ixqfwlrqv/ uhsodflqj lqihulru �orfdo wdohqwv1�

Dqdo|vlv ri rxu prgho vkrzv wkdw/ iru d ghyhorshg hfrqrp| +kljk0whfk
jrrg h{sruwhu,/ iuhh wudgh ohdgv wr pruh kxpdq fdslwdo dffxpxodwlrq1 Lq
whupv ri zdjh jdsv/ wkh h�hfw ri iuhh wudgh ghshqgv rq wkh sdwwhuq ri frpsdu0
dwlyh dgydqwdjh1 Wkh zdjh jds ehwzhhq kljk dqg orz vnloo zrunhuv lqfuhdvhv
lq wkh frxqwu| wkdw h{sruwv wkh kljk0whfk jrrg dqg ghfuhdvhv lq wkh frxqwu|
zklfk lpsruwv wkh kljk whfk jrrg1 Lq vhfwlrq 7 zh dovr eulh | glvfxvv wkh
srolf| lpsolfdwlrqv ri wkhvh uhvxowv dv zhoo dv wkh h�hfwv ri h{whuqdolwlhv dqg
xqfhuwdlqw|1

5 D Edvlf Prgho ri Kxpdq Fdslwdo Dffxpxodwlrq

514 Dvvxpswlrqv dqg Qrwdwlrq

Zh dvvxph wkdw wkhuh duh wzr shulrgv rqo|1 Dv d �uvw vwhs/ ohw xv frqvlghu
d vpdoo rshq hfrqrp|/ frqvlvwlqj ri wzr vhfwruv/ ghqrwhg e| C/ dqg M1 +C
dqg M vwdqg iru jhqhudo dqg vshfl�f kxpdq fdslwdo uhvshfwlyho|1, Rqh fdq
wklqn ri vhfwru C/ zklfk surgxfhv 'C/ dv wkh �orz0whfk� vhfwru frqvlvwlqj
ri jrrgv vxfk dv wh{wlohv dqg forwklqj1 Wkh �kljk0whfk� vhfwru*v rxwsxw/ 'M

uhsuhvhqwv jrrgv vxfk dv skdupdfhxwlfdov/ vriwzduh/ frpsxwhuv/ hwf1 Hdfk
lqglylgxdo lq wklv hfrqrp| srvvhvvhv rqh xqlw ri jhqhudo kxpdq fdslwdo/ dqg
fdq dffxpxodwh �up0vshfl�f kxpdq fdslwdo1 VhfwruC surgxfhv wkh qxphudluh
jrrg/ zklfk lv h{sruwhg +ru lpsruwhg, dw wkh sulfh �C ' �1 Wkh rqo| idfwru
ri surgxfwlrq xvhg wr surgxfh 'C lv jhqhudo kxpdq fdslwdo1 Surgxfwlrq lq
vhfwruC lv xqghu frqvwdqw uhwxuqv wr vfdoh= rqh xqlw ri jhqhudo kxpdq fdslwdo



Wudgh/ Zdjh Jdsv/ dqg Vshflilf Kxpdq Fdslwdo Dffxpxodwlrq 6

surgxfhv `C xqlwv ri jrrg C1 Wkxv wkh zdjh udwh lq wklv vhfwru lv `C lq
erwk shulrgv1

Vhfwru M surgxfhv dq rxwsxw 'M 1 Jrrg M lv surgxfhg xvlqj lqgxvwu|0
vshfl�f sk|vlfdo fdslwdo/ dqg kxpdq fdslwdo1 Wkhuh duh �M �upv lq vhfwru
M/ hdfk hqgrzhg zlwk rqh xqlw ri lqgxvwu|0vshfl�f sk|vlfdo fdslwdo1 �M

lv h{rjhqrxvo| jlyhq� Iru wkh wlph ehlqj/ wkh sulfh ri jrrg M lq shulrg |/
ghqrwhg e| �| / lv wdnhq dv d sdudphwhu1 Lq d vxevhtxhqw vxevhfwlrq/ zh vkdoo
frqvlghu dxwdun| htxloleulxp dqg vkrz krz �| lv ghwhuplqhg hqgrjhqrxvo|1

Zh dvvxph wkdw/ lq vhfwru M/ wr surgxfh d srvlwlyh rxwsxw/ d �up pxvw
kdyh h{dfwo| rqh xqlw ri lqgxvwu|0vshfl�f sk|vlfdo fdslwdo/ dqg h{dfwo| rqh
zrunhu= d vhfrqg zrunhu zrxog dgg qrwklqj wr rxwsxw1 Li wkh zrunhu +zkr
zrunv zlwk rqh xqlw ri lqgxvwu|0vshfl�f sk|vlfdo fdslwdo, kdv rqo| rqh xqlw
ri jhqhudo kxpdq fdslwdo/ wkhq wkh rxwsxw lv � xqlw ri jrrg M1 Li kh kdv
dffxpxodwhg/ lq dgglwlrq/ � xqlwv ri �up0vshfl�f kxpdq fdslwdo/ wkhq wkh
rxwsxw lv �n>�/ zkhuh > lv d srvlwlyh sdudphwhu uhsuhvhqwlqj wkh surgxfwlylw|
ri �up0vshfl�f kxpdq fdslwdo lq vhfwru M1 +Khuh/ � lv wkh zrunhu*v ghflvlrq
yduldeoh1, Vlqfh > lv rqo| uhohydqw lq shulrg 5/ rqh pd| dovr lqwhusuhw lw dv
d phdvxuh ri whfkqlfdo surjuhvv hperglhg lq �up0vshfl�f kxpdq fdslwdo/ dqg
>� lv �up0vshfl�f kxpdq fdslwdo phdvxuhg lq h!flhqf| xqlwv1

Lqlwldoo|/zrunhuv lq vhfwru M kdyh qr �up0vshfl�f kxpdq fdslwdo1 Lq sh0
ulrg rqh hdfk vhfwru M zrunhu ghflghv rq �/ wkh dprxqw ri �up0vshfl�f kx0
pdq fdslwdo kh zdqwv wr dftxluh1 Zh dvvxph wkdw/ zlwkrxw wkh �up*v xqlw ri
vshfl�f sk|vlfdo fdslwdo/ wkh zrunhu fdqqrw dftxluh �up0vshfl�f nqrzohgjh1
Wkh frvw ri dftxlulqj �up0vshfl�f kxpdq fdslwdo ghshqgv rq wkh dprxqw �
dqg rq wkh ohduqlqj delolw| ri wkh zrunhu1 Zh prgho wklv e| dvvxplqj wkdw
wkhuh lv d sdudphwhu w wkdw uhsuhvhqwv ohduqlqj delolw|/ zkhuh w lv d srvlwlyh
uhdo qxpehu/ uhvwulfwhg wr olh rq wkh uhdo lqwhuydo dw@c wKo zkhuh f 	 w@ 	 wK1
Zrunhuv zlwk kljkhu w kdyh kljkhu ohduqlqj delolw|1 Wkh glvwulexwlrq ixqfwlrq
ri w lv 8 Ew�/ zkhuh 8 Ew@� ' f dqg 8 EwK� ' ��

Rxu uhdvrq iru lqwurgxflqj gl�huhqfhv lq ohduqlqj delolw| lv wkdw zh zrxog
olnh wr prgho d frqwlqxrxv glvwulexwlrq ri zdjhv1 Rq wkh rwkhu kdqg/ lw pd|
eh frqyhqlhqw/ lq vrph frqwh{wv/ wr wdon derxw rqo| wzr w|shv ri zrunhuv=
vnloohg dqg xqvnloohg1 Wr dffrpprgdwh erwk remhfwlyhv/ zh �qg lw xvhixo wr
lqwurgxfh d sdudphwhu 5/ d qrq0qhjdwlyh uhdo qxpehu/ zklfk zh xvh dv dq
h{srqhqw iru wkh sdudphwhu wc dqg zh dvvxph wkdw wr rewdlq �/ d zrunhu
ri w|sh w pxvw gluhfwo| lqfxu dq h�ruw frvw zklfk lv ghqrwhg e| �E��*w5/
zkhuh �E�� lv frqyh{ dqg lqfuhdvlqj/ zlwk �Ef� ' f/ dqg 5 � f lv d xvhixo
sdudphwul}dwlrq ri prgho w|sh1 Vr/ zrunhuv zlwk kljkhu ohduqlqj delolw| lqfxu
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orzhu frvwv lq dftxlulqj kxpdq fdslwdo1 D vshfldo fdvh lv rewdlqhg zkhq zh
vhw 5 ' f +ru wdnh wkh olplw 5 $ f�1 Lq wklv fdvh/ w5 ' wf ' � iru doo w/ vr
wkdw h�ruw frvw lv lqghshqghqw ri ohduqlqj delolw|/ dqg wkh prgho uhgxfhv wr
rqh zlwk rqo| wzr w|shv ri zrunhu= vnloohg dqg xqvnloohg1 Zh fdoo wkh fdvh
zlwk 5 ' fc wkh �ehqfkpdun fdvh�1

Hdfk zrunhu*v w lv frpprq nqrzohgjh1 Zh dvvxph iru vlpsolflw| wkdw iru
wkh zrunhu/ wkh frvw �E��*w5 fdq eh phdvxuhg lq whupv ri jrrg C15 Ohw �
eh wkh qxpehu ri lqglylgxdov lq wklv hfrqrp|1 Zh dvvxph wkdw � : �M/
vr wkdw zkhq hdfk �up lq vhfwru M hpsor|v rqh zrunhu/ wkhuh duh hqrxjk
zrunhuv ohiw wr surgxfh vrph jrrg C1

Dw wkh ehjlqqlqj ri shulrg wzr/ d �up lq vhfwruM wkdw kdv kluhg d zrunhu
ri w|sh w lq shulrg 4 fdq uhkluh wklv zrunhu/ zkr kdv dftxluhg �Ew� � f xqlwv
ri �up0vshfl�f kxpdq fdslwdo/ dw d zdjh `2Ew� +zklfk lv dq rxwfrph ri d
edujdlqlqj surfhvv ehwzhhq wkh �up dqg wkh zrunhu/ wr eh glvfxvvhg ehorz,/
ru lw fdq glvplvv wkdw zrunhu/ dqg hpsor| d qhz zrunhu/ zkr/ ri frxuvh/ grhv
qrw kdyh �up0vshfl�f kxpdq fdslwdo� Li lw wdnhv wkh odwwhu frxuvh ri dfwlrq/
lwv sur�w lv Z- ' �2 �`C1 Wklv lv wkh �up*v uhvhuydwlrq ohyho ri sur�w lq lwv
vhfrqg0shulrg edujdlqlqj zlwk lwv zrunhu1 Wkh h{shulhqfhg zrunhu/ rq wkh
rwkhu kdqg/ fdq zrun lq vhfwru C lq shulrg wzr/ dw wkh zdjh `C +vlqfh klv
�up0vshfl�f kxpdq fdslwdo lv xvhohvv lq rwkhu �upv lq vhfwru M,1 Wklv lv klv
uhvhuydwlrq zdjh lq klv edujdlqlqj zlwk klv h{lvwlqj hpsor|hu�

515 Dqdo|vlv ri Zdjh Sur�ohv

Zh qrz wxuq wr wkh txhvwlrq ri krz edujdlqlqj ghwhuplqhv wkh zdjh ri wkh
vnloohg zrunhu ri w|sh w lq shulrg wzr/ jlyhq wkdw wkh zrunhu kdv dftxluhg
�Ew� xqlwv ri �up0vshfl�f kxpdq fdslwdo1 Wr gr wklv/ zh xvh wkh wkhru| ri
Qdvk frrshudwlyh edujdlqlqj/ dffruglqj wr zklfk wkh edujdlqlqj rxwfrph lq
shulrg 5 lv d sdlu E`2Ew�c Z2Ew�� wkdw pd{lpl}hv wkh vr0fdoohg Qdvk surgxfw/
EZ2Ew�� Z-�

qE`2Ew��`C�
�3q vxemhfw wr wkh frqvwudlqw wkdw

Z2Ew� n`2Ew� ' E� n >�Ew���2 +4,

zkhuh �Ew� kdv ehhq ghwhuplqhg lq shulrg 4/ dqg lv wdnhq dv jlyhq6 lq wkh
edujdlqlqj sureohp1 Wkh sdudphwhu q uhsuhvhqwv wkh uhodwlyh edujdlqlqj

5Dowhuqdwlyho|/ zh fdq lqwhusuhw F+k,@�} dv wkh frvw ri hgxfdwlrq/ zklfk xvhv xs uhdo
uhvrxufhv/ lghqwl�hg dv jrrg J1

6Dq dowhuqdwlyh irupxodwlrq/ zklfk zrxog ohdg wr d gl�huhqw uhvxow/ lv wkdw wkh edu0
jdlqlqj zrxog wdnh sodfh lq shulrg 4/ zkhuh wkh rxwfrph zrxog uhvxow lq d frqwudfw wkdw
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srzhu ri wkh �up/ zkhuh f � q � �1 Wkh frqvwudlqw +4, pd| eh zulwwhq dv

Z2Ew� n`2Ew� ' Z- n`C n 7Ew�

zkhuh

7Ew� � >�Ew��2 +5,

lv wkh vxusoxv wr eh vkduhg e| wkh �up dqg wkh zrunhu1
Vroylqj wklv pd{lpl}dwlrq sureohp |lhogv wkh Qdvk0edujdlqlqj vroxwlrq

`2Ew� ' `C n E�� q�7Ew� ' `C n E�� q�>�Ew��2 +6,

dqg

Z2Ew� ' Z- n q7Ew� +7,

Htxdwlrq +6, vd|v wkdw wkh vnloohg zrunhu*v zdjh frqvlvwv ri wzr frpsrqhqwv=
d zdjh wkdw kh zrxog hduq hovhzkhuh/ soxv d vkduh ri wkh vxusoxv wkdw klv vnloov
+wrjhwkhu zlwk wkh �up*v fdslwdo vwrfn, jhqhudwh1 Htxdwlrq +7, lqglfdwhv wkdw
�up*v sur�w htxdov wkh vxp ri wkh sur�w lw zrxog hduq li lw zhuh wr hpsor| d
zrunhu zlwkrxw �up0vshfl�f vnloov dqg lwv vkduh ri wkh vxusoxv jhqhudwhg e|
wkh vnloohg zrunhu1

Zh qrz vkrz krz �Ew� lv ghwhuplqhg lq shulrg rqh1 Dvvxph wkdw wkhuh lv
qr xqfhuwdlqw|/ dqg wkdw lqglylgxdov fdq eruurz dqg ohqg dw d frqvwdqw7 udwh
ri lqwhuhvw o1 Wkhq lq shulrg rqh/ wkh zrunhu ri w|sh w lq vhfwru M fkrrvhv
�Ew� wr pd{lpl}h klv olihwlph zdjh lqfrph/ qhw ri h�ruw frvw=

�Ew� � `�Ew� �
�E��

w5
n

�

E� n o�
E`C n E� � q�>��2� +8,

zkhuh kh wdnhv wkh �uvw shulrg zdjh/ `�Ew� dv jlyhq1 +Qrwh wkdw w5 :
f1ehfdxvh w : f1, Vroylqj wklv pd{lpl}dwlrq sureohp |lhogv wkh �uvw rughu
frqglwlrq

E�� q�>�2
E� n o�

�
� �E�Ew��

w5
' f +9,

dqg wkh vhfrqg rughu frqglwlrq

�� ��E�Ew�� 	 f�

vshfl�hv krz pxfk kxpdq fdslwdo wkh zrunhu pxvw dftxluh/ dv zhoo dv zdjh udwhv Z4dqg
Z51

7Wkh txhvwlrq ri krz u lv ghwhuplqhg zloo eh dgguhvvhg lq d vxevhtxhqw vhfwlrq1
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Frqglwlrq +9, vd|v wkdw d zrunhu dftxluhv �up vshfl�f kxpdq fdslwdo wr wkh
srlqw zkhuh wkh glvfrxqwhg pdujlqdo jdlq lq zdjh lqfrph lq shulrg wzr lv
htxdwhg wr wkh pdujlqdo h�ruw frvw wkdw wkh zrunhu kdv wr sd| lq shulrg rqh
wr dftxluh wkh vnloov1

Lq rughu wr jhw d forvhg irup vroxwlrq iru �Ew� zh dvvxph d sduwlfxodu
ixqfwlrqdo irup iru frvwv1 Zh sdudphwul}h wkh frvw ixqfwlrq e|

�

w5
�E�Ew�� '

��Ew��n�

E� n ��w5
� : fc � : � +:,

Wkh sdudphwhu � uhsuhvhqwv wkh qrq0lglrv|qfudwlf ohduqlqj frvw vshfl�f wr dq
lqglylgxdo frxqwu|1 Frpsdulqj wkhvh frvwv dfurvv frxqwulhv d odujh � pljkw
eh dvvrfldwhg zlwk srru vfkrrov/ lqdghtxdwh oleudulhv/ ru odfn ri dffhvv wr
wkh lqwhuqhw1 Xvlqj wklv sdudphwhul}dwlrq zh fdq vroyh +9, iru wkh zrunhu*v
rswlpdo ohyho ri �up0vshfl�f kxpdq fdslwdo/ �WEw�1 Xvlqj +9, dqg +:,

��WEw��

w5
'

E� � q�>�2
� n o

+;,

Vroylqj zh jhw

�WEw� ' �WE�2c >c qc�c oc w� '

%
w5E� � q�>�2
�E� n o�

&�*�
+<,

Lw zloo eh xvhixo wr gh�qh

� �
E�� q�>

�E� n o�
+43,

vr wkdw

�WEw� ' dw5��2o
�*� +44,

Iurp +;, dqg ++:,/ wkh rswlpl}hg frvw lv

�

w5
�E�WEw�� '

d��WEw��o�WEw�

E� n ��w5
'

E�� q�>�2�
WEw�

E� n o�E� n ��
+45,

Xvlqj +<, dqg frqvlghulqj iru wkh prphqw wkh fdvh lq zklfk wkh vhfrqg
shulrg sulfh lv h{rjhqrxv +wkh vpdoo frxqwu| rshq hfrqrp| fdvh, zh jhw d
qxpehu ri yhu| lqwxlwlyh uhvxowv1 Iluvw/ lq wkh fdvh 5 : f/ zrunhuv zlwk orzhu
ohduqlqj frvw +l1h1/ kljkhu w, dffxpxodwhv pruh kxpdq fdslwdo=

Y�W

Yw
' 5wE53��*� d��2o

�*� : f li 5 : f� +46,
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Kljkhu vhfrqg shulrg sulfhv dqg pruh surgxfwlyh whfkqrorj| uhvxow lq zrunhuv
dffxpxodwlqj kljkhu ohyhov ri kxpdq fdslwdo=

Y d�WEw�o�

Y�2
'
w5E� � q�>

�E� n o�
: fc

Y d�WEw�o�

Y>
'
w5E� � q��2
�E� n o�

: f +47,

Rq wkh rwkhu kdqg/ pruh edujdlqlqj srzhu rq wkh sduw ri wkh �up dqg kljkhu
ohduqlqj frvw ohdgv wr ohvv lqyhvwphqw lq kxpdq fdslwdo1

Y d�WEw�o�

Yq
'
�w5>�2

�E� n o�
	 fc

Y d�WEw�o�

Y�
'
�w5E�� q�>�2

�2E� n o�
	 f +48,

Xvlqj +6, dqg +44, zh fdq vroyh iru `2Ew�

`2Ew� ' `C n >E�� q� Ew5���*� �
E�n��*�
2 ' `C n E�� q�>�WEw��2+49,

wkxv `2Ew� lv lqfuhdvlqj lq �2 dqg qrq0ghfuhdvlqj lq w1

Vxevwlwxwlqj +43, lqwr +49, zh jhw

`2Ew� ' `C n E�� q� dw5��2o
�*� >�2 +4:,

Dqrwkhu xvhixo h{suhvvlrq iru`2 lv rewdlqhg e| xvlqj +4:,/ +43, dqg +44,=

`2Ew� ' `C n
E� n o��

w5
�WEw��n� +4;,

Qh{w zh ghwhuplqh wkh zdjh `�Ew� ri d vhfwru0M zrunhu ri w|sh w lq
shulrg rqh1 Wr gr wklv/ zh pxvw �uvw slq grzq wkh zdjhv ri wkh pdujlqdo
zrunhu ew +wkh rqh zkr lv lqgl�huhqw ehwzhhq ehlqj hpsor|hg lq wkh jhqhudo
vhfwru/ dqg ehlqj hpsor|hg lq wkh kljk0whfk vhfwru,1 Zh dvvxph wkdw sulru wr
shulrg � doo zrunhuv duh preloh1 Wklv phdqv wkdw lq htxloleulxp wkh h{shfwhg
olihwlph lqfrph +qhw ri h�ruw frvw, ri wkh pdujlqdo vhfwru0M zrunhu ew pxvw
eh htxdo wr wkh dowhuqdwlyh olihwlph lqfrph wkdw kh frxog rewdlq lq vhfwru C=

�Eew� ' `Cd� n
�

� n o
o +4<,

Xvlqj +4<,/ +8,/ iru w ' ewc dqg +45,/

`Cd�n
�

� n o
o ' `�Eew��E�� q�>�2�WEew�

E� n o�E� n ��
n

�

� n o

�
`C n E�� q�>�WEew��2�+53,
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Wklv vlpsol�hv wr

`�Eew� ' `C n

%
E� � q�>�2�

WEew�
E� n o�E� n ��

&
�

�

� n o
E�� q�>�WEew��2 +54,

Htxdwlrq +54, vd|v wkdw lq shulrg 4/ wkh hpsor|hu sd|v wkh pdujlqdo zrunhuew klv rxwvlgh zdjh/ soxv wkh frvw ri �up0vshfl�f hgxfdwlrq +wkh h{suhvvlrq
lqvlgh wkh vtxduh eudfnhwv ^111`,/ plqxv wkh glvfrxqwhg ydoxh ri wkh vxusoxv8

wkdw wkh hpsor|hh fdq h{shfw wr fdswxuh lq shulrg 51
Zh fdq zulwh +54, dv

`�Eew� ' `C �
�

E� n ��E� n o�
E� � q�>�WEew��2 	 `C +55,

Iurp +4;, dqg +55,/ zh kdyh wkh iroorzlqj uhodwlrqvkls/ iru wkh pdujlqdo

kljk0whfk zrunhu=

`2Eew� : `C : `�Eew� +56,

Wr h{sodlq wkh vhfrqg lqhtxdolw| lq +56,/ wkdw lv/ zk| wkh pdujlqdo kljk0
whfk zrunhu jhwv d orzhu vdodu| lq shulrg 4 wkdq zkdw kh zrxog jhw li kh
zrxog zrun lq wkh jhqhudo vhfwru C/ zh srlqw wr wkh idfw wkdw klv hpsor|hu
r�huv klp d orzhu zdjh lq shulrg 4 ehfdxvh vkh zdqwv wr h{wudfw iurp klp/
lq shulrg 4/ wkh vxusoxv wkdw kh h{shfwv wr jhw lq shulrg 5 +q>7Eew�/ qhw ri
klv gluhfwo| lqfxuuhg h�ruw frvw,/ vr wkdw wkh pdujlqdo zrunhu lv lqgl�huhqw
ehwzhhq hpsor|phqw lq vhfwru M dqg lq vhfwru C1 Wkh zrunhu lv zloolqj wr
dffhsw d zdjh orzhu wkdq `C ehfdxvh klv wudlqlqj zrxog qrw eh srvvleoh
zlwkrxw dffhvv wr wkh �up*v xqlw ri fdslwdo1 Klv wrwdo frvw ri dftxlulqj d
srvlwlyh � frqvlvwv wkhuhiruh ri wkh �up*v fkdujh iru dffhvv wr fdslwdo/ dv
uh hfwhg lq orzhu shulrg 4 zdjh, dqg klv h�ruw frvwv1 Rxu uhvxow lv frqvlvwhqw
zlwk wkh olwhudwxuh rq �rq0wkh0mre wudlqlqj�/ vhh Jdu| Ehfnhu +4<97,19

Zh qrz wxuq wr wkh ghwhuplqdwlrq ri ew lwvhoi1 Uhfdoo wkdw wkhuh duh �M

xqlwv ri fdslwdo1 Gxh wr rxu dvvxpswlrq ri wkh Ohrqwlhi0w|sh whfkqrorj|/ wkhuh
fdq eh dw prvw �M zrunhuv lq vhfwru M1 Zh zloo irfxv rq wkh fdvh zkhuh doo
xqlwv ri fdslwdo duh xvhg1 Wkhq ew pxvw vdwlvi|] wKew sEw�_w '

�M

�
+57,

8Wklv htxdwlrq uh hfwv wkh wkhru| ri rq0wkh0mre wudlqlqj/ ghyhorshg e| Jdu| Ehfnhu
+4<97,1

9Fohduo|/ lq jhqhudo/ wkhuh h{lvw lqwudpdujlqdo zrunhuv zlwk orzhu ohduqlqj frvwv wkdq
wkh pdujlqdo zrunhu + wkrvh zlwk � A e�, iru zkrp ZJ ?Z4+�,1
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zkhuh sEw� lv wkh ghqvlw| ixqfwlrq/ zlwk

] wK

w@
sEw�_w ' ��

+Iru h{dpsoh/ lq wkh vshfldo fdvh ri d xqlirup ghqvlw|/ s Ew� ' �* dwK � w@o c
+57, jlyhv

wK � ew
wK � w@

'
�M

�
� ?M

l1h1/ ew ' wK � ?M EwK � w@� ��
Kdylqj ghwhuplqhg ew dqg`�Eew�/ zh fdq qrz ghwhuplqh wkh zdjh vwuxfwxuh

iru zrunhuv zkr kdyh orzhu ohduqlqj frvwv wkdq wkh pdujlqdo kljk0whfk zrunhu/
l1h1 doo w � ew1 Zh �uvw vroyh iru wkh ydoxh ri `�Ew� iru doo w � ew/ e|
dsshdolqj wr wkh htxloleulxp frqglwlrq wkdw doo vhfwru 0M �upv/ e| frpshwlqj
iru zrunhuv/ pxvw hduq wkh vdph glvfrxqwhg vxp ri sur�w=

Z�Ew� n
�

� n o
Z2Ew� ' Z�Eew� n �

� n o
Z2Eew� � �Eew�c w � ew +58,

zkhuh

�Eew� ' �� �`�Eew� n �

� n o

k
Z- n q>�WEew��2

l
+59,

dqg

Z2Ew� ' Z- n q>�WEw��2

Lw iroorzv wkdw

�`�Ew� n
�

� n o
q>�WEw��2 ' �`�Eew� n �

� n o
q>�WEew��2

l1h1/

`�Ew� ' `�Eew� n �

� n o
q>�2

k
�WEw�� �WEew�l �`�Eew� +5:,

zkhuh �WEw� lv dq lqfuhdvlqj ixqfwlrq ri w/ e| +46, iru doo w � ew1 Zrunhuv zlwk
orzhu ohduqlqj frvwv hduq kljkhu �uvw shulrg zdjhv1 Wkh| dovr hduq kljkhu
zdjhv lq wkh vhfrqg shulrg dv zhoo/ dv fdq eh vhhq iurp +6, dqg +46,1
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Xvlqj +55, dqg +5:,

`�Ew� ' `C�
�

E� n ��E� n o�
E��q�>�WEew��2n �

� n o
q>�2

k
�WEw�� �WEew�l+5;,

Vxewudfwlqj +5;, iurp +6,/ zh jhw d phdvxuh ri wkh vwhhsqhvv ri wkh zdjh
sur�oh/ iru w � ew

{`|Ew� � `2Ew��`�Ew� '

E�� q�>�2

%
�WEw�� �WEew� �

E� n ��E� n o�

&
�
q>�2
� n o

k
�WEw�� �WEew�l +5<,

iurp zklfk zh jhwG

Y d{`|Ew�o

Yw
' E�� q�>�2

%
� � q �

q

� n o

&
Y�

Yw

Wklv vkrzv wkdw wkh vwhhsqhvv lv juhdwhu iru zrunhuv zlwk kljkhu w li dqg rqo|
li

q 	 E� n o�*E2 n o�� +63,

Wkxv/ zrunhuv zlwk kljkhu w hduq kljkhu zdjhv lq hdfk shulrg dqg/ li q 	
E� n o�*E2 n o�c wkh| dovr kdyh vwhhshu zdjh sur�ohv1

Qrwh wkdw li �2 lv h{rjhqrxv/ wkhq/ zh fdq hdvlo| frpsxwh wkh h�hfw ri
whfkqrorjlfdo surjuhvv +lq wkh vhqvh ri dq lqfuhdvh lq >, rq wkh zdjh udwhv1
Vlqfh/ iurp +44,/

>�WEw� ' >E�n��*�
%
w5E� � q��2
�E� n o�

&�*�
+64,

Y d>�WEw�o

Y>
'

� n �

�

%
w5E�� q�>�2
�E� n o�

&�*�
' �WEw�

�
� n �

�

�
: f +65,

zh rewdlq iurp +5;,

Y`�Ew�

Y>
' �

E� � q�

� n o
�2�

WEew� n q�2

� n o

�
� n �

�

� k
�WEw�� �WEew�l

Wkxv/ iru wkh pdujlqdo zrunhu

Y`�Eew�
Y>

	 f +66,
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+lpso|lqj wkdw/ zlwk d juhdwhu surgxfwlylw| sdudphwhu/ wkh �up fkdujhv wkh
pdujlqdo zrunhu pruh iru wkh xvh ri fdslwdo lq rq0wkh0mre ohduqlqj,1 Rq wkh
rwkhu kdqg/ iurp +6, dqg +65,/

Y`2Ew�

Y>
' E�� q��2�

WEw�
�
� n �

�

�
: fc w � ew +67,

wkdw lv/ d kljkhu > zloo lqfuhdvh wkh vhfrqg shulrg zdjh1 Grhv d kljkhu > zloo
lqfuhdvh wkh vwhhsqhvv ri wkh zdjh sur�oh lq vhfwru M B Iurp +5<,/

Y d{`|Ew�o

Y>
' E��q��2

%
�WEw�

� n �

�
�
�WEew�
� n o

&
�
q�2
� n o

�
� n �

�

� k
�WEw�� �WEew�l+68,

Frqglwlrq +63, lv vx!flhqw frqglwlrq iru wklv h{suhvvlrq wr eh srvlwlyh1
Lq wkh qh{w vxevhfwlrq zh ghwhuplqh dxwdun| htxloleulxp1 Khuh wkh frp0

solfdwlrq lv wkdw wkh vhfrqg shulrg sulfh lv hqgrjhqrxv1

516 Dxwdunlf Htxloleulxp

Wr vroyh iru dq dxwdunlf htxloleulxp/ zh pxvw vshfli| wkh ghpdqg vlgh1 Wkh
txhvwlrq ri krz o lv ghwhuplqhg vkrxog dovr eh dgguhvvhg1 Wklv fdq eh
grqh prvw vlpso| e| dvvxplqj wkdw lqglylgxdov pd{lpl}h olih0wlph xwlolw|
L� n BL2 zkhuh L| lv txdvl0olqhdu/ l1h1/ L| ' T EfM|� n fC|/ dqg B lv d
frqvwdqw/ f 	 B 	 � dqg T E�� lv vwulfwo| frqfdyh dqg lqfuhdvlqj1 Wkhq/ lq
htxloleulxp/ �*E� n o� ' B1 Zh dvvxph wkdw srvlwlyh dprxqwv ri hdfk jrrg
duh frqvxphg lq hdfk shulrg1

Wkh frqvxphu ri w|sh w vroyhv wkh iroorzlqj lqwhuwhpsrudo pd{lpl}dwlrq
sureohp

4@ 
fEw�

fC�Ew� n T EfM�Ew�� n BfC2Ew� n BT EfM2Ew�� +69,

vxemhfw wr

fC�Ew� n ��fM�Ew� n
�

� n o
EfC2Ew� n �2fM2Ew�� '�Ew� +6:,

zkhuh� Ew� lv klv olih0wlph glvsrvdeoh lqfrph +qhw ri ohduqlqj h�ruw frvw, dqg
fEw� ' EfC�Ew�cfM�Ew�cfC2Ew�cfM2Ew��1 Zh frqvlghu lqwhulru vroxwlrqv
+l1h1/ fM|Ew� : f dqg fC|Ew� : f iru | ' �c 2�,
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Iru rxu sxusrvhv zh duh frqfhuqhg zlwk wkh ghpdqg iru shulrg wzr frq0
vxpswlrq:1 Vroylqj wkh frqvxphu sureohp deryh |lhogv wkh lqyhuvh ghpdqg
ixqfwlrq=

T �EfM2Ew�� ' �2

iurp zklfk zh rewdlq wkh ghpdqg ixqfwlrq/ iru doo w 5 dw@c wKo/

fM2Ew� ' (E�2� +6;,

zkhuh (� 	 f1 Wkxv doo frqvxphuv kdyh wkh vdph ghpdqg iru jrrg M lq
shulrg 21 +Gl�huhqfhv lq lqfrphv d�hfw rqo| wkh ohyhov ri frqvxpswlrq ri wkh
qxphudluh jrrg1,

Vxsso| ri shulrg wzr jrrgv e| �up w +iru w � ew� lv jlyhq e|

^M2Ew� ' E� n >�WEw�� +6<,

zkhuh >�WEw� lv jlyhq e| +64,1 Vlqfh wkh suredelolw| ghqvlw| wkdw d kljk0whfk
�up lv pdwfkhg zlwk d zrunhu ri w|sh wc jlyhq wkdw rqo| wkrvh zrunhuv zlwk
w � ew zrun lq wkh kljk0whfk vhfwru/ lv sEw�*d� � 8 Eew�oc dqg vlqfh �M lv wkh
phdvxuh ri �upv/ wrwdo vxsso| ri jrrg M lq shulrg 2 lv

'M2 '
] wKew �M^M2Ew�

sEw�

�� 8 Eew�_w
' �M n�M> d��2o

�*� - +73,

zkhuh

- �
] wKew w5*�sEw�

�� 8 Eew�_w � .
k
w5*� m ewl

lv wkh frqglwlrqdo h{shfwdwlrq ri w5*�/ jlyhq ew1 +Lq wkh vshfldo fdvh zkhuh 5 ' f
zh kdyh - ' �1, Qrwlfh wkdw hyhq wkrxjk wkh qxpehu ri �upv lv �{hg dqg
hdfk �up hpsor|v rqo| rqh zrunhu/ iurp +73,/ dq lqfuhdvh lq �2 zloo lqfuhdvh
vxsso|/ ehfdxvh d kljkhu �2 hqfrxudjhv kxpdq fdslwdo dffxpxodwlrq1

Ohw b ghqrwh wkh udwlr ri fdslwdolvwv wr zrunhuv1 Fdslwdolvwv kdyh htxdo
vkduhv lq doo �upv ri vhfwru M1 +Wkhuh duh qr sur�wv lq vhfwru C�� Wkh wrwdo
srsxodwlrq lv E� n b�� 1 Zh dvvxph wkdw fdslwdolvwv kdyh wkh vdph xwlolw|

:Wkh sureohp ri �uvw shulrg frqvxpswlrq lv vhsdudeoh dqg kdv qr lpsdfw rq kxpdq
fdslwdo ghflvlrqv ru rq zdjhv1
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ixqfwlrqv dv zrunhuv1 Wkhq (E�2�� lv wkh uhsuhvhqwdwlyh djhqw*v ghpdqg iru
jrrg M lq shulrg 51 Htxdwlqj ghpdqg wr vxsso| zh rewdlq

E� n b��(E�2�� ' �M n�M>- d��2�o
�*� +74,

Wklv htxdwlrq ghwhuplqhv wkh htxloleulxp dxwdunlf sulfh �2/ zklfk zh ghqrwh
e| �2�1 Qh{w zh vxevwlwxwh �2� lqwr +5;, wr rewdlq wkh shulrg rqh dxwdunlf
zdjh

`��Ew� ' `C�
�

E� n ��E� n o�
E��q�>�WEew��2�n �

� n o
q>�2�

k
�WEw�� �WEew�l+75,

zkhuh >�WEw� lv jlyhq e| +64,1 Ilqdoo|/ xvlqj +49, zh kdyh

`2�Ew� ' `C n >E�� q� Ew5���*� � E�n��*�
2� +76,

Zh duh lqwhuhvwhg lq �qglqj rxw krz rxu hqgrjhqrxv yduldeohv E`��Ew�c`2�Ew�c �2��
ydu| dfurvv frxqwulhv1 Wr gr wkdw zh ghwhuplqh krz wkhvh yduldeohv fkdqjh
zlwk fkdqjhv lq rxu sdudphwhuv E�c>c qc ?M� zkhuh ?M ' �M*� 1

517 Dxwdun| Uhvxowv

Iurp +74,/ zh jhw wkh dxwdunlf htxloleulxp sulfh �2� ri d frxqwu| dv d ixqf0
wlrq ri wkh sdudphwhuv ?M / >/ � dqg q1 Gl�huhqwldwlqj +74, wrwdoo|/ zh rewdlq

a_�2� '
�
� n >-��*��

�*�
2�

�
_?M

n
?M
�
>-�

�*�
2� �E�3��*�_� n ?M-�

�*��
�*�
2� _> +77,

zkhuh/

a �
�
E� n b�(� �

?M
�
>-��*�� E�3��*�

2�

�
	 f

dqg/ xvlqj wkh gh�qlwlrq ri � jlyhq lq +43,/

_�

�
'
_>

>
�
_E� n o�

� n o
�
_�

�
n
_E�� q�

� � q
+78,

Zh fdq wkhuhiruh vwdwh wkh iroorzlqj frpsdudwlyh vwdwlfv uhvxowv=
Sursrvlwlrq 4
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+l, Dq lqfuhdvh lq ?M zloo uhgxfh wkh vhfrqg shulrg sulfh �2�

Y�2�

Y?M
'

�

a

�
� n >-��*��

�*�
2�

�
	 f +79,

+ll, Dq lqfuhdvh lq � zloo lqfuhdvh wkh vhfrqg shulrg sulfh �2�

Y�2�

Y�
' �

�

a

�
�

�

�
?M
�
>-�

�*�
2� ��*� : f +7:,

+lll, Dq lqfuhdvh lq > zloo uhgxfh wkh vhfrqg shulrg sulfh �2� G
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Uhpdun= Uhvxow +l, lv reylrxv ehfdxvh d kljkhu ?M lqfuhdvhv vxsso| uho0
dwlyh wr ghpdqg/ dw dq| jlyhq sulfh1 Uhvxow +ll, lv dovr sodxvleoh/ ehfdxvh
kljkhu frvw ri kxpdq fdslwdo dffxpxodwlrq zloo uhvxow lq d orzhu udwh ri df0

fxpxodwlrq/ wkxv d idoo lq rxwsxw dw dq| jlyhq sulfh1 Wklv hqwdlov d idoo lq wkh
dxwdun| htxloleulxp sulfh1 Ilqdoo|/ d kljkhu > zloo lqfuhdvh kxpdq fdslwdo
dffxpxodwlrq dw dq| jlyhq �2/ uhvxowlqj lq d juhdwhu vxsso| ri jrrg M lq sh0
ulrg 2 dw dq| jlyhq �2 +l1h1/ d uljkwzdug vkliw lq wkh vxsso| fxuyh,/ dqg khqfh
wkh htxloleulxp sulfh pxvw idoo lq dxwdun| +jlyhq wkdw wkh ghpdqg fxuyh lv
grzqzdug0vorslqj,1

Wkh h�hfwv ri fkdqjhv lq wkh sdudphwhuv >c�c dqg ?M rq vhfrqg shulrg
zdjh fdq eh frpsxwhg iurp +49,=

Y`2�Ew�

Y?M
'
Y`2�

Y�2�

Y�2�

Y?M
	 f +7<,

Y`2�Ew�

Y>
'
Y`2�Ew�

Y>
m�2�SJ?r| n

Y`2�

Y�2�

Y�2�
Y>

+83,

zklfk lv dpeljxrxv lq vljq1 Vlploduo|/ Y`2�Ew�
Y�

lv dovr dpeljxrxv lq vljq1

6 Gluhfwlrq ri Wudgh dqg Zdjh Jdsv

Lq wklv vhfwlrq/ zh dvvxph wkdw wkh hfrqrp| xqghu frqvlghudwlrq lv xqghu
dxwdun| lq shulrg 41 Zh frqvlghu wzr vfhqdulrv1 Xqghu vfhqdulr 4/ wkh
hfrqrp| uhpdlqv xqghu dxwdun| lq shulrg 5/ dqg hyhu|rqh nqrzv wklv lq
shulrg 41 Xqghu vfhqdulr 5/ wkh hfrqrp| zloo eh rshq wr iuhh wudgh lq shulrg
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5/ dqg wklv lv dovr nqrzq lq shulrg 41 Zh fdoo wkh �uvw vfhqdulr wkh dxwdun|
vfhqdulr/ dqg wkh vhfrqg rqh wkh iuhh wudgh vfhqdulr1 Zh dvvxph wkdw wkh
frxqwu| surgxfhv erwk jrrgv lq hdfk shulrg/ xqghu hlwkhu vfhqdulr1 +Wklv lv
wkh lqfrpsohwh vshfldol}dwlrq dvvxpswlrq1,

Zh frqvlghu d wzr0frxqwu| zruog lq zklfk frxqwulhv gl�hu lq hqgrzphqwv
+?M,/ whfkqrorj| +>,/ dqg wkh frvw ri hgxfdwlrq +�,1; Li wkh wzr frxqwulhv
gl�hu rqo| lq wkh sdudphwhu ?M/ wkhq/ dv vkrzq lq wkh Dsshqgl{/ wkh frxqwu|
zlwk d juhdwhu ?M zloo kdyh d orzhu dxwdunlf sulfh �2�1 Wklv frxqwu| zloo
wkhuhiruh h{sruw wkh kljk0whfk jrrg xqghu iuhh wudgh1 Wklv lv dq hqgrzphqw0

edvhg h{sodqdwlrq ri wudgh1
Li wkh wzr frxqwulhv kdyh lghqwlfdo ?M / wkhq/ fhwhulv sdulexv/ wkh frxqwu|

zlwk d kljkhu > zloo kdyh d orzhu dxwdunlf sulfh �2�/ dqg wkhuhiruh h{sruw wkh
kljk0whfk jrrg xqghu iuhh wudgh1 Wklv lv d whfkqrorj|0edvhg h{sodqdwlrq ri
wudgh1 Vlploduo|/ gl�huhqfh lq� surylghv dq hgxfdwlrq0frvw0edvhg h{sodqdwlrq
ri wudgh1

Pruh jhqhudoo|/ iru dq| jlyhq frxqwu|/ li lwv vhfrqg shulrg dxwdunlf sulfh
�2� ri wkh kljk0whfk jrrg lv vpdoohu ^uhvshfwlyho|/ juhdwhu` wkdq wkh iuhh wudgh
zruog sulfh �2A ri wkdw jrrg/ wkhq wkh rshqlqj ri wudgh lq shulrg 5 +ixoo|
dqwlflsdwhg lq shulrg 4, zloo pdnh wkdw frxqwu| dq h{sruwhu< ^uhvshfwlyho|/
lpsruwhu` ri wkh kljk0whfk jrrg lq shulrg 51 Ohw xv ghqrwh yduldeohv ri d
frxqwu| e| d vxshuvfulsw e E6� li lw h{sruwv +lpsruwv, wkh kljk0whfk jrrg
diwhu wkh rshqlqj ri wudgh1 Zh qh{w ghwhuplqh wkh h�hfwv ri iuhh wudgh rq
zdjh jdsv1

Ohw ` e
2A Ew� ^uhvshfwlyho|/ `

6
2A Ew�` eh wkh vhfrqg shulrg zdjh ri d w|sh w

zrunhu lq wkh kljk0whfk vhfwru ri d frxqwu| wkdw h{sruwv ^uhvshfwlyho|/ lpsruwv`
wkh kljk0whfk jrrg xqghu wkh iuhh wudgh vfhqdulr1 Ohw ` e

2�Ew� ^uhvshfwlyho|/
`6

2�Ew�` eh wkh vhfrqg shulrg zdjh ri d w|sh w zrunhu lq wkh kljk0whfk vhfwru
ri wkh vdph frxqwu| xqghu wkh dxwdun| vfhqdulr1

Zh ehjlq e| frqvlghulqj zlwklq0frxqwu| zdjh jdsv1 Zh fdoo ` e
2A Ew� 0

`C wkh zdjh jds +ehwzhhq vnloohg zrunhuv ri w|sh w � ew dqg xqvnloohg rqhv,
xqghu iuhh wudgh/ ri d kljk0whfk h{sruwlqj hfrqrp|1 Zh zdqw wr frpsduh wklv
jds wr wkh fruuhvsrqglqj zdjh jds xqghu dxwdun|/ ` e

2�Ew��`C1 Vlploduo|/
`6

2A Ew� 0`C lv fdoohg wkh zdjh jds xqghu iuhh wudgh/ ri d kljk0whfk lpsruwlqj
hfrqrp|1 Zh zdqw wr frpsduh wklv jds wr wkh fruuhvsrqglqj zdjh jds xqghu

;Wkh frvw ri hgxfdwlrq ydulhv dfurvv lqglylgxdov lq hdfk frxqwu|/ exw gl�huhqfhv lq D
uh hfw furvv0frxqwu| gl�huhqfhv lq hgxfdwlrq frvw1

<Vhh Dsshqgl{ 4 iru dqdo|vlv ri htxloleulxp zruog sulfh S5W lq d wzr0frxqwu| zruog1
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dxwdun|/ `6
2�Ew��`C1

Sursrvlwlrq 5= +H�hfw ri wudgh rq zdjh jdsv, Iru hdfk w|sh w
zrunhu lq wkh kljk0whfk vhfwru/

+l, iuhh wudgh lqfuhdvhv wkh zdjh jds lq wkh kljk0whfk h{sruwlqj frxqwu|
+uhodwlyh wr lwv zdjh jds xqghu dxwdun|,/

+ll, iuhh wudgh uhgxfhv wkh zdjh jds ri wkh kljk0whfk lpsruwlqj frxqwu|
+uhodwlyh wr lwv zdjh jds xqghu dxwdun|,/ dqg

+lll, wkh lqfuhdvh +ru ghfuhdvh, lv juhdwhu iru zrunhuv zkr kdyh d juhdwhu
ohduqlqj delolw|/ w1

Surri= Iru +l,/ zh pxvw vkrz wkdw ` e
2A Ew�0`C h{fhhgv ` e

2�Ew� � `C1
Iru dq h{sruwlqj frxqwu|/ � e

2A � � e
2�1 Wkhuhiruh/ xvlqj +49,/

` e
2A Ew� �` e

2�Ew� +84,

Iru +ll,/ qrwh wkdw iru dq lpsruwlqj frxqwu|/ �6
2� � �6

2A 1 Wkhuhiruh

`6
2�Ew��`C � `6

2A Ew��`C +85,

Iru +lll,/ zh pxvw vkrz wkdw

Y

Yw
` e

2A Ew� :
Y

Yw
` e

2�Ew� +86,

Xvlqj +49,/

Y

Yw
` e

2A Ew� ' E5*��wE5*��3���*�E�� q�> d� e
2A o

E�n��*� : f

Vlploduo|

Y

Yw
` e

2�Ew� ' E5*��wE5*��3���*�E�� q�> d� e
2�o

E�n��*� : f

Wkxv +86, lv suryhg1 D vlplodu dujxphqw dssolhv wr wkh lpsruwlqj frxqwu|1

Uhpdun= Sursrvlwlrq 5 vkrzv wkdw wkh h�hfw ri lqwhuqdwlrqdo wudgh rq
wkh zdjh jds ehwzhhq vnloohg dqg xqvnloohg zrunhuv ghshqgv rq wkh sdwwhuq
ri wudgh1 Frxqwulhv wkdw h{sruw wkh kljk0whfk jrrg zloo vhh wkh zdjh jds lq0
fuhdvh/ exw lpsruwlqj frxqwulhv zloo dfwxdoo| �qg wkdw wkh zdjh jds ghfuhdvhv
zlwk wkh rshqlqj ri wudgh1 Wkh lqwxlwlrq iru wkhvh uhvxowv lv fohdu1 Iru h{0
dpsoh/ lq wkh frxqwu| wkdw h{sruwv wkh kljk0whfk jrrg wkh rshqlqj ri wudgh
zloo lqfuhdvh wkh sulfh ri wkh kljk0whfk jrrg1 Wklv lqfuhdvhv sur�wv lq wkdw
lqgxvwu| dqg vlqfh vnloohg zrunhuv edujdlq zlwk �upv ryhu zdjhv wkh zrunhuv
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zloo vkduh lq wkrvh lqfuhdvhg sur�wv wkurxjk wkh edujdlqlqj surfhvv1 Zh fdq
dovr xvh wkhvh uhvxowv wr vd| vrphwklqj derxw lqwhu0frxqwu| zdjh jdsv1

Fruroodu|= Wkh gl�huhqfh ehwzhhq wkh zdjh ri vnloohg zrunhuv lq wkh
h{sruwlqj hfrqrp| dqg wkdw lq wkh lpsruwlqj hfrqrp| xqghu iuhh wudgh/
` e

2A Ew��`6
2A Ew�/ h{fhhgv wkh dxwdunlf gl�huhqfh/ `

e
2�Ew��`6

2�Ew�1
Surri= Iurp +85,/

�`6
2A Ew� � �`

6
2�Ew� +87,

Dgglqj +84, wr +87,/

` e
2A Ew��`6

2A Ew� � ` e
2�Ew��`6

2�Ew� +88,

Uhpdun= Wudgh zloo dovr lqfuhdvh wkh zdjh jds ehwzhhq vnloohg zrunhuv
dfurvv frxqwulhv1 Zrunhuv lq wkh kljk0whfk vhfwru lq wkh h{sruwlqj frxqwu| zloo
vhh wkhlu zdjh ulvh uhodwlyh wr wkhlu frxqwhusduwv lq frxqwulhv wkdw lpsruw wkh
kljk0whfk jrrg1 Wklv lv d gluhfw frqvhtxhqfh ri wkh idfw wkdw vnloo suhpld duh
lqfuhdvlqj lq wkh h{sruwlqj frxqwu|/ exw ghfuhdvlqj lq wkh lpsruwlqj frxqwu|1

Zkhq wudgh lv hqgrzphqw0edvhg/ htxdwlrq +88, kdv d vshfldo lqwhusuhwd0
wlrq dv h{sodlqhg lq wkh qh{w sursrvlwlrq1

Sursrvlwlrq 6= +Zdjh htxdol}dwlrq, Li wudgh lv hqgrzphqw0edvhg/
vhfrqg0shulrg zdjhv iru w|sh0w zrunhuv duh htxdol}hg +iru d jlyhq w, dfurvv
frxqwulhv xqghu iuhh wudgh/ jlyhq wkh lqfrpsohwh vshfldol}dwlrq dvvxpswlrq1
Wkh frxqwu| wkdw h{sruwv wkh kljk0whfk jrrg xqghu iuhh wudgh kdv orz dxwdunlf
zdjhv ri vnloohg zrunhuv1

Surri= Iurp +49,/ ` e
2A Ew� ' `6

2A Ew� li frxqwulhv gl�hu rqo| lq ?M1 Zlwk
hqgrzphqw0edvhg wudgh/ wkh ohiw0kdqg vlgh ri +88, lv }hur/ lpso|lqj` e

2�Ew� �
`6

2�Ew�1
Uhpdun= Rq wkh rwkhu kdqg/ li wudgh lv whfkqrorj|0edvhg/ gulyhq e|/ iru

h{dpsoh/ wkh gl�huhqfh lq >/ +>e : >6,/ wkhq/ dv lv fohdu iurp +49,/

` e
2A�`

6
2A ' E�� q�

%
w5 E�� q�

�E� n o�

&�*� k
E>e�E�n��*� � E>6�E�n��*�

l
� E�n��*�
2A � f+89,

wkdw lv/ xqghu iuhh wudgh/ wkh zdjh ri vnloohg zrunhuv lq wkh h{sruwlqj frxqwu|
lv kljkhu wkdq lq wkh lpsruwlqj frxqwu|1 Wkhq wkh ohiw0kdqg vlgh ri +88, lv
srvlwlyh/ dqg wkh uljkw0kdqg vlgh pd| eh srvlwlyh ru qhjdwlyh1

Zh qh{w wxuq wr frqvlghudwlrq ri krz wudgh d�hfwv wkh ghflvlrqv ri zrunhuv
derxw krz pxfk kxpdq fdslwdo wr dffxpxodwh1
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Sursrvlwlrq 7= +H�hfw ri wudgh rq kxpdq fdslwdo dffxpxodwlrq,
Wkh rshqlqj ri wudgh lqfuhdvhv wkh dffxpxodwlrq ri kxpdq fdslwdo lq wkh
frxqwu| zkrvh dxwdunlf sulfh �2�Ew� lv orzhu wkdq wkh iuhh0wudgh sulfh �2A Ew�/
dqg ghfuhdvhv wkh dffxpxodwlrq ri kxpdq fdslwdo lq wkh frxqwu| zkrvh dx0
wdunlf sulfh �2�Ew� lv kljkhu wkdq wkh iuhh0wudgh sulfh �2A Ew� 1

Surri= Iurp +<,/ dqg � e
2� 	 �2A

�We� Ew� 	 �WeA Ew�

Vlploduo|/ �W6� Ew� : �W6A Ew�1
Uhpdun= Lq dgglwlrq wr sulfh h�hfwv wudgh dovr kdv dq lq xhqfh rq kx0

pdq fdslwdo dffxpxodwlrq1 Sursrvlwlrq 7 vkrzv wkdw wudgh hqkdqfhv kxpdq
fdslwdo dffxpxodwlrq lq frxqwulhv wkdw h{sruw wkh kljk whfk jrrg dqg uhgxfhv
kxpdq fdslwdo dffxpxodwlrq lq wkh lpsruwlqj frxqwu|1 Wklv uhvxow lv lpsru0
wdqw ehfdxvh lw lpsolhv wkdw/ wr vrph h{whqw/ wudgh0lqgxfhg zdjh jdsv duh wkh
uhvxow qrw rqo| ri gluhfw sulfh h�hfwv rq zdjhv exw dovr gxh wr wkh h�hfw wudgh
kdv rq wkh lqfhqwlyh wr dffxpxodwh kxpdq fdslwdo1

Zh qh{w vkrz wkdw lq wkh frxqwu| wkdw h{sruwv wkh kljk0whfk jrrg/ id0
yrudeoh wudgh dqg whfkqrorj| fkdqjhv whqg wr lqfuhdvh wkh zdjh jds1 Gh�qh
wkh zdjh jds iru w|sh w lq d kljk0whfk h{sruwlqj frxqwu| iru d jlyhq wudgh
yroxph dqg ohyho ri whfkqrorj| wr eh }Ew� ' `2Ew� �`C1 Ohw xv lqwurgxfh
wzr glvwxuedqfhv iru wklv hfrqrp|= lw h{shulhqfhv d ulvh lq > +lpsuryhg whfk0
qrorj|, dqg lw frqiurqwv d  rrg ri h{fhvv vxsso| ri jrrg C iurp d froohfwlrq
ri ghyhorslqj hfrqrplhv/ zklfk fdxvhv wkh uhodwlyh sulfh ri jrrg C wr idoo
+l1h1/ wkh sulfh �2 ulvhv/ d idyrudeoh whupv ri wudgh vkrfn1, Wkhq wkh fkdqjh
lq wklv hfrqrp|*v zdjh jds fdq eh ghfrpsrvhg lqwr wzr h�hfwv/ qdpho| wkh
whfkqrorj| h�hfw dqg wkh wudgh h�hfw=

_ E`2Ew��`C� '
Y E`2Ew��`C�

Y>
_>n

Y E`2Ew��`C�

Y�2

_�2

zkhuh/ iurp +6,/ dqg +<,/ wkh whfkqrorj| h�hfw lv

Y E`2Ew��`C�

Y>
m�2'SJ?r|' E��q��2

%
�WEw� n >

Y�WEw�

Y>
m�2'SJ?r|

&
: f+8:,

dqg wkh wudgh h�hfw lv

Y E`2Ew��`C�

Y�2
m>'SJ?r|' >E��q�

%
�WEw� n �2

Y�WEw�

Y�2

m>'SJ?r|

&
: f+8;,
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Wdnhq wrjhwkhu htxdwlrqv +8:, dqg +8;, lpso| wkdw idyrudeoh whfkqrorj|
dqg wudgh vkrfnv whqg wr lqfuhdvh wkh zdjh jds lq wkh kljk0whfk h{sruwlqj
frxqwu|/ zkloh xqidyrudeoh vkrfnv zloo uhgxfh wkh zdjh jds1 Iurp wkhvh
htxdwlrqv zh fdq vwdwh sursrvlwlrq 81

Sursrvlwlrq 8= Lq wkh frxqwu| wkdw h{sruwv wkh kljk0whfk jrrg/ idyrudeoh
+xqidyrudeoh, whfkqrorj| dqg wudgh vkrfnv +l1h1/ lqfuhdvhv lq erwk > dqg �2/
udlvh +uhgxfh, wkh zdjh jds ehwzhhq vnloohg dqg xqvnloohg zrunhuv1 Lq wkh
frxqwu| wkdw lpsruwv wkh kljk0whfk jrrg/ d idyrudeoh whfkqrorj| vkrfn +l1h1/
dq lqfuhdvh lq >, frpelqhg zlwk d idyrudeoh whupv ri wudgh wudgh vkrfn +l1h1/
d idoo lq �2/ wkh sulfh ri wkh lpsruwhg jrrg, pd| lqfuhdvh wkh zdjh jds1

Uhpdun=Qrwlfh wkdw wkh lqfuhdvhv lq wkh zdjh jds zloo eh odujhu iru
zrunhuv zlwk kljkhu w1

7 H{whqvlrqv

714 Lqfrph Glvwulexwlrq

Lq wklv vxevhfwlrq zh dqdo|}h wkh h�hfw ri wudgh dqg fdslwdo dffxpxodwlrq rq
lqfrph glvwulexwlrq1 Zh zloo �uvw frqvlghu wkh fdvh vshfldo fdvh zkhuh 5 ' f/
ehfdxvh lw lv vlpsohu/ dqg wkhq zh zloo frqvlghu wkh jhqhudo fdvh 5 � f1

71414 Wkh vshfldo fdvh zkhuh 5 ' f

Lq wkh vshfldo fdvh zkhuh 5 ' f/ wkh sdudphwhu w kdv qr h�hfw rq ohduqlqj
frvw +ehfdxvh w5 ' wf ' �,/ vr zrunhuv zlwklq d jlyhq frxqwu| duh h{ dqwh
lghqwlfdo/ dqg qr pdwwhu zklfk lqgxvwu| wkh| fkrrvh wr zrun lq/ wkhlu olih0
wlph lqfrph +qhw ri h�ruw frvw,/ lq whupv ri jrrg C/ lv `CE� n �

�no
�1 E|

dvvxpswlrq ri dq lqwhulru vroxwlrq/ wkh| frqvxph erwk jrrgv1 Fdslwdolvwv
+rzqhuv ri wkh sk|vlfdo fdslwdo vwrfn, dovr frqvxph1 Wr nhhs wkh dqdo|vlv
fohdu zh dvvxph wkdw zrunhuv duh qrw vkduhkroghuv1 Wkhq/ zkhq d frxqwu|
fkdqjhv lwv wudglqj vwdwxv iurp dxwdun| wr h{sruwhu ri wkh kljk0whfk jrrg/
wkh grphvwlf sulfh �2 ulvhv/ dqg zrunhuv duh zruvh r�1 Wkh| zrxog wkhuhiruh
suhihu dxwdun| wr iuhh wudgh1 Fdslwdolvw*v sur�w lv lqfuhdvlqj lq �21 Wkxv/
fdslwdolvwv lq wkh kljk0whfk vhfwru suhihu h{sruwlqj wr dxwdun|/ surylghg wkh
lqfuhdvh lq sur�w fdq ryhufrpshqvdwh wkhlu orvv ri frqvxphu vxusoxv1 +Wklv
frqglwlrq lv lqghhg vdwlv�hg> vhh Dsshqgl{ 51, Iru d frxqwu| wkdw zrxog
ehfrph dq lpsruwhu ri wkh kljk0whfk jrrg xqghu iuhh wudgh/ fdslwdolvwv lq wkh
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kljk0whfk vhfwru zrxog suhihu dxwdun| wr iuhh wudgh/ zkloh wkh zrunhuv zrxog
suhihu wudgh wr dxwdun|1

71415 Wkh jhqhudo fdvh zkhuh 5 � f

Lq wkh jhqhudo fdvh/ zkhuh 5 lv qrw }hur/ wr ghwhuplqh wkh h�hfwv ri wudgh rq
zhoiduh/ zh kdyh wr �qg rxw krz wkh fkdqjh lq �2 +iurp dxwdun| wr iuhh wudgh,
d�hfwv wkh uhdo lqfrph ri zrunhuv ri w|sh w � ew1 Ohw�Ew� ghqrwh wkh olih wlph
lqfrph qhw ri h�ruw frvw1 Iru wkh pdujlqdo zrunhu ew/� Eew� ' `Cn`C*E�no�
zklfk grhv qrw fkdqjh zlwk wudgh1 Iru w � ew/ ohw

` Ew� '`�Ew� n
�

� n o
`2Ew�

wkhq

�Ew� ' ` Ew��
�

w5
�E�WEw�� +8<,

Xvlqj +5:, dqg +49,/ zh rewdlq/ iru w � ew/
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zklfk/ jlyhq wkdw 5 : f/ lv srvlwlyh1
Zh qhhg wr prgli| wkh frqfoxvlrqv deryh vlqfh +94, lpsolhv wkdw iru zrun0

huv ri w|sh w vx!flhqwo| odujhu wkdq ew/ lqfrph lqfuhdvhv prylqj iurp dxwdun|
wr iuhh wudgh1 Zh vxppdul}h wklv lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 9= +lqfrph glvwulexwlrq, Iru wkh kljk0whfk jrrg h{0
sruwhu/ wudgh olehudol}dwlrq/ e| lqfuhdvlqj wkh sulfh �2/ pdnhv zrunhuv lq
vhfwru C dqg wkh pdujlqdo zrunhu ew zruvh r� lq uhdo whupv/ dqg pdnhv vrph
zrunhuv lq vhfwru M ehwwhu r� li wkhlu ohduqlqj delolw| w lv vx!flhqwo| juhdwhu
wkdq ew1 Rzqhuv ri kljk0whfk fdslwdo duh ehwwhu r�1 +Vhh Dsshqgl{ 5D iru d
ghwdlohg surri1, Iru wkh wkh frxqwu| wkdw lpsruwv wkh kljk0whfk jrrg/ zlwk d
pdujlqdo idoo lq �2/ li 5 ' f/ doo zrunhuv duh ehwwhu r� dqg rzqhuv ri fdslwdo
lq wkh kljk0whfk vhfwru duh zruvh r�/ dqg vrfldo zhoiduh idoov1 +Vhh Dsshqgl{
5E1,
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Uhpdun= Sursrvlwlrq 9 lpsolhv wkdw lq wkh kljk0whfk jrrg h{sruwlqj
frxqwu|/ fdslwdolvwv zkr rzq kljk0whfk fdslwdo dqg kljko| vnloohg zrunhuv
ehqh�w iurp wudgh zkhuhdv ohvv vnloohg zrunhuv +dqg fdslwdo rzqhuv lq wkh
jhqhudo kxpdq fdslwdo vhfwru/ zkr hduq }hur sur�w, duh zruvh r�1 Iru wkh
frxqwu| wkdw lpsruwv wkh kljk0whfk jrrg/ �2 idoov dv frpsduhg wr dxwdun|/ vr
/ li 5 ' f/ doo zrunhuv duh ehwwhu r� +uhfdoo wkdw/ zlwk 5 ' f/ wkh| doo hduq
�Eew� ' `CE� n �*o�/ zklfk lv xqfkdqjhg, dqg fdslwdolvwv duh zruvh r�/ dqg
lw fdq eh vkrzq wkdw vrfldo zhoiduh idoov1 +Vhh Dsshqgl{ 5E1,

715 H{whuqdolwlhv

Zh kdyh dvvxphg wkdw wkh dffxpxodwlrq ri kxpdq fdslwdo e| d zrunhu
grhv qrw kdyh gluhfw vslooryhu h�hfwv rq rwkhu zrunhuv1 Lq wkh hqgrjhqrxv
jurzwk olwhudwxuh/ krzhyhu/ pdq| dxwkruv dujxh wkdw wkhuh h{lvwv vljql�fdqw
vslooryhuv1 Ohw xv lqglfdwh eulh | krz rxu prgho fdq eh prgl�hg wr wdnh lqwr
dffrxqw vxfk ehqh�fldo h{whuqdolwlhv1 Dq lqwxlwlyho| dsshdolqj irupxodwlrq
zrxog eh wr prgli| rxu prgho e| vshfli|lqj wkdw wkh sdudphwhu >� iru lqgl0
ylgxdo � lv dq lqfuhdvlqj ixqfwlrq ri wkh dyhudjh dprxqw 7� ri dffxpxodwlrq
ri kxpdq fdslwdo lq wkh lqgxvwu| dqg ri �M

>� ' >f n �E7��M�c �� : f +95,

Wkh srvlwlyh h{whuqdolw| glvsod|hg lq +95, lpsolhv wkdw d odlvvh}0idluh
uhjlph zrxog uhvxow lq dq lqh!flhqwo| orz ohyho ri dffxpxodwlrq ri kxpdq
fdslwdo1 Vlqfh rqh shuvrq*v lqyhvwphqw lq klv kxpdq fdslwdo kdv d srvlwlyh
vslooryhu h�hfw rq wkh kxpdq fdslwdo ri rwkhuv/ wkh jryhuqphqw ri d vpdoo
hfrqrp| pljkw zdqw wr sxuvxh srolflhv wkdw lqfuhdvh wkh sulfh ri wkh kljk0
whfk jrrg1 Wklv zrxog phdq wkdw wkh frxqwu| wkdw lpsruwv wkh kljk whfk
jrrg xqghu iuhh wudgh pd| kdyh dq lqfhqwlyh wr surklelw vxfk lpsruwv vr dv
wr udlvh wkh grphvwlf sulfh �2/ wkxv hqfrxudjlqj pruh kxpdq fdslwdo dffxpx0
odwlrq +dv wkhuh lv xqghu0lqyhvwphqw lq kxpdq fdslwdo xqghu odlvh}0idluh,1 Ri
frxuvh/ wkhuh zrxog suhvxpdeo| eh rwkhu srolflhv wkdw zrxog eh pruh h!flhqw
zd|v wr ghdo zlwk vxfk h{whuqdolwlhv/ exw srolwlfdo ru uhyhqxh frqvlghudwlrqv
frxog ohdg wr wkh dgrswlrq ri surwhfwlrq1

716 Hgxfdwlrq Srolf|

Lq wklv vxevhfwlrq zh eulh | lqglfdwh krz rqh pljkw zdqw wr dqdo|}h hgxfd0
wlrq srolf| lq wkh frqwh{w ri rxu prgho1 Rqh frxog wklqn ri hgxfdwlrq srolf|
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d�hfwlqj wzr yduldeohv lq rxu prgho/ wkh frvw ri dftxlulqj hgxfdwlrq/ � ru
wkh surgxfwlylw| ri hgxfdwlrq >1 Wklqn ri hgxfdwlrq srolf| dv d�hfwlqj >1
Ohw >f ghqrwh wkh lqlwldo ohyho ri wkh yduldeoh >1 Zkdw lv wkh pdujlqdo vrfldo
ehqh�w ri d srolf| wkdw gluhfwo| jlyhv ulvh wr dq lqfuhdvh lq >fq Xqghu iuhh
wudgh/ iru d vpdoo rshq hfrqrp|/ �2 lv h{rjhqrxv dqg khqfh dq| lqfuhdvh lq
>f wr d kljkhu ydoxh/ vd| >f n 0c zloo lqfuhdvh �/ l1h1 lqfuhdvh kxpdq fdslwdo
dffxpxodwlrq1

Xqghu dxwdun|/ wklqjv duh voljkwo| gl�huhqw= dq| lqfuhdvh iurp >f wr >fn0
zloo fdxvh wkh dxwdunlf htxloleulxp sulfh �2� wr idoo wr vrph ohyho h�2� 	 � f

2�/
dqg wklv pd| glvfrxudjh kxpdq fdslwdo dffxpxodwlrq1 Vlqfh wkh ghpdqg
fxuyh iru jrrg M lv qhjdwlyho| vorshg/ wklv sulfh idoo phdqv wkdw wkh qhz
htxloleulxp txdqwlw| frqvxphg lv juhdwhu wkdq wkh rog htxloleulxp txdqwlw|
frqvxphg1 Wklv lq wxuqv phdqv wkdw wkh qhz h�hfwlyh vxsso| E>fn 0��E>fn
0c h�2�� h{fhhgv wkh rog >

f�E>fc �2��/ exw zh fdqqrw eh fhuwdlq zkhwkhu �E>
fn

0c h�2�� h{fhhgv �E>fc �2��1 Wkhuhiruh/ xqghu dxwdun|/ d srolf| wkdw gluhfwo|
lqfuhdvhv > pd| lqgluhfwo| uhgxfh �1 Li wkhuh duh vslooryhu h�hfwv lq wkh
hfrqrp|/ dqg li wkhvh h�hfwv ghshqg rq � udwkhu wkdq >�/ wkhq xqghu dxwdun|/
d srolf| wkdw lqfuhdvhv > frxog eh kdupixo1 Wr vxppdul}h/ hgxfdwlrq srolf|
wkdw pdnhv kxpdq fdslwdo pruh surgxfwlyh dozd|v lpsuryhv zhoiduh lq d iuhh
wudglqj hfrqrp|1 Lq dq dxwdunlf hfrqrp| vxfk dq hgxfdwlrq srolf| pd|
dfwxdoo| uhgxfh zhoiduh1

717 Xqfhuwdlqw|

Zh fdq lqwurgxfh xqfhuwdlqw| derxw vhfrqg shulrg sulfh/ exw wkh edvlf uhvxowv
jr wkurxjk1 Ohw r�Ew� eh wkh dprxqw ri vdylqjv iru d zrunhu lq shulrg �1 Dw
wkh ehjlqqlqj ri shulrg 2/ zkhq wkh xqfhuwdlqw| derxw shulrg 2 sulfh kdv ehhq
uhvroyhg/ wkh zrunhu nqrzv wkdw klv vhfrqg shulrg zdjh lv `Cn>�Ew��2 dqg
wkhuhiruh klv vhfrqg shulrg xwlolw| lv

U2 d�2c �Ew�c r�Ew�o ' 4@ 
f2M

T Ef2M� n dr�Ew�E� n o� n`C n E�� q�>�Ew��2 � �2f2M o

' T d(E�2�o� �2(E�2� n r�Ew�E� n o� n`C n E� � q�>�Ew��2

Qrwlfh wkdw/ vlqfh �2 lv qrw nqrzq lq shulrg 4/ zh fdqqrw xvh wkh ixqfwlrq
�WE�2c >c qc�c oc w� jlyhq lq +<,1 Zh kdyh/ iru dq| jlyhq �Ew�/
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Lq wkh �uvw shulrg/ ehiruh wkh xqfhuwdlqw| lv uhvroyhg/ wkh zrunhu fkrrvhv
�Ew� dqg r�Ew� wr pd{lpl}h klv h{shfwhg wzr0shulrg xwlolw|

.L ' T E(�E���� n

%
`�Ew��

�E�Ew��

w5
� r�Ew�� ��(�E���

&
n B.U2 d�2c �Ew�c r�Ew�o

zkhuh . lv wkh h{shfwdwlrq rshudwru +dqg wkh udqgrp yduldeoh lv �2,1
Lw lv fohdu iurp wkh deryh wkdw lq wklv vlpsoh irupxodwlrq/ xqfhuwdlqw|

grhv qrw d�hfw wkh ghflvlrq rq kxpdq fdslwdo lqyhvwphqw= wkh zrunhu vlpso|
fkrrvhv �Ew� wr pd{lpl}h
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�E�Ew��

w5
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zklfk lv wkh htxlydohqw ri +8,1

8 Frqfoxglqj Uhpdunv

Zh kdyh ghyhorshg d prgho ri �up0vshfl�f kxpdq fdslwdo dffxpxodwlrq dqg
h{soruhg vrph ri lwv lpsolfdwlrqv1 Dq lpsruwdqw ihdwxuh ri rxu prgho lv
wkdw kxpdq fdslwdo dffxpxodwlrq lv hqgrjhqrxv= h{shfwdwlrqv ri ixwxuh wudgh
olehudol}dwlrq zrxog lq xhqfh fxuuhqw ghflvlrq rq hgxfdwlrq1 Wkh h�hfw ri
wudgh rq wkh zdjh jds ehwzhhq kljk dqg orz vnloo zrunhuv lv vkrzq wr ghshqg
rq zkhwkhu d frxqwu| lv dq h{sruwhu ru lpsruwhu ri wkh kljk0whfk jrrg1 Zh
vkrzhg wkdw wudgh olehudol}dwlrq lqfuhdvhv wkh zdjh jds lq wkh frxqwu| wkdw
h{sruwv wkh kljk0whfk jrrg/ dqg ghfuhdvhv wkh zdjh jds lq wkh rwkhu frxqwu|1
Lq wkh frxqwu| wkdw h{sruwv wkh kljk0whfk jrrg/ zrunhuv zlwk orz ohduqlqj
delolw| +orz w, dqg vshfl�f fdslwdo rzqhuv lq wkh orz0whfk vhfwru orvh iurp
iuhh wudgh zkhuhdv kljk0whfk vshfl�f fdslwdo rzqhuv dqg kljk ohduqlqj delolw|
zrunhuv jdlq iurp iuhh wudgh1 Zh dovr vkrz wkdw wkh zdjh jds pd| lqfuhdvh
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lq dq hfrqrp| wkdw lpsruwv wkh kljk0whfk jrrg/ li wkdw hfrqrp| lv vxemhfwhg
wr wzr lqghshqghqw vkrfnv= d whfkqrorj| vkrfn dqg d whupv ri wudgh vkrfn1

Lq wkh vshfldo fdvh zkhuh doo vnloohg zrunhuv hduq wkh vdph qhw lqfrph +l1h1/
diwhu vxewudfwlqj hgxfdwlrq frvw, dv xqvnloohg rqhv/ zh duh deoh wr vkrz wkdw d
pryh iurp dxwdun| wr iuhh wudgh zloo kdup wkh frxqwu| wkdw lpsruwv wkh kljk0
whfk jrrg xqghu iuhh wudgh1 Wklv �orvv iurp wudgh� uhvxow 43 lv gxh wr wkh idfwv
wkdw +l, wkh oderu pdunhw lq shulrg 5 lv qrq0frpshwlwlyh= zrunhuv zlwk �up0
vshfl�f vnloov pxvw edujdlq zlwk wkhlu hpsor|huv rq vhfrqg shulrg zdjh/ dqg
+ll, �upv dqg zrunhuv fdqqrw hqwhu lqwr orqj0whup frqwudfw frqglwlrqdo rq wkh
h{whqw ri kxpdq fdslwdo dffxpxodwlrq1 Xqghu wkhvh frqglwlrqv/ d idoo lq wkh
sulfh ri wkh kljk0whfk jrrg/ zklfk glvfrxudjhv kxpdq fdslwdo dffxpxodwlrq/
fdq eh ghwulphqwdo wr zhoiduh1

Rwkhu lvvxhv wkdw fdq eh frqvlghuhg zlwklq wkh iudphzrun ri rxu prgho
duh= +l, d zdjh glvshuvlrq +Zrrg/ 4<<7,/ +ll, srolwlfdo hfrqrp| h1j1/ frdolwlrq
ri srwhqwldo jdlqhuv dqg frdolwlrq ri srwhqwldo orvhuv/ +lll, eudlqv gudlq/ dqg
pljudwlrq h1j1/ vlqfh lw lv fkhdshu wr dffxpxodwh kljk0whfk kxpdq fdslwdo lq
dgydqfhg frxqwulhv/ wkhuh lv dq lqfhqwlyh wr pljudwh wr wkhvh frxqwulhv1

DSSHQGL[ 4
Ghwhuplqdwlrq ri iuhh wudgh htxloleulxp lq d wzr0frxqwu| zruog

Uhfdoo wkdw/ lq wkh krph frxqwu|/ wkh udwlr ri fdslwdolvwv wr zrunhuv lv b1
Ohw wkh vxshuvfulsw s lqglfdwh yduldeohv ri wkh iruhljq frxqwu|1 Zh dvvxph
wkdw bs ' b 1 Wkh krph frxqwu|*v ghpdqg iru jrrg M lq shulrg wzr lv
E�nb��(2E�2� dqg lwv vxsso| ri wkdw jrrg lq shulrg wzr lv 'M2E�2�/ zkhuh/
xvlqj +73,/

'M2E�2� ' �M n�M>- d��2o
�*� +96,

Wkxv/ wkh krph frxqwu|*v h{fhvv vxsso| ixqfwlrq/ .72E�2� � 'M2E�2�� E�n
b��(2E�2� lv xszdug vorslqj/ dqg lqwhuvhfwv wkh sulfh d{lv dw d ydoxh ghqrwhg
e| �2�1

Wkh iruhljq frxqwu|*v ghpdqg iru jrrgM lq shulrg wzr lv E�nb�� s(2E�2�

dqg lwv vxsso| ri wkdw jrrg lq shulrg wzr lv's
M2 ' �s
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M2E�2�1 Vlqfh �W�E�2� : f iurp +<,/ wkh iruhljq frxqwu|*v h{fhvv ghpdqg

43Wklv frqwudvwv zlwk wkh vwdqgdugv �jdlqv iurp wudgh� uhvxow +Nhps 4<95/4<<8, zklfk
grhv qrw dsso| wr prghov zkhuh zrunhuv dqg �upv edujdlq ryhu vhfrqg shulrg zdjh
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ixqfwlrq/ .(s
2 E�2� ' �s(s

2 E�2� �'s
M2E�2� lv grzqzdug vorslqj/ dqg lqwhu0

vhfwv wkh sulfh d{lv dw d ydoxh ghqrwhg e| � s
2�1

Wkh iuhh0wudgh htxloleulxp sulfh �2A pxvw vdwlvi|

.72E�2A � ' .(s
2 E�2A � +97,

Dvvxph wkdw � s
2� : �2�1 Wkhq wkhuh h{lvwv d xqltxh iuhh0wudgh htxlole0

ulxp sulfh �2A / vxfk wkdw � s
2� : �2A : �2� dqg .72E�2A � ' .(s

2 E�2A � 	 f/
lqglfdwlqj wkdw wkh krph frxqwu| lv wkh h{sruwhu ri wkh kljk0whfk jrrg1

Lw lv hdv| wr vhh wkdw lq rxu prgho/ � s
2� : �2� li dqg rqo| li/ iru doo �2 � f/
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68+98,
Wkxv/ li ?M : ?sM +zlwk rwkhu sdudphwhuv ehlqj wkh vdph iru erwk frxq0

wulhv,/ wkhq wkh krph frxqwu| zloo eh wkh h{sruwhu ri wkh kljk0whfk jrrg> wklv
lv dq hqgrzphqw0edvhg h{sodqdwlrq ri wudgh1 Vlploduo|/ > : >szrxog jlyh
d whfkqrorj|0edvhg h{sodqdwlrq ri krph kljk0whfk h{sruwv1 � 	 �s zrxog
h{sodlq krph h{sruwv ri kljk0whfk jrrg lq whupv ri orzhu hgxfdwlrq frvw1

q 	 qszrxog h{sodlq krph h{sruwv ri kljk0whfk jrrg lq whupv ri orzhu edu0
jdlqlqj srzhu ri krph �upv1 o 	 os zrxog h{sodlq krph h{sruwv ri kljk0whfk
jrrg lq whupv ri wlph suhihuhqfh +d orz lqwhuhvw udwh hqfrxudjhv dffxpxodwlrq
ri kxpdq fdslwdo,1

DSSHQGL[ 5
H�hfwv ri iuhh wudgh rq lqfrph glvwulexwlrq

5 D= Wkh lpsdfwv rq wkh frxqwu| wkdw h{sruwv wkh kljk0whfk
jrrg=

Zh �uvw frqvlghu dq rshq hfrqrp| wkdw h{sruwv wkh kljk0whfk jrrg xqghu
iuhh wudgh1 Iru wklv hfrqrp|/ wkh pryh iurp dxwdun| wr iuhh wudgh pd| eh
uhsuhvhqwhg e| dq lqfuhdvh lq �2 +uhodwlyh wr lwv dxwdunlf ��2,1 Zkdw duh wkh
h�hfwv ri wklv lqfuhdvh rq wkh zhoiduh ri zrunhuv dqg fdslwdo rzqhuvB

Wkh lqgluhfw xwlolw| ri d zrunhu ri w|sh w lv rewdlqhg iurp wkh pd{lpl}d0
wlrq sureohp ghvfulehg lq vhfwlrq 5161 Wklv |lhogv wkh ghpdqg ixqfwlrqv

fW

M�E��� ' (�E���/ f
W

M2E�2� ' (2E�2� +99,
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zkhuh (|E�� lv wkh lqyhuvh ixqfwlrq ri T �

| E��1 Wkh ghpdqg iru wkh qxphudluh
jrrg C fdq wkhq eh lqihuuhg iurp wkh exgjhw frqvwudlqw1 Wkxv

fW

�C n
�

� n o
fW

�C '�Ew�� ��(�E����
�

� n o
�2(2E�2� +9:,

Vxevwlwxwlqj +99, dqg +9:, lqwr wkh gluhfw xwlolw| ixqfwlrq/ dqg uhfdoolqj wkdw
B ' �*E� n o�/ zh rewdlq wkh lqgluhfw olih0wlph xwlolw| ixqfwlrq

XE��c �2c�Ew�� ' T�E(�E����nBT2E(2E�2��n�Ew����(�E����B�2(2E�2�+9;,

Wkh h�hfw ri dq lqfuhdvh lq �2 rq wkh zhoiduh ri d zrunhu ri w|sh w lv
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2E�2�� B d�2(
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2 n(2o n
_� Ew�

_�2

' �B(2E�2� n
_� Ew�

_�2

Iru zrunhuv zlwk w � ew/ wkhlu olih0wlph lqfrph/ qhw ri hgxfdwlrq frvw/ lv
�Ew� ' `CE� n �

�no
� dqg wkhuhiruh _�Ew�

_�2
' f1 Wkh| duh wkhuhiruh pdgh

zruvh r� e| wkh ulvh lq �21 Iru zrunhuv zlwk w : ew/ zh xvh +64, dqg +94, wr
jhw

_� Ew�

_�2

'
�

�

� n o

�
� �*�
2 >E�n��*�

%
� � q

�E� n o�

&�*� %
��

� � q

� n �
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�ew�5*��
zklfk lv qrq0qhjdwlyh +srvlwlyh li 5 : f�1 Wkxv zrunhuv zlwk vx!flhqwo| kljk
ohduqlqj delolw| zloo eh ehwwhu r� xqghu iuhh wudgh1

Iru rzqhuv ri fdslwdo lq wkh kljk0whfk vhfwru/ wkh lqgluhfw xwlolw| ixqfwlrq
lv +9;, zlwk�Ew� uhsodfhg e| wkh glvfrxqwhg vxp ri sur�wv/ zklfk zh ghqrwh
e|� +zklfk lv wkh vdph iru doo �upv lq wkh kljk0whfk vhfwru/ dv zh kdyh dujxhg
lq vhfwlrq 515/ vhh htxdwlrq +58, lq sduwlfxodu1, Iurp +59,/ +55, dqg +64,/
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Wkh whup � n >�WEew� lv wkh vhfrqg shulrg rxwsxw ri �up ew1 Lq wkh xvxdo
wh{w0errn h{srvlwlrq ri wkh wkhru| ri frpshwlwlyh �upv/ dq lqfuhdvh lq wkh
sulfh �2 zrxog udlvh sur�w e| dq dprxqw htxdo wr wkh rxwsxw ri wkh �up1 Wkdw
uhvxow grhv qrw dsso| khuh/ ehfdxvh �2 fdxvhv kxpdq fdslwdo dffxpxodwlrq/
wkh iuxlw ri zklfk lv vkduhg ehwzhhq wkh �up dqg wkh zrunhu1 Khuh/
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Wkh wrwdo sur�w jdlq wr doo fdslwdo rzqhuv lq wkh kljk0whfk vhfwru lv l �
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>�WEew�l/ dqg/ li 5 ' f vr wkdw �WEw� ' �WEew� iru doo

w � ew/ wkhq l h{fhhgv wkh +glvfrxqwhg, wrwdo rxwsxw ri wkh kljk0whfk vhfwru
lq shulrg 5/ zklfk lv �ME�n>�

WEew��*E�no� ' '2E�2��*E�no�1 Wkxv wkh jdlq
lq sur�wv h{fhhgv wkh orvv ri frqvxphuv vxusoxv/ � E� n b�(2E�2��*E� n o� '
'2E�2��*E� n o��

5 E= Wkh lpsdfwv rq wkh frxqwu| wkdw lpsruwv wkh kljk0whfk
jrrg=

Iru d frxqwu| wkdw lpsruwv wkh kljk0whfk jrrg/ wkh rshqlqj ri wudgh
dprxqwv wr d idoo lq �2 uhodwlyh wr lwv dxwdunlf sulfh �2�1 D vlplodu dujxphqw
vkrzv wkdw/ li 5 ' f/ wkh idoo lq �2 zloo ohdg wr d qhw orvv ri vrfldo zhoiduh=
wkh orvv ri sur�wv rxwzhljkv wkh jdlqv lq frqvxphuv vxusoxv1
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Uhihuhqfhv

Ehfnhu/ Jdu|/ 4<97/ Kxpdq Fdslwdo> D Wkhruhwlfdo dqg Hpslulfdo
Dqdo|vlv/ zlwk Vshfldo Uhihuhqfh wr Hgxfdwlrq/ Xqlyhuvlw| ri Froxpeld
Suhvv1

Erumdv/ Jhrujh M1 dqg Ydohulh D1 Udph|/ 4<<8/ Iruhljq Frpshwlwlrq/
Pdunhw Srzhu/ dqg Zdjh Lqhtxdolw|/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/
Qryhpehu 4<<8/ 43:804443

Gdylv/ G1/ 4<<;/ Grhv Hxurshdq Xqhpsor|phqw Surs xs Dphulfdq
ZdjhB/ Dphulfdq Hfrqrplf Uhylhz ;;+6,/ 7:;07<71

Idoyh|/ Urgqh|/ 4<<;/ Wudgh Olehudol}dwlrq dqg Idfwru Sulfh Frqyhu0
jhqfh/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ iruwkfrplqj1

Iuhhpdq/ U1 E1/ 4<<8/ Duh \rxu Zdjhv Vhw lq EhlmlqjB Mrxuqdo ri

Hfrqrplfv Shuvshfwlyhv/ <+6,/ 48065/ Vxpphu 4<<81

Kluvfkpdq/ Doehuw R1/ 4<9</ �Krz wr Glyhvw lq Odwlq Dphulfd/ dqg
Zk|/� Hvvd| lq Lqwhuqdwlrqdo Ilqdqfh Qr :9/ Lqwhuqdwlrqdo Ilqdqfh
Vhfwlrq/ Sulqfhwrq Xqlyhuvlw|/ Qryhpehu 4<9<1

Nhps/ Pxuud| F/ 4<95/ �Wkh Jdlqv iurp Lqwhuqdwlrqdo Wudgh/� Hfr0

qrplf Mrxuqdo :5/ 636064<

Nhps/ Pxuud| F/ 4<<8/ Wkh Jdlqv iurp Wudgh dqg wkh Jdlqv iurp

Dlg/ Urxwkohgjh/ Q1\1

Nuxjpdq/ Sdxo/ 4<<8/ Jurzlqj Zruog Wudgh= Fdxvhv dqg Frqvh0
txhqfhv/ Eurrnlqjv Sdshuv rq Hfrqrplf Dfwlylw|/ 4/ 58405:31

Ohdphu/ H1H1/ 4<<;/ Lq vhdufk ri Vwrshu0Vdpxhovrq Olqndjhv ehwzhhq
Lqwhuqdwlrqdo Wudgh dqg Orzhu Zdjh Udwhv/ lq V1 Froolqv +hg1, Lpsruwv/
H{sruwv/ dqg wkh Dphulfdq Zrunhu/ Zdvklqjwrq/ G1F1/Eurrnlqjv Lq0
vwlwxwlrq/ 47405351

Orqj/ Qjr Ydq dqg Ndu0|lx Zrqj/ 4<<:/ Hqgrjhqrxv Jurzwk dqg Lq0
whuqdwlrqdo Wudgh= D Vxuyh|/ Fkdswhu 4 lq E1 Mhqvhq dqg Ndu0|lxZrqj/
G|qdplfv/ Hfrqrplf Jurzwk/ dqg Lqwhuqdwlrqdo Wudgh/ Xqlyhuvlw| ri
Plfkljdq Suhvv/ Dqq Dueru/ Plfkljdq1
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Oxfdv/ Urehuw H1/ 4<;;/ Rq wkh Phfkdqlfv ri Hfrqrplf Ghyhorsphqw/
Mrxuqdo ri Prqhwdu| Hfrqrplfv 55/ 60751

Qhdu|/ M1 Shwhu/ 5333/ Frpshwlwlrq/ Wudgh dqgZdjhv/ W|shvfulsw/ Xql0
yhuvlw| Froohjh Gxeolq1

Vwrnh|/ Qdqf| O1/ 4<<4/ Kxpdq Fdslwdo/ Surgxfw Txdolw|/ dqg Jurzwk/
Txduwhuo| Mrxuqdo ri Hfrqrplfv 439/ 8;:09491

W|huv/ Urg/ dqg \rqj}khq \dqj/ 4<<</ Hxurshdq Xqhpsor|phqw / XV
Zdjhv/ dqg wkh Dvldq Hphujhqfh/ Zrunlqj Sdshu & 69:/ Idfxow| ri
Hfrqrplfv dqg Frpphufh/ Dxvwudoldq Qdwlrqdo Xqlyhuvlw|1

Zrrg/ Dguldq/ 4<<7/ Qruwk0Vrxwk Wudgh/ Hpsor|phqw/ dqg Lqhtxdolw|=
Fkdqjlqj Iruwxqhv lq d Vnloo0gulyhq Zruog/ Foduhqgrq Suhvv/ R{irug1

\rxqj/ Doz|q/ 4<<4/ Ohduqlqj0e|0grlqj dqg wkh G|qdplfv ri Lqwhuqd0
wlrqdo Wudgh/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 439/ 69<0738


