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An equilibrium in a game theoretic setting a la Debreu (Proc. Nat. Acad. Sci.
U.5.4. 38 (1954), 886-893) and Shafer—Sonnenschein (J. Math. Econ. 2 (1975),
345-348) with a broader structure is proved. In particular, our framework is
general enough to encompass both the Aumann (Econometrica 34 (1966), 1-17)
economy of perfect competition and the nonordered preferences setting of Mas-
Colell (J. Math. Econ. 1 (1974), 237-246). Moreover, since the dimensionality of the
strategy space may be infinite it contains Bewley-type (J. Econ. Theory 4 (1972),
514-540) results and may be useful in obtaining existence results for economies with
a measure space of agents and infinitely many commodities. Journal of Economic
Literature Classification Numbers: 020, 021, 022.  «* 1987 Academic Press. Inc.

1. INTRODUCTION

The classical model of exchange under perfect competition is the
Arrow-Debreu-McKenzie model. The existence of an equilibrium for this
model was proved in Arrow-Debreu [2] and McKenzie [ 25]. The heart of
the proof of the Arrow-Debreu equilibrium result is an equilibrium
theorem for an abstract economy given in Debreu [9], which in turn is a
generalization of the Nash [30] noncooperative equilibrium result. The
prominent features of the classical model are: First, its finiteness, i.e., both
the set of agents and the number of commeodities are finite. Second, agents
behave in a transitive and complete fashion, 1e., agents’ preferences are
assumed to be transitive and complete and consequently are representable
by utility functions.

Three major extensions of the Arrow—Debreu-McKenzie model have
been made. The first is a generalization of the set of agents to a measure
space of agents by Aumann [3,4]. Aumann argued that the
Arrow—Debreu-McKenzie model is clearly at odds with itself as the
finitude of agents means that each agent is able to exercise some influence.
Aumann resolves this problem by assuming that the set of agents is an
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atomless measure space, and consequently the influence of each agent is
“negligible.” In this sense the Aumann model, captures precisly the mean-
ing of perfect competition. Bewley [6] provides the second major extension
of the Arrow—Debreu—McKenzie model. Bewley amends the classical model
to permit the dimensionality of the commodity space to be infinite. This
extension is of great importance since infinite dimensional commodity
spaces arise very naturally in general equilibrium analysis. In particular, an
infinite dimensional commodity space may be desirable in problems involv-
ing infinite time horizons, uncertainty about an infinite number of states of
the world, or infinite varieties of commodity characteristics. The third
important contribution is a substantial improvement of the Arrow-
Debreu—-McKenzie model made by Mas-Colell [27]. In particular, Mas-
Colell builds on an idea of Sonnenschein [36] and shows that even if
preferences are not transitive or complete (i.e., preferences need to be
ordered), an equilibrium still exists. This result of Mas-Colell has been
further improved by Shafer-Sonnenschein [35] and subsequently by
Borglin—Keiding [7], Gale-Mas-Colell [14], Kim-Richter [22], McKen-
zie [26], and Shafer [34] among others.

The purpose of this paper is to prove the existence of an equilibrium in a
game theoretic setting (abstract economy), a la Debreu [9] and
Shafer-Sonnenschein [35] with a broader structure. In fact, our setting is
general enough to include the three major extensions of the classical model
mentioned above. It encompasses both the Aumann [3,4] economy of per-
fect competition and the nonordered preferences setting of Mas-Colell
[27]. Moreover, since the dimensionality of the strategy space may be
infinite it contains Bewley-type [6] results and may be useful in obtaining
existence results for economies with a measure space of agents and
infinitely many commodities. It also provides an answer to the question
posed in Khan [18], as to whether equilibria in abstract economies exist in
this general setting. In fact, the paper has been inspired by Kahn’s work on
nonatomic games with an infinite dimensional strategy space.

Our generalization of the Debreu-Shafer-Sonnenschein existence of an
equilibrium result for an abstract game or economy with a measure space
of agents has several implications. First it extends the Aumann [4] and
Schmeidler [33] results, to allow agents’ preferences to be both non-
ordered and interdependent (i.e., it allows for externalities in consumption ).
Second, it may be seen as a first step in providing a synthesis of the
Aumann [4] model of perfect competition with the Bewley [6] model of
an infinite dimensional commodity space. Finally, our result extends the
theorems of Khan [18] and Schmeidler [32] on the existence of Nash
equilibria with a continuum of players to a more general class of games
where agents’ preferences need not be ordered, and therefore need not be
representable by utility functions; it also extends the Khan—Vohra [20]
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equihbrium in abstract economies result to infinite dimensional strategy
spaces.

The paper is organized in the following way. Section 2 contains some
notation and definitions. The main existence theorem of the paper as well
as its relationship with the literature is given in Section 3. Several technical
Lemmata and Facts needed for the proof of the main existence theorem are
concentrated in Section 4. The proof of the main result is given in Sec-
tion 5. Finally, some concluding remarks are given in Section 6.

2. NOTATION AND DEFINITIONS

2.1. Notation.

. denotes the set of all subsets of the set A,

= N

denotes the set of real numbers,
R denotes the /-fold product of R,
con A denotes the convex hull of the set 4,
clA denotes the closure of the set A4,
\ denotes the set theoretic subtraction.

If ¢: X - 27 is a correspondence then ¢|U: U — 2" denotes the restriction
of g to U

proj denotes projection.

2.2. Definitions. Let X, Y be two topologicai spaces. A correspondence
$: X -2 is said to be wupper-semicontinuous (us.c.) if the set
{xe X: ¢(x)< V] is open in X for every open subset V' of Y. The graph of
the correspondence ¢: X — 27 is denoted by G, = {(x, y)e X x Y: y e d(x}}.
The correspondence ¢: X — 2" is said to have a closed graph if the set G, is
closed in X x Y. A correspondence ¢: X — 2" is said to be lower-semicon-
tinuous (Ls.c.) if the set {xe X: #(x)n V# J} is open in X for every open
subset V of Y. A correspondence ¢: X — 27 is said to have open lower sec-
tions if for each ye Y, the set ¢ ~'(y)={xe X: ye ¢(x)} is open in X. If for
each xe X, ¢(x) is open in Y, ¢ is said to have open upper sections. Let
(T, t, u) be a complete finite measure space, i.e., u is a real-valued, non-
negative, countable additive measure defined in a complete o-field © of sub-
sets of T such that u(T)< ocv. L,(u, R’) denotes the space of equivalence
classes of R’-valued Bochner integrable functions f: 7— R’ normed by
IL/11 = ALY idp{ ), (see [117).

A correspondence ¢: T — 2% is said to be integrably bounded if
there exists a map gelL,(u) such that for almost all €T,
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sup{|x|: xe d(r)} < g(¢). The correspondence ¢: T — 2% is said to have a
measurable graph if G¢er®%(R1), where #(R’) denotes Borel o-algebra
and ® denotes o-product field. A correspondence ¢: T — 2% is said to be
lower measurable if the set {te T:¢(1) V # I} €1 for every open subset V'
of X. Note that, if T is a complete measure space, X is a complete separable
metric space and if the correspondence ¢: T — 2* has a measurable graph,
then ¢ is lower measurable. Moreover, if ¢ is closed valued and lower
measurable then ¢ has a measurable graph, (see [8, Theorem II1.30, p. 8G]
or {16, Proposition 4, p. 61]).

Let now X be a topological space and Y be a linear topological space.
Let ¢: X - 2 be a nonempty valued correspondence. A function /: X —» ¥
is said to be a continuous selection from ¢ if f(x)e ¢(x) for all xe X, and fis
continuous. Let T be an arbitrary measure space. Let y: T — 2" be a non-
empty valued correspondence. A function f:T—>Y is said to be a
measurable selection from i if f(¢)ey(r) for all 1e T, and f is measurable.

We now define the concept of a Caratheodory-type Selection which
roughly speaking combines the notions of continuous selection and
measurable selection. Let Z be a topological space and ¢: Tx Z — 2" be a
nonempty valued correspondence. A function /- TxZ — Y is said to be a
Caratheodory-type selection from ¢ if f(t, z)ed(s. 2) for all (1, 2)eTxZ
and f( -, 2} 1s measurable for all ze Z and f(1, - ) is continuous for all re T.

3. THE MAIN THEOREM

3.1. Abstract Economies and Equilibrium

Let (T, t, u) be a finite, positive, complete measure space. For any
correspondence X: T — ZR’, L, X) will denote the subset of L (u, R)
consisting of those x e L,(u, R’) which satisfy x(¢) € X(r) for almost all ¢ in
T. Following the Debreu [9], Arrow-Debreu [2] and Shafer-Son-
nenschein [35] setting, we define an abstract economy as follows:

An abstract economy I' is a quadruple [(T, 7, u), X, P, 4], where

(1} (7, 7, ) is a measure space of agents;
(2) X: T— 2% is a strategy correspondence;

(3) P: T— L, X)->2% is a preference correspondence such that
P(t, x)c X(1) for all (1, x)e Tx L{(u, X);

(4) A: Tx L,(u, X)-+2R' is a constraint correspondence such that
A(t, x)yc X(1) for all (1, x)= T'x L (4, X).

Observe that since P is a mapping from Tx L,(u, X) to 2% we have
allowed for interdependent preferences. The interpretation of these
preference correspondences is that ye P(z, x) means that agent ¢ strictly
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prefers y to x(r) if the given strategies of other agents are fixed. Note that
L,(u, X) is the set of all joint strategies. As in [32] and [20] we endow
L,(u, X) throughout the paper with the weak topology. This signifies a
natural form of myopic behaviour on the part of the agents. In particular,
an agent has to arrive at his/her decisions on the basis of knowledge of
only finitely many (average) numerical characteristics of the joint
strategies.

An equilibrium for I' is an x* e L,(p, X) such that for almost all rin T
the following conditions are satisfied:

(1) x*(t)e A(t, x*) and
(1) P(r, x*Yn Al x5 =

3.2. The Main Theorem
We can now state the assumptions needed for the proof of the main
theorem.

(A1) (T, t,pn) is a finite, positive, complete, separable measure
space.’
(A2) X:T-2"is a correspondence such that:

(a) it is integrably bounded and for all te T, X(¢) is a non-
empty, convex, closed subset of R’;

{(b) for every open subset V of R, {teT: X(1)nV#£J}er

(A3) A:TxLu X)- 2% s a correspondence such that:
(a) foreach teT, A(r, - ): L,(u, X)—> 2% is continuous;

(b) for all (1, x)eTx L,(1, X), A(z, x) is convex, closed, and
nonempty;

(c) for each fixed xe L,(n, X), A(-, x) is lower measurable.
(A4) P:TxL,(u, X)— 2™ is a correspondence such that:

(a) for each teT, P(t, - ): L1 X)— 2% has an open graph
in L(un, Xy xR

{b) x(t)¢con P(¢, x) for all xe L,(y, X) for almost all 7 in T;

(c) for every open subset V of R, {(1, x)e TxL,(p, X):
A(t, x)necon P(t, x)nV# Zet @A, (L,(n, X)), where
# (L., u, X) is the Borel g-algebra for the weak topology
on L,(u, X).

We can now state our main result.

I The reason we assume that {7, 7. ut) is a separable measure space is that we want L(x, X}
to be separable.
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MaIN THEOREM. Let I'=[(T, 1, u), X, P, A] be an abstract economy
satisfying (A.1}-(A.4). Then I is an equilibrium.

3.3. Comparisons with Related Results

It may be instructive to compare our assumptions with those of
Shafer—Sonnenschein [35]. First notice that (A.2)(a) implies that X(¢) is a
compact subset of R’ for almost all ¢ in 7. Assumptions (A.3)(a), (b) and
(A.4)(a), (b) are the same as those of Shafer-Sonnenschein and conse-
quently, are the corresponding Shafer-Sonnenschein asssumptions in a
measure theoretic framework. Assumptions (A.2)(b), {A.3)(c), and (A.4)(c)
are the measurability conditions and are natural in models with a measure
space of agents; they constitute no real economic restriction.

Let us now compare our assumptions with those of Khan-Vohra [20].
Apart from the measurability assumptions, all other conditions are iden-
tical. In particular, Khan-Vohra assume that the correspondences X, 4, P
have measurable graphs rather than assuming lower measurability.
Therefore, our main existence theorem is closely related to theirs but the
methods of proof are different. Specifically, the Khan-Vohra approach
follows the Shafer—Sonnenschein construction of a utility indicator. Our
proof is based on selection-type arguments given in Yannelis-Prabhakar
[39]. The approach adopted by Khan-Vohra does not extend to infinite
dimensional strategy spaces. It fails due to the fact that the convex hull of
an u.s.c. correspondence in an infinite dimensional strategy space need not
be us.c. (see[31, Ex. 27, p. 72]). In contrast, our selection type arguments
can be directly extended to separable Banach strategy spaces (see
Remark 6.4 in Sec. 6).

We now compare our assumptions with those of Khan-Papageorgiou
[21] and Kim-Prikry-Yannelis [23]. Our continuity assumption (A.4)(a),
on the preference correspondence P, is stronger than that in [21, 23]
which require that P have open upper and lower sections. In particular, it
is known that if a preference correspondence satisfies (A.4)(b) and it has
open upper and lower sections, it may not have an open graph. However,
our assumptions (A.3)(a), (b) on the constraint correspondence A are
weaker than those in [21] and [23]. In particular, in [21, 23] it is
assumed that?*:

(1) for all teT, A(1, -), is us.c;
(i1) there exists a correspondence B: Tx L,(u, X) — 2% such that:

*The work in [21] and [23] follows closely the Borglin-Keiding [7] abstract economy
setting rather than Shafer-Sonnenschein [35]. It is exactly for this reason that the results in
[21] and [23] do not generalize Shafer-Sonnenschein [35]. In contrast, Khan-Vohra [20]
and the present paper, constitute direct generalization of the Shafer-Sonnenschein [35] result.
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(a) cl B(t, x)=A(t, x) for all {1, x)e Tx L (u, X);
(b) B has open lower sections; and
{c) B is convex, nonempty valued.

We now show that (i) and (ii)(a), (b), (c) are stronger than (A.3)(a), (b).
More formally we can prove the following proposition.

PrOPOSITION 3.1.  Assumptions (i}-(ii)(a), (b), (¢) imply (A.3)(a), (b)
but the reverse is not true.

Proof. We first show that (i)-(ii)(a), (b), (¢j= (A.3)(a), (b). Since B
has open lower sections, ie, for each (1, y)eTxR, B7(t, y)=
{xeL(u X)yeB(1 x)} is weakly open in L (g X), it follows from
Proposition 4.1 in [38, p. 237] that for each te 7T, B(t, - ) is l.s.c. By fact
4.3 (see next section) for each te T, cl B(¢, - ) is Ls.c. Since ¢l B= A4 and for
each te T, A(t, -) is us.c. it follows that for each te T, A{s, - ) is con-
tinuous. Since B is convex nonempty valued so is A.

To show that the reverse need not be true we construct the following
simple counterexample. Suppose that there is one agent. Let X = R' and for
each xe X, let A(x)={x}. Note that 4 satisfies (A.3)(a), (b). However,
there does not exist a mapping B: X — 2% satisfying (ii)(a), (b), (c). Indeed,
the only mapping B which is convex, nonempty valued, cl B= A4 and cl B is
us.c., is A itself. However, 4 '(y)={x:ye A(x)} ={y} s not open for
every ve X. The proof of Proposition 3.1 is now complete.

Apart from the above differences we may also note that in [21] it was
assumed that the measure space is a locally compact subset of a metric
space with a countably generated a-field. The latter assumption is stronger
than (A.1). Moreover, the measurability assumptions in [21] and [23]
were made on the graphs of the correspondences X, P, 4. Furthermore,
notice that our main existence result extends the equilibrium theorems for
abstract economies in Toussaint [37] and Yannelis—Prabhakar [38, 39] to
a measure space of agents. Also, it generalizes the result in Khan [18] and
Schmeidler [32] to nonordered preferences. Finally, it should be noted
that a different approach to equilibrium in abstract games with a con-
tinuum of agents has been followed by Green [15] and Mas-Colell [28].

We can now turn to some technical lemmata needed for the proof of our
main result.

4. LEMMATA AND FACTS

Fact 4.1. Let X be a linear topological space.

(i) If Ac X is open in X and a#90 is a real number then aA is open
in X.
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(iil) If Ac X is open in X and B is any set in X then A+ B is open
in X.

Proof. Trivial.

LemMa 4.1. Let X, Y be any two linear topological spaces and ¢: X — 27
be a correspondence such that G,={(x, y)eXxY:yed(x)} is open
in XxY. Define y:X—-2" by yi(x)=cond(x) for all xeX. Then
G,={{x, y)eXxY:yey(x)} is open in Xx Y.

Proof. Let {xq, yo)€G,; we must show that there exist 4, open in X
and B, open in Y such that (x,, yo)e Agx By<G,. Since (x,, yo)€ Gy,
there exist v,,... ¥, in ¢(x,) and reals a,,.., @, such that ¢,>0, 37_ a,=1
and yo=27_, a,y, Thus, (x,, y;)€ G, and since G, is open in X x Y there
exist 4, open in X and B, open in Y such that (x,, y;)e 4,x B,cG,.
Define Ag=(\'"_, 4, and By=3>"7_,a;B;. Then A, is open in X and by
Fact. 41, B, is open in Y. Note that (x;, yo)€ Ay, x By,. To complete the
proof we must show that A,xB,cG,. Let (x, y)eA,xB,, then
y=>"_,a;z; where z,e B, for all i=1,..,n Since xe4,, xe A, and so
(x,z,)e A, xB,. Since A;xB,cG,;, z,ed(x) for all i=1,.,n and so
yey(x), e, (x, y)€G,. Hence (xy, vo)€ Ay x By G,,. This completes the
proof of the lemma.

LEMMA 42. Let X, Y be any topological spaces, and ¢: X -2,
Y: X - 27 be correspondences such that

(i) Gg=\{(x,y)eXxY:yed(x)} is open in X x Y,
(1) ¥ is Ls.c.
Then the correspondence 0: X — 2" defined by 0(x) = ¢(x) n(x) is Ls.c.?

Proof. Let V be an open subset of Y and K be the set
{xeX:0(x)nV#. Let x,e K, we must find an open set U in X such
that x,e Uc K. Since 0(x,) NV # & we can choose y,€ 8(x,) V. Thus,
(X9, ¥o)€ G, and since G is open in X x Y there exist 4 open in X and B
open in Y such that (x,, yo)e 4xBc Gy Since Y is lsc. the set
E={xeXy(x)nBnV#} is open in X and x,eE since
VoeY{xo)n B V. Let U=ANE. Then U is open in X and x,e U. To
complete the proof we must show that U« K. Let e U, then -e€ E and
zeA. Since zeE, Y(z)nBnV#g. Choose wey(z)nBn V. Then
(z, w)eAxBc G, and so we¢(z). Hence, weg(z)ny(z)nV, ie, ze K.
Consequently, x,e U< K, and this completes the proof of the Lemma.

* Green [15] has proved a related Lemma [ 15, Lemma 3, p. 984]. His result is implied by

ours.
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Remark 4.1. Michael [29, Proposition 2.5, p.366] has proved the
following related result:

Let X, Y be two topological spaces and ¢: X —2%, ¥: X —>2" be
correspondences such that:

(i) ¢ is ls.c. and for all xe X, ¢(x) is open in Y,
(i) ¥ is Ls.c,
(in) for all xe X, d(x}ny(x)# .

Then the correspondence 6: X — 27 defined by 0(x) = ¢(x) ny(x) is ls.c.

However, we will show in Section 6 (Remark 6.3) by means of a coun-
terexample that in Lemma 4.2 assumption (i} cannot be replaced by the
assumption that ¢ is 1.s.c. and open valued.

FACT 3.2, Let A, B be nonempty subsets of a topological space X. Sup-
pose that A is open in X. Then A~ B+ & if and only if Ancl B# (.

Proof. Trivial.

Fact 33. Let X, Y be two topological spaces and ¢: X =27 be a ls.c.
correspondence. Then cl ¢: X - 27 is Ls.c.

Proof. We must show that the set A={xeX:clg(x)nV£J} is
open in X for every open subset V' of Y. By assumption the set
E={xeX:¢(x)nV+#}is open in X for every subset V of Y. Let x,€ 4,
ie, cégx)nV#g. By Fact32 clé(xo)nV#Z if and only if
d(xo) NV # (. Hence, xo€ A< xy € E, ie, A=E. Consequently 4 is open
in X for every open subset ¥ of Y and this completes the proof of Fact 3.3.

FacT 3.4. Let (T, t) be a measurable space, and X be any topological
space. The correspondence ¢: T —2* is lower measurable if and only if
cl ¢: T— 2% is lower measurable.

Proof. The proof is trivial. Simply note that by virtue of Fact 3.2, for
every open subset V of X, {teT:¢(t)nV# P }={teT:clg(t)nV# T}

We now state a Caratheodory-type selection result whose proof can be
found in Kim-Prikry—Yannelis [24, Theorem 3.21].

CARATHEODORY-TYPE SELECTION THEOREM. Let (T, 1, 1) be a complete
measure space, Z be a complete, separable metric space. Let ¢: Tx Z — 2%
be a convex (possibly empty) valued correspondence such that:

1) ¢(-, -) is lower measurable,

(1) for each te T, ¢(t, -) is Ls.c.

Let U={(t, x)eTxZ:¢(t, x)# B} and for each teT, let
U'={xeZ: (1, x)e U} and for each xe Z, let U = {teT: (t, x)e U}. Then
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there exists a Caratheodory-type selection from @, ie., there exists a
function f. U - R’ such that f(t, x)e ¢(t, x) for all (t, x)e U and for each
xeZ, (-, x)is measurable on U and for each te T, f(t, - ) is continuous on
U'. Furthermore, f( -, -} is jointly measurable.

LEMMA 4.3. Let (T, 1, ) be a finite positive complete separable measure
space, and X: T — 2% be an integrably bounded correspondence with
measurable graph, such that for all te T, X(t) is a nonempty, convex, closed
subset of R'. Then L,(u, X) is nonempty, convex, weakly compact and
metrizable.

Proof. Since the correspondence X: T — 2% has a measurable graph,
Aumann’s measurable selection theorem [S5] assures that L,(y, X) is non-
empty. Since X{(-) is convex valued, L,(u, X) is convex. Notice that since
X(-) is integrably bounded L,(u, X) is bounded and uniformly integrable.
Hence, from Dunford’s Theorem [12, p. 76 and p. 101] it follows that
L,(u, X)is a relatively weakly compact subset of L,(u, R’). Since L,(u, X)
is convex and norm closed by Theorem 17.1 in [17, p. 154], it is weakly
closed. Therefore, L;(u, X) is a weakly compact subset of L,(u, R’). It
follows from Theorem 3 in Dunford-Schwartz |12, p. 434] that L (g, X)is
metrizable. This completes the proof of the lemma.

Remark 42. Lemma 4.3 remains true if the correspondence X maps
points from T into Y, where Y is a separable Banach space, provided that
X is convex, nonempty, weakly closed valued with measurable graph and
for all te T, X(¢)= K, where K is a weakly compact, convex subset of Y,
(see [10]).

LEMMA 44. Let (T, 1, p) be a complete separable measure space, and Y
be a separable Banach space. Let X: T — 2" be an integrably bounded, non-
empty, convex, weakly closed valued correspondence with measurable graph
such that for all te T, X(t) < K where K is a weakly compact, convex subset
of Y. Let ¢: TxL(u, X)>2" be a convex, closed, non-empty valued
correspondence® such that ¢(1, x)< X(t) for all (1, x)e Tx L,(u, X) and for
each xe L(y, X), ¢(-, x) has a measurable graph, and for each teT,
@(1, - ) is ws.c. in the sense that the set {xe L (u, X): (1, x) =V} is weakly
open in L, (y, X) for every norm open subset V of Y. Then the correspon-
dence ®@: L (p, X)— 25" Y defined by

D(x)={yeL(u X):for almost all 1e T, y(t)ed(t, x)}
is nonempty valued and weakly u.s.c.
* Li{g, X} will now denote the subset of L (u, Y) consisting of those xe L, (4, Y) which

satisfy x(r)e X(1) for almost all e 7. Note that following the previous notation, L(u, Y)
denotes the space of equivalence classes of Y-valued Bochner integrable functions.
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Proof. Several proofs of this Lemma have been given in [18, 20, 21,
23, 32]. The proof given below is based on an argument given in [21] and
seems to be the simplest. First, note that nonempty valueness of @ is a
direct consequence of the Aumann measurable selection theorem [5],
(simply observe that for each xeL,(u, X), ¢(-, x) has a measurable
graph). We now show that @ is weakly ws.c. Denote by B the open unit
ball in Y. Since by Lemma 4.3 and Remark 4.2, L,(u, X) with the weak
topology is compact and metrizable, it suffices to show that the graph of @,
i, G4 is weakly closed. To this end let (x,, v,) be a sequence converging
weakly to (x, y) where (x,, v,)€Gy4, ie., v, e P(x,). We must show that
ved(x). Since y, € P(x,), we have that y,(1)e¢(t, x,) for almost all 7e T.
By Corollary 17.2 in [17, p. 154], there exists z,( )€ conJ, 5, Vul ")
such that z,(-) converges in norm to y(-). Without loss of generality we
may assume that z,(7) converges in norm to y(¢) (otherwise pass to a sub-
sequence) for all re T\ S where S is a negligible set of agents. Fix an agent ¢
in T\S. Since ¢(z, - ) is u.s.c., for every small positive number ¢ there exists
n such that for all n,>n we have that ¢(z, x, ) S ¢(s, x)+¢B. But then
con U, 5, (1, X, ) S ¢(t, x) +eB which implies that z,() € (1, x) +¢B and
so y(t)e¢(t. x)+ eB. Therefore, y(r) € @(t, x) by letting ¢ converge to zero.
Since ¢ is any arbitrary agent in 7\S, v(z) € ¢(¢, x) for almost all 7 in T, i.e.,
ye ®@(x). Hence, G, is weakly closed, as was to be shown. This completes
the proof of the lemma.

5. PrROOF OF THE MAIN THEOREM

Define : T'x L (u, X)- 2% by ({t, x)= con P(t, x) for all (1, x)e
TxL,(u, X). By Lemma 4.1 for each te T, ¥(s, -} has an open graph
in L,(u, X)xR" where L, (u, X) is endowed with the weak topology.
Define 0: T'x L,(u, X) - 2% by O(r, x)=A(t, x)n (e, x) for all (4 x)e
Tx L,(u, X). Then 6 is convex valued and it follows from Lemma 4.2 that
for each teT, 0(t, -} is lLsc. in the sense that the set {xe L (y X):
0(t. x) V# &} is weakly open in L(x, X) for every open subset ¥ of R
Moreover, it follows from assumption (A.4)(c) that 0: Tx L {(u, X) - 2% s
lower measurable. Let U= {(¢, x)e Tx L,(u, X): (¢, x)# &}. For each
xeL/(p, X), let U.,={reT:0(t, x)#&} and for each reT, let
U'={xeL(u X):0(t, x)# }. It follows from the Caratheodory-type
selection theorem that there exists a function f:U— R’ such that
f(t, x)eb(t, x) for all (¢, x)eU and for each xeL,(u, X)., f(-, x) is
measurable on U, and for each e T, f(t, - ) is continuous on U’. Further-
more, f(-, -) is jointly measurable. Note that for each xe L (u, X),
U ={teT: 06, x)# ) = {teT 01, x) " R # &} = proj({(t. x}e T'x
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Li(p, X): 001, x)n R # @} (T x {x})). Since 6( -, - ) is lower measurable,
it follows from Theorem 11 in [16, p. 44] that for each xe L (u, X) U, is
a measurable set. Define the correspondence ¢: T x L, (y, X) — 2" by

b1, ) = {{f(t, x)} i.f (t, x)eU
A(t, x) if (1, x)¢U.

Since for each reT, 0(i, ) is lsc, for each teT, the set U'=
lreL (i X):0(t, x\)# @t ={xeL(u X) 00t x)nR'£Z} is weakly
open in L (y, X). Hence, by Lemma 6.1 in [38, p.241] ¢(t, -} is us.c. in
the sense that the set {xe L (u, X): ¢(t, x)< V'} is weakly open in L,(y, X)
for every open subset ¥ of R’ Since A is closed valued it follows from
(A.3)(c) that for each xe L,(u, X), A(-, x) has a measurable graph. It can
be easily seen that for each xe L,(¢, X), ¢(-, x) has a measurable graph.
In fact, for all xe L (u, X), G4 = {(1, y)eTx R:yed(t, x)}=CuD,
where C={(1, y)e TxR:yef(t,x) and reU,} and D={(, x)e
TxR"yeA(t, x) and t¢ U.). Since C, D are in t® #(R’), we have that
CuD=Gy. , is in 1®@HB(R’). Obviously ¢ is convex and nonempty
valued. Deﬁne G L(n, X)—- 28 by @(x)={yel,(y, X):for almost
all 1in T y(tYe (4, x)}. By Lemma 4.4, & is nonempty valued and weakly
u.s.c. Since ¢ is convex valued so is @. Moreover by Lemma 4.3, L, (u, X)
is nonempty, convex and weakly compact. Hence, by Fan’s fixed point
theorem [ 13, Theorem 1, p. 1227 there exists x*e L,(p, X) such that
x*e d(x*), ie, x*(1)e @, x*) for almost all ¢ in 7. Suppose that for a
nonnegligiblc set of agents .S, (1, x*)e U for all 1€ S. Then by the definition
of ¢, x*(r)=f(1, x*)e0(t, x*) <= con P(s, x*) for all t€ .S, a contradiction
to (A.4)(b). Therefore, (t, x*)¢ U for almost all 7 in T and consequently for
almost all te T, x*(t)e A(t, x*) and 9(t r*)—con P(t, x*)n A(t, x*¥)=
which implies that P(¢, x*)n A(t, x*}= ¢, i.e., x¥ is an equilibrium for I,
This completes the proof of the main theorem.

6. CONCLUDING REMARKS

Remark 6.1. Our main existence theorem can be used to prove directly
the existence of a competitive equilibrium for an economy with a con-
tinuum of agents whose preferences may be interdependent and need not be
transitive or complete (see for instance Khan-Vohra [20, Theorem 3,
p. 137]). Therefore, an extension of the Aumann [4] and Schmeidler [33]
results to economies with non-ordered and interdependent preferences can
be obtained. Moreover, combining such a result with the techniques used
in Armstrong-Richter [1], a competitive equilibrium existence theorem for
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the coalitional preference framework adopted in [1] seems to be easily
obtained as well.

Remark 6.2. Note that in the Aumann [4] model the convexity
assumption on preferences is not required, since the Lyapunov theorem
convexifies the aggregate demand set. However, without transitivity and
completeness the convexity assumption on preferences cannot be relaxed
(see Mas-Colell [27, p. 243]). Moreover, even if preferences are transitive,
complete, and interdependent, the convexity assumption still cannot be
relaxed. In fact, as Khan—-Vohra [20] pointed out, with externalities in
consumption there is no convexifying effect on aggregation. Therefore, it
appears that the convexity assumption (A.4)(b) cannot be relaxed in
models with a continuum of agents and interdependent preferences.

Remark 63. Assumption {(A.4)a), ie, for each teT, P(s, -) has an
open graph in L,(u, X)x R/, cannot be relaxed to open upper and lower
sections in our framework. In particular, if (A.4)(a) is weakened to open
lower and upper sections, the correspondence 0: T'x L (u, X) — 2® defined
in Section 5 by 6(t, x)=A(t, x)ncon P(¢, x), need not be lsc. in x.
Hence, Lemma 4.2 fails, and the proof of the main existence theorem does
not go through. The following simple example iliustrates this.

ExamPLE. Consider the following mappings:

Plx) = R if x<0

()= {R\{x} if x>0

and A(x)= {x}. Note that for any xe R, P(x) is always open in R and for
any yeR, P~'(y)={x:ye P(x)} is open in R. Further, P is Ls.c. since the
set {x: P(x)nV# S} =Ris open in R for every V" open subset of R. Also,
A is continuous, ie., usc. and Ls.c. However, the correspondence
B(x)=P(x)n A(x) is not ls.c. Indeed, note that for V=R the set
(x:0(x)nV#T}={x: —0<x<0}=(—0c, 0] is not open in R.

Remark 6.4. We now indicate how our main existence theorem can be
extended to separable Banach strategy spaces. One must modify
assumptions (A.2) and (A.3)(b) as follows:

(A.2)" The correspondence X: T — 27, (where Y is a separable Banach
space) is integrably bounded, nonempty, convex, weakly closed valued,
lower measurable and for all te T, X(r) = K where K is a convex, weakly
compact subset of Y.

(A.3)(b) For each (¢, x)e Tx L,(u, X), A(¢, x) is convex, closed and has
a nonempty interior in X(¢}
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Note from (A.2)" it follows that L (u, X) is weakly compact (Diestel
[10, Theorem 2 and Remark, p. 89]). Hence the argument used to prove
weak compactness of L,(u, X) in Lemma 4.3, becomes redundant. Note
that all other lemmata and facts in Section 4 are true for a separable
Banach space Y. Moreover, the Caratheodory-type selection result is true
for any separable Banach space provided that the correspondence
¢: TxX—-2" has a nonempty interior for all (¢, x)eU (see
[24, Theorem 3.2]). The proof of the main existence result remains the
same. One only needs to check that from assumption (A.3)(b’) it follows
that the correspondence 0: Tx L, (z, X)— 2" (defined in Sec. 5) has a non-
empty interior in X(r) and consequently a trivial modification of our
Caratheodory-type selection theorem assures that there exists a
Caratheodory selection f: U— Y from 6,,. The rest of the proof remains
unchanged.

Remark 6.5. In a subsequent paper we hope to show how the main
existence result of this paper can be used to obtain a generalization of
Bewley’s [6] result to economies with a measure space of agents. The fact
that the abstract economy approach can be used to prove Bewley’s
existence result (recall that the set of agents in the Bewley model is finite)
has been demonstrated already in Toussaint [37]. However, in an
economy with a measure space of agents, if consumption sets are norm
compact, one can prove the existence of a competitive equilibrium very
easily. First, one can convert the exchange economy into an abstract
economy (this can be done as in [20] and [34]). Next, the price space can
be endowed with the weak* topology to obtain bilinear forms that are
jointly continuous. Our main theorem can then be used to ensure the
existence of an equilibrium for the abstract economy. It is straightforward
to show that the existence of an equilibrium for the abstract economy
implies the existence of a competitive equilibrium for the exchange
economy. However, without norm compact consumption sets a rather
major difficulty needs to be overcome.

The nature of the difficulty introduced by consumption sets which need
not be norm compact appears to be quite fundamental. First, recall that in
economies with finitely many agents and infinitely many commodities one
usually constructs a suitable family of truncated subeconomies and proves
the existence of a competitive equilibrium in each subeconomy. Hence, a
net of competitive equilibrium allocations for the truncated economies is
obtained. It is easy to verify that the set of all feasible allocations lies on an
order interval which is compact (typically in the topology that the com-
modity space is endowed with). Thus, one can extract convergent subnets
of competitive equilibrium allocations whose limit is a competitive
equilibrium for the original economy. However, even in R’ if the set of
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agents is an atomless measure space a similar argument does not readily
apply, since the set of all feasible allocations is not compact in any
topology. Nevertheless, in this case the Fatou-Schmiedler Lemma can be
used to extract convergent subsequences of competitive equilibrium
allocations whose limit is a competitive equilibrium allocation for the
original economy (see, e.g., [4, 16, 33]). However, since an infinite dimen-
sional version of the Fatou Lemma is not yet available, it is not clear
whether with infinitely many commodities and agents one can dispense
with some type of compactness on consumption sets and still show that a
competitive equilibrium exists. This seems to be an important open
question.
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