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Abstract 

We prove the existence of a private value allocation for an economy with differential 
information where the commodity space may be infinite dimensional, and there is a 

continuum of states. We also discuss the existence, non-existence, and properties of two 

alternative value allocation concepts. 
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1. Introduction 

In a companion paper, Krasa and Yannelis (1994) introduced the concept of a 
private value allocation for an economy with differential information. This concept 

was presented as an alternative to the rational expectation equilibrium notion. In 

particular, we demonstrated that the private value allocation is coalitionally 

incentive-compatible and it takes into account the informational advantage or 

superiority of an individual. Moreover, we showed by means of examples that the 
private value allocation yields sensible and reasonable outcomes in situations 
where any rational expectation equilibrium notion fails to do so. 

* Corresponding author 

0304-4068/96/$15.00 0 1996 Elsevier Science S.A. Ah rights reserved 

SSDI 0304-4068(95)00724-5 



166 S. Krasa, N.C. Yannelis/Journal of Mathematical Economics 25 (1996) 165-l 79 

In view of the fact that the private value allocation seems to be a successful 

alternative to the rational expectation equilibrium, it is important to know the 

conditions that guarantee its existence. Although in Krasa and Yannelis it was 

mentioned that the private value allocation may exist under fairly mild assump- 

tions, no existence proof was provided. It is the main purpose of the present paper 

to present sufficient conditions for the existence of a private value allocation. 
Moreover, we examine the existence and interpretation of two alternative value 

allocation concepts, i.e. the coarse and the fine value allocations. 
It should be noted that for the deterministic value allocation (either ordinal or 

cardinal value) several general existence results are available in the literature, e.g. 

Shapley (19691, Shafer (1980), Yannelis (19831, Emmons and Scafuri (1985). 

However, none of these results can be applied to differential information economies 

directly. In particular, the presence of a continuum of states, even with a 
finite-dimensional commodity space, necessitates the use of functional-analytic 

and measure-theoretic methods. 
The paper proceeds as follows. In Section 2 the economy with differential 

information is introduced. Section 3 defines the private value allocation. Section 4 
is focused on the existence proof, and finally Section 5 discusses the coarse and 

the fine value allocations. 

2. The model 

Let Y denote the commodity space. In our existence result in Section 4, Y may 
be infinite dimensional. Hence, infinitely many commodities are permissible. ’ We 

consider an exchange economy that extends over two time periods, t = 0, 1, where 
consumption takes place in t = 1. At t = 0 there is uncertainty over the state of 

nature described by a complete probability space (0, Sr, ~1. Let I = {l, . . . , n} 
denote the set of all agents. In t = 0 agents will agree on net-trades that may be 

contingent on the state of nature in t = 1. However, agents are differentially 
informed with respect to the true state of nature. Specifically, we assume that at 

t = 1 agents do not necessarily know which state w E 0 has actually occurred. 

They know their own endowment realization and every agent i might have some 

additional information about the state described by a a-algebra Fi with Fi CF. 

Although all our results will be proved for arbitrary information o-algebras, it is 

easier to understand the interpretation of the information c-algebras by consider- 
ing partitions. Thus, assume, for example, that Fi is generated by a countable 
partition A,, k E N. Let 0 be the true state of the economy in t = 1. Then agent i 

observes the event A,, which contains W. However, he/she does not know which 
state w EA, has actually occurred. 

’ Y can be any Banach lattice with an order-continuous norm. Y, denotes the positive cone of Y 
(see Section 4 for the appropriate definitions). 
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By assumption, agents can always observe their own endowment realization. 
Thus, we can assume without loss of generality that agent i’s initial endowment, 
ei, is measurable with respect to Fi 

In summary, an exchange economy with differential information is given by 
g= {(Xi, ui, ei, ri, p): i = 1,. . . , n) where 

(1) xi: n + 2*+ is the consumption set of agent i, 
(2) ui: Y++ R, is the utility function of agent i, ’ 
(3) St, is a a-algebra with ST, ~9 denoting the private information of agent 

i, 
(4) e,: 0 -+ Y, is the initial endowment of agent i, where each ei is 

SF,-measurable, (Bochner) integrable 3 and ei( w) E X,( o) p-a.e., 
(5) Al. is a probability measure on R denoting the common prior of each agent. 
The expected utility of agent i is given by 

Throughout the paper, we assume that the utility function U, of each agent i is 
(weakly) continuous, concave and bounded. 

3. The private value allocation 

We now describe the notion of a private value allocation. This notion is the 
analog of the private core of Yannelis (1991) and was introduced in Krasa and 
Yannelis (1994). The main idea for this concept is that each agent i’s trades are 
restricted to those that are measurable with respect to their private information, 
Since the Shapley value measures the marginal contribution of each agent to any 
coalition of which the agent is a member, the assumption that an agent’s trade 
within the coalition must be measurable with respect to the agent’s information 
implies that information asymmetries matter. Since the main focus of this paper is 
to provide a general existence result, the interested reader is referred to Krasa and 
Yannelis (1994) for a further discussion of the properties of the private value 
allocation. 

As in the definition of the standard value allocation concept, we must first 
derive a transferable utility (TIJ) game in which each agent’s utility is weighted by 
a factor hi (i = 1, 2,. . . , n), which allows interpersonal utility comparisons. In 

2 One may also assume that the utility function is random, i.e., u, is a real valued function defined 

on fl X Y, All the results of the paper will remain valid. 

3 See Section 4 for a definition of the Bochner integral. If Y, = R” this is the standard Lebesgue 

integral. 

4 Different priors and updating of priors could be introduced as in Krasa and Yannelis (1994, 

footnote 7). 
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the value allocation itself no side-payments are necessary. 5 A game with side-pay- 
ments is then defined as follows. 

Definition 2. A game with side-payments r= (I, V) consists of a finite set of 
agents I={l,..., n} and a superadditive, real valued function V defined on 2’ 
such that V(g) = 0. Each S c I is called a coalition and V(S) is the ‘worth’ of the 
coalition S. 

The Shapley value of the game r (Shapley, 1953) is a rule that assigns to each 
agent i a ‘payoff’, Shi, given by the formula 6 

Sh,(V) = c 
(ISI-l)!( Ia-ISI)! 

III! WV) - w\m~ SC1 
S>(i) 

The Shapley value has the property that Cl, ,Sh,(V) = V(I), i.e. the Shapley 
value is Pareto efficient. 

We now define for each economy with differential information, 8, and for each 
set of weights, {hi: i = 1,. . . , n}, the associated game with side-payments (I, VAp) 
(we also refer to this as a ‘transferable utility’ (TU) game) as follows: 

For every coalition S C I let 

subject to 
(i) Ci E s X,( 0) = Ci E S ei( w), p-a.e., 

(ii) xi - ei is yi-measurable for every i E 5’. 
We are now ready to define the private value allocation. 

Definition 2. An allocation x: LI + LIf= r Yi with xi(w) E X,(w) CL-a.e. for all i 
is said to be a private value allocation of the economy with differential informa- 
tion, 8, if the following holds: 

(i) Each net-trade xi - ei is yi-measurable, 
(ii) Cl= 1 xi( w) = C:= 1 ei( w), p-a.e., 

(iii) There exist Ai 2 0, for every i = 1,. . . , n, which are not all equal to zero, 
with ,$Ju~(x~(w)) dp(o) = Shi(V,P) for all i, where Shi(Vff) is the Shapley 
value of agent i derived from the game (I, VAp>, defined in (3.1). 

Condition (i) requires individual measurability of net-trades, i.e. net trades can 
only be contingent on each agent’s individual information sti. (ii) is the market 

’ See Emmons and Scafuri (1985, p. 60) or Shafer (1980, p. 468) for further discussion. 

6 The Shapley value measure is the sum of the expected marginal contributions an agent can make to 

all the coalitions of which he/she is a member (see Shapley, (1953)). 
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clearing condition. (iii) says that the expected utility of each agent multiplied with 
his/her weight Ai must be equal to his/her Shapley value derived from the TU 
game (I, V{). 

An immediate consequence of Definition 2 is that Sh,(V’J’> 2 Ai/+ dp for 
every i, i.e. the value allocation is individually rational. This follows immediately 
from the fact that the game (Vf, I) is superadditive for all weights A. Similarly, 
efficiency of the Shapley value for games with side-payments immediately implies 
that the value allocation is constrained Pareto efficient. 

We now state our main existence result. 

Theorem 1. Let 8 = ((Xi, ui, ei, Fi, p): i = 1,. . . , n) be a finite exchange econ- 

omy with differential information satisfjkg the following assumptions for each 

agent: 

(Al) The commodity space Y, is the positive cone of a Banach lattice Y with 

an order-continuous norm. 

(A2) Xi: n--f 2” is a convex, closed, non-empty valued correspondence. 

(A3) ui: Yd R, is continuous, bounded and concave. 

Then a private value allocation exists in Z?. 

The technical conditions in (Al) are explained in the following section. Note 
that (Al) is automatically fulfilled for all finite-dimensional spaces. Other basic 
examples of Banach lattices with an order-continuous norm are the Lebesgue 
spaces L*, 1 I p < ~0 of R” valued functions. 

4. The existence proof 

The goal of this section is to provide a general existence result. In particular, 
we show that private value allocations exist in a setting where there is an infinite 
number of commodities and an infinite number of states of nature. Before proving 
our existence result, we outline some mathematical preliminaries. 

4.1. Mathematical preliminaries 

Let (0, F, p) be a probability space, and X be a Banach space. We denote 
by Li( p) the space of all equivalence classes of X-valued Bochner integrable ’ 
functions f: R +X normed by 

IlfllI =jllf(~)lld/.+). 

7 The Bochner integral of a function f can be obtained by approximating f by a sequence of simple 

functions f,, (for a definition of simple functions see footnote 15). This is the same construction that is 

used to define the Lebesgue integral for X = R”. 
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It is a standard result that when normed by the functional II . I( 1 above, L’,( /..L) 
becomes a Banach space (see Diestel and Uhl, 1977, p. 50). 

We now collect some basic results on Banach lattices (for an excellent 
treatment see Aliprantis and Burkinshaw, 1985). Recall that a Banach space X is a 
Ban&z lattice if there exists an ordering 2 on X with the following properties: 

(i) x2y implies x+z>y+z for every zEX, 
(ii) x 2 y implies Ax 2 hy for every scalar A 2 0, 

(iii) for all x, y E X there exists a supremum (denoted by x V y> and an 
infimum (denoted by x A y), 

(iv) I x 1 2 ( y 1 implies II x (I 2 (I y II for all x, y EX. 
As usual, x+ = x V 0, x-= (-x) V 0, and 1 x I = x+ + x-. We call x+ and x- 

the positive and negative parts of x, respectively, and I x ( the absolute value of x. 
For x, y E X we define the order interval [x, yl as follows: 

[x, y] ={zEx: XlZlY). 

Note that [x, y] is convex and norm-closed, hence weakly closed (recall Mazur’s 
Theorem). A Banach lattice L is said to have an order-continuous norm if x, J 0 ’ 
in L implies II x, II J 0. A very useful result, which will play an important role, is 
that if X is a Banach lattice, then the fact that X has an order-continuous norm is 
equivalent to the weak compactness of order intervals (see, for example, Aliprantis 
and Burkinshaw, 1985). 

We finally note that Cartwright (1974) has shown that if X is a Banach lattice 
with an order-continuous norm (or, equivalently, X has weakly compact order 
intervals), then L’,(p) has weakly compact order intervals, as well. Cartwright’s 
Theorem will play a crucial role in our existence proof. 

4.2. Proof of Theorem 1 

Let {(Xi, ui, e,): i = 1, 2,. . ., n} be an exchange economy where 
(a) Xi C IR: is the consumption set of agent i, 
(b) ui: Xi -+ [w, is the utility function of agent i, 
(c) e, E Xi is the initial endowment of agent i. 
Given an economy, {(Xi, ui, e,): i = 1, 2,. . . , n}, and a set of weights, {Ai: 

i=l ,..., n}, where hi 2 0 for every i and Cl= 1 Ai = 1, define the game 

V,(S) =,rnz; ,zAiu,(xi), subject to xxi= cei. 
1 llE.7 iES iES 

Denote by Shi(V,) the Shapley value of agent i. The allocation: 

x=(x,,..., xn) E fixi7 
i= 1 

8 
x, J 0, means that x, is a decreasing net with inf, x, = 0. 
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is said to be a A-transfer value allocation or a cardinal value allocation for the 

economy {(X,, ui, e,); i = 1,. . . , n} if 

(i> C:= I xi = Cl_1 e,, and 
(ii) there exists (A, 2 0: i = 1,. . . , n) with Cy=,Ai = 1 such that A,u,(xl) = 

Sh,(V,) for each i. 
Emmons and Scafuri (1985) or Shapley (1969) show that if ui is concave, and 

continuous, and if Xi is bounded from below, closed and convex, then a cardinal 

value allocation exists for the economy {(Xi, ui, e,): i = 1,. . . , n}. Let L,,, denote 

the set of all functions xi: 0 + Y that are ST,-measurable, Bochner integrable, and 
for which xi(o) EX&W), CL-a.e. Define VVi: L,, + R by W,(x) = /ui(xi(w)) 

d/-L(W). 
Following Bewley’s (1972) argument, we will prove our theorem by consider- 

ing its trace in finite dimensions and appealing to the Emmons and Scafuri (1985) 

existence result. We first need to prove some simple facts: 

(Fl) L, is non-empty. 
(F2) L,’ ’ 1s convex, norm-closed and bounded from below. 

(F3) W, ‘is weakly upper semi-continuous on L, 
(F4) W, is concave on LxL. 
Fact (Fl) follows immediately. Since, by assumption, ei, is Fi-measurable and 

Bochner integrable, we can conclude that ei E Lxz. Fact (F2) follows directly from 
assumption (A2). Fact (F3) is proved in Balder and Yannelis (1993, theorem 2.8) 

and (F4) follows directly from the concavity of ui. 

Now consider the economy, F = {(Lxz, W,, e,): i = 1,. . . , n}, where L,, de- 

notes the consumption set of agent i, where Wi is the utility function of agent i, 
and where ei EL, denotes the initial endowment of agent i. Note that the 

existence of a cardinal value allocation in $? implies the existence of a private 

value allocation for the original economy Z. 
Let ti be the set of all finite-dimensional subspaces of Lk( p) containing the 

initial endowments. For each (Y E M, let L*, = L, fl a be the consumption set of 
agent i and Wi”: Lg --+ R be the utility function of agent i. Note that Wiia is 

continuous, since it is the expected utility over a finite-dimensional space. 9 For 

each II E d, we have an economy ga with a finite-dimensional consumption 
space. Further, for each (Y E &, the economy @7a fulfills the assumptions of 
Emmons and Scafuri (1985). Thus, there exists a cardinal value allocation, i.e. 

there exist xLI E ny, 1L; such that 

(i) C:l=, xs = Cl= 1 e,: 
(ii) there exist A: 2 0 with Cl=l A: = 1, such that AqH$“(x~) = Sh,(V,,,*) 

9 This follows automatically from the Lebesgue dominated convergence theorem, since each u is, by 

assumption, continuous and bounded. 



172 S. Krasa, N.C. Yannelis/Journal of Mathematical Economics 25 (1996) 165-l 79 

for every i, where Shi(Kav,* ) is the Shapley value of agent i derived from the 
game (I, QaWrr). lo 

By (i) we have that 

01 ix;= &?,=e. 
i=l i=l 

Hence, each x1? lies in the order interval [O, e] in Cl= ,L,, cL\( p), which is 
weakly compact by Cartwright’s Theorem (see Cartwright, 1974, or Subsection 
4.1). 

Order the set d by inclusion. Then ((xp, . . . , x,“,hf, . . . , A,” ): a E JZZ} is a net 
in K = II:= ,[O, e] X A, where A denotes the (n - Gdimensional simplex. Since 
K is compact we can therefore assume without loss of generality that the net 
converges to a point (x1,. . . , x,, A,, . . . , A,). l1 To complete the proof we must 
show that this limit is a value allocation of our original economy, 8; i.e. that 
conditions @-(iii) in Definition 2 hold. (i) and (ii) follow immediately, since, by 
Mazur’s Theorem, LXz is weakly closed and hence contains the limit points of the 
net xs, (Y EA. 

We now prove (iii). We first show that lim, V,u,.(S> = V,,(S). Note that 
weak upper semi-continuity implies that: 

lim,supV,,,,(S) = lim,supCh,*y*( xy), 
iES 

Hence, 

= cAiK( xi) = v,,(S). 
iES 

lim,supV,=,.(S) I V,,(S). (4.1) 

Now choose XT such that V,,(S) = Ci, sA,W,(xf ). l2 Then for every E > 0 there 
exists 5 such that 

v,,(S) = xA,W,(x;) < xA;W,(x;) + E, (4.2) 
iES iES 

lo Clearly, the game (I, VAaw. ) is defined as follows. For every coalition S C I let 

V,,,.(S) = max c hpW,(x,), 
XcEL;,iES 

subject to Lx, = c ei. 
iCS is.5 

I1 More precisely, there exists a subnet that converges. For simplicity, we again choose S’ as the 

index set. 

‘* Note that x,* exists, since each W, is weakly upper semi-continuous, and since the n, in the 

optimization problem in footnote 5 are restricted to the weakly compact order interval [O,.&. sei], 

because of feasibility. 
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for every CY > Cu. Now choose p > 5 such that p contains the space spanned by 

Ix;, . . . , xl}. Then 

cAgw,( x;) 5 
iGS 

x pn, ~CAYwl(xi) = KaWo,(s)~ (4.3) 

1 x, 1s.s 

for all (Y > p since ,K* E L,, n (Y. Thus, (4.2) and (4.3) imply 

lim inf VAaw. (S) 2 v,,(S). (4.4) 
Ly 

Hence, (4.1) and (4.4.) imply that lim, haw,, (S) = V,,(S). It follows from the 

continuity of the Shapley value that lim, Shi(V,a,,,.) = Sh,(V,,). By taking the 

lim sup on both sides of the equation h~Wi”(x,“) = Shi(V,Owa) and by using the 

weak upper semi-continuity of W, we can conclude that 

AilVj( xi) 2 lim,sup APW;( x”) = lim,supSh,( VAn,u) = Sh,( VA,). 

(4.5) 

However, the Pareto efficiency of the Shapley value implies that the equality must 

hold in (4.5). Thus, condition (iii) for a Shapley value allocation holds. This 

completes the proof of the theorem. 0 

5. The coarse and the fine value allocation 

5.1. Definitions 

In this section, we introduce two alternative notions of a value allocation for an 
economy with differential information. The difference stems from the measurabil- 

ity restriction on the type of allocations that are allowed. Both notions are the 
analogs of the coarse and the fine cores of Wilson (1978). We begin by defining 

these concepts. First, note that for arbitrary a-algebras Yj, i = 1,. . . , n, common 
knowledge information is given by A :=, Fi, which is the intersection of all 

a-algebras Fi, i = 1,. . . , n. In contrast, V y=, F,, which is the a-algebra 

generated by the union of the o-algebras Fi, i = 1,. . . , n, is the pooled informa- 

tion. 
For each economy with differential information, ZY’, and each set of weights, 

{Ai: i=l,..., n), we associate a game with side-payments (I, VA’), (we also refer 
to this as a ‘transferable utility’ (TU) game) according to the following rule. 

For every coalition S c I let 

(5.1) 

subject to 

(i) Ci E sxi( W) = Ci E sei(o), CL-a.e., 
(ii) xi - ei is A i E s Fi- measurable for every i E S. 
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The coarse value allocation can now be defined by replacing condition (i) in 
Definition 2 by: 

Each net-trade xi - ei is h y= 1 Fi-measurable; and by replacing VP by V’ in 
condition (iii). 

Thus, in contrast to the private value, we now require that net-trades within a 
coalition can only be based on the common knowledge information of an agent. 

The second concept that we introduce in this section is the fine value. For each 
economy with differential information, 8, and each set of weights, {hi: i = 

1 ,...7 n), we associate a game with side-payments (I, V,f> according to the rule: 

subject to 
6) Ci G sxi( W) = Ci E Se,(w), p-ax., 

(ii) xi - ei is V iE s Fi- measurable for every i E S. 

The fine value allocation can now be defined by replacing condition (i) in 
Definition 2 by: 

Each net-trade xi - e, is V y= 1 Fi-measurable; and by replacing VP by Vf in 
condition (iii). 

Thus, in contrast to the private value and the coarse value we now require that 
net-trades within a coalition can only be based on the pooled information of a 
coalition. 

5.2. The fine value allocation 

One can easily check that the existence of a fine value allocation follows 
immediately from the existence result for the private value allocation. However, it 
does not take information asymmetries into account as the theorem below indi- 
cates. 

Theorem 2. Let 8 be a digerential information economy for which the conditions 

of Theorem 1 hold. Let 8 denote the economy with complete information, i.e. 

where we replace each Si by F. Then for every fine value allocation xi, i E I of 
8 there exists a fine value allocation f’, i E I for the economy &’ such that 

weights hi and the agents’ expected utilities in both economies are the same. 

In order to prove the theorem we need the following result. 
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Lemma 1. Let ~5’~ be the a-algebra generated by e, and let Z = V i E s2Fi. Then for 
every allocation xi, i E S that is feasible for coalition S there exists an allocation 
Z”, i E S that is feasible for coalition S such that 

(5.3) 

for every i E S and such that each i’i is F-measurable. 

Proof: We prove Lemma 1 in two steps. In Step 1 we assume that 9 can be 

represented by a partition A,, k E N of n. In Step 2 we prove the general case. 

Step 1. Without loss of generality we can assume that p(Ak) > 0 for every 

k E N, since we can modify xi, i ES arbitrarily on sets of measure 0. Let 

es=CiEs 1. e Then es is Y?-measurable and therefore constant on each set A,. For 

each agent i E S and for each k E N define 

1 
ck = ~ I / x1( 0) dl-4 w). 

/-‘tA,) A, 
(5.4) 

Let ii = C,,, Nci(lAk, where lAk denotes the characteristic function of the set 
A,. I3 Note that Jensen’s inequality l4 and (5.4) implies that 

Ui( cf) 2 (5.5) 

Now (5.3) follows by first multiplying both sides of (5.5) with p(Ak) and then 

summing both sides with respect to k E N. 
We must now prove that x1, i E S is feasible for the coalition S. This follows 

immediately by summing both sides of (5.4) with respect to i E S. Thus, for any 
ZEA, we get 

=&j Cxi(w> dP(“) 
k A, ies 

1 
= ~ 

/ dAk) A, 
es(w) dp(w) = --&e&+(Ak) =e~(~). 

I3 That is, l,j w) = 1 if and only w E A, and lA,! 01 = 0, otherwise. 

l4 If E denotes the expected value and if u is concave and bounded then Jensen’s inequality implies 

u(E(f))>E(u(f)), for any integrable function f. In our case, E(f)=(l/~~(A,))l,~f(o)d~~(w). 
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Note that we can take e, out of the integrals since e, is constant on A,. Hence gi, 
i E S is feasible. This concludes the proof of Step 1. 

Step 2. We now use an approximation argument to prove the result for arbitrary 
F’. Note that by the definition of the Bochner integral there exists a sequence of 
simple functions l5 e: such that el converges in the norm to ei for each i E S and 
for which el I ei. Similarly, we can also find a sequence of functions ~1, n E N 
such that x1 converges in the norm to xi and C,,,xl = CiEsel for each n E fV. 

Let gr be the a-algebra generated by e; and define g’” = V iE siTF. More- 
over, we can assume that V n E N3’n CF. Step 1 implies that for each IZ E N there 
exists an allocation _Zy, i E S, which is feasible for coalition S, which is ZF”-mea- 
surable and for which 

/ui( i)( OJ)) dp( w) 2 /u;( xi”( w)) d/-d w) (5.6) 

holds. Since el I ei, it follows that each ZL!’ is an element of the order interval 
[O, e,] (recall that 21, i E S is feasible for the coalition S). Since by Cartwright’s 
Theorem the order interval [0, es] is weakly compact, we can assume without loss 
of generality that each _Zy converges weakly to zZ~. Since the set of all Bochner 
integrable and .F’-measurable functions is weakly closed (recall Mazur’s Theorem) 
it follows that each ii is g-measurable. Moreover, the allocation Zi, i ES is 
feasible for coalition S. It now remains to take the limit on both sides of (5.6). 
Since u is bounded and continuous, the expected utility is norm-continuous by 
virtue of the Lebesgue dominated convergence theorem. Thus, the right-hand side 
of (5.6) converges to the right-hand side of (5.3). Since the expected utility is 
weakly upper semi-continuous l6 the lim sup of the left-hand side of (5.6) is less 
or equal to the left-hand side of (5.3). This proves Lemma 1. 

It should be clear that in Step 1 the function _Z, is the conditional expectation of 
xi given _Y and that we use, in essence, Jensen’s inequality for conditional 
expectations. The approximation argument in Step 2 can be used to show the 
existence of a conditional expectation for Bochner integrals and to extend a 
version of Jensen’s inequality. This would provide an alternative proof of theorem 
4 in chapter 5 of Diestel and Uhl (1977). 

We are now ready to prove Theorem 2. 

Proof of Theorem 2. In order to prove the theorem we first show the following. 

I5 A function f is simple if and only if there exists a countable partition Ai, i E N of R and 6, E Y, 

k E N such that f = Z,“= , bklAk (recall that Y is the Banach space). 

I6 See Balder and Yannelis (1993, Theorem 2.8). 
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Claim. Let xi, i E S be a solution to 

mx~l~sAi/ui( xi( WI) dP( o)T 

subject to 

C.X~( w) = Cei( o), CL-a.e. 
iES ig’s 

(5.7) 

Then there exists an alternative allocation ii, E S, which is feasible for coalition 
S, which is s-measurable, and which gives the same expected utility to the agents 
as allocation xi, i E S. 

In order to prove this claim, note that Lemma 1 implies the existence of an 
allocation _Ci, i E S, which is feasible for coalition S, which is g-measurable and 
for which (5.3) holds. Since the original allocation xi, i E S is a solution to (5.7), 
the equality must hold in (5.3) for all agents i E S. This proves the claim. 

The theorem now follows immediately from the claim. First note that each 
.??-measurable function is automatically V i E s yi-measurable. This follows since 
by assumption (iv) in Section 2 each e, is yi-measurable. Hence, the information 
a-algebras do not matter in the optimization problems. As a consequence, the 
induced TU game is independent of the information g-algebras. Moreover, if xi, 
i E I is a fine value allocation for 8 then xi. i E Z must solve (5.7) for S = I. 
Thus, we can use again the claim to replace xi, i E I by a s-measurable 
allocation fi, i E I, without affecting the agents’ expected utilities. Thus, ii, i E I 
is a fine value allocation. This concludes the proof of the theorem. 

Theorem 2 demonstrates that the fine value allocation does not take into 
account the information superiority of an agent. Intuitively, this is the case because 
the only information that is relevant to a coalition S is the endowment realizations 
of all members. However, this information is contained in V i E $Yi and hence in 
V ie $Fi. As a consequence, the fine value allocation does not appear to be a 
useful concept for measuring informational asymmetries. This, together with the 
fact that the fine value allocation need not be coalitionally incentive-compatible 
(see Krasa and Yannelis, (199411, makes this concept less attractive than the 
private value allocation that takes information asymmetries into account and which 
is also coalitionally incentive-compatible. 

5.3. The coarse value allocation 

The TU game <Vi, I) derived from a differential information economy need 
not be superadditive, I7 i.e. there can exist coalitions S, T, with S n T = @ and 
V,‘(S) + V,“(T) > V,‘(S U T). On the one hand, this causes problems with the 
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existence of a coarse value allocation. On the other hand, and (most importantly) 
this indicates that the coarse value allocation does not measure the marginal 
contributions of an agent to the coalitions of which he/she is a member. In 
particular, consider an agent, i, whose information is relatively coarse. Assume 
that i joins a coalition S. Then trades within S U {i) must be measurable with 
respect to the common knowledge information A i E s ulijFi. As a consequence, 
the trading opportunities of the members of S decrease, and members of S become 
worse off if agent i joins. Thus, V,‘(S U {i)) - V”(S) < 0, which indicates that we 
measure the disutility agent i imposes on members of S rather than agent i’s 
contribution to S. This is clearly not in the spirit of the Shapley value. 

In order to illustrate this point, consider the following example. 

Example 1. Consider an economy with three agents denoted by I, J and K and 
two states R = {a, b}. Each state occurs with the same probability. There is one 
commodity in each state. All agents have the same von Neumann-Morgenstem 
utility function u(x) = 6. The endowments are given by ef = (9, O), eJ = (0, 9) 
and eK = (0, 0). Assume that Z and J have full information, and that agent K has 
only trivial information (i.e. s3, =FJ = {{a}, {b}}, and FK = {{a, b)}). 

In this economy, the coalition {I, J) can achieve perfect risk-sharing. However, 
whenever agent K joins, only state independent net-trades are possible. This leads 
to Shapley values of agents Z, .Z that are so high that they cannot be compensated 
any more by state-independent net-trades within the grand coalition. Similarly, the 
Shapley value of agent K is negative for all weights hi, i = I, J, K. 

In order to see this, note that the marginal contribution v,C(S U {K)) - c(S) I 
0 for all coalitions S. Moreover, if S = {Z,.Z} the strict inequality holds, since the 
agents can trade before K joins. However, in the grand coalition no trade is 
feasible. ” Since the Shap ey 1 value of agent K is the weighted sum of these 
marginal contributions, we can conclude that Sh,(V*‘) < 0. However, since ex- 
pected utility is strictly positive, it therefore follows that there cannot exist an 
allocation xi, i E Z such that Shi(Qc) = AiWi(xi), for all agents i. 

In the above example, we choose agent K’s endowment to be zero in order to 
simplify the presentation. The continuity of the Shapley value immediately implies 
that Sh,(V,‘) < 0 also holds if we perturb the endowment slightly. Hence, the 
non-existence result is robust. 

I7 Allen (1991) has made a related observation for the TU case that also applies to our framework. 

She has also proved existence results using a different argument than ours. Also, Myerson (1984) has 

proved existence results for the Nash bargaining solution with incomplete information. However, all of 

these results are of a different nature and do not cover our differential information economy 

framework. 

” Because of the measurability restriction, all net-trades must not be state-contingent. Thus, unless 

the net-trades are zero, the consumption of some agents would become negative. 
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