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Abstract

In a pure exchange economy with differential information and a finite set of traders, physical
commodities and states of nature, we characterize the Walrasian expectations or Radner equilibria by
using the veto power of the grand coalition. We prove that an allocationx is a Radner equilibrium
allocation if and only if it is “privately non-dominated” by the grand coalition in every economy
obtained by perturbing the original initial endowments in the direction ofx. The first and second
welfare theorems become particular cases of our main result. Since the deterministic Arrow–Debreu–
McKenzie model is a special case of the differential information economy model we also provide a
new characterization of the Walrasian equilibria.
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1. Introduction

The classical Arrow–Debreu–McKenzie (A–D–M) model consists of a finite number of
commodities and a finite number of agents, each of whom is characterized by her prefer-
ences and initial endowments. Arrow and Debreu introduced uncertainty into the classical
A–D–M model and showed (seeDebreu, 1959, Chapter 7) how the deterministic results are
still valid in the presence of uncertainty.Radner (1968)introduced differential (asymmetric)
information into the A–D–M model. In particular, an exchange economy with differential
information (or a Radner-type economy) consists of a finite set of agents, each of whom
is characterized by a random utility function, a random initial endowment, a private in-
formation set, and a prior. For such an economyRadner (1968)defined a notion of a
Walrasian expectations equilibrium, here called Radner equilibrium. This notion is analo-
gous to the Walrasian equilibrium in the Arrow–Debreu–McKenzie deterministic model.
The Radner equilibrium notion is of interest because it captures trades under asymmetric
information. In such an economy, agents maximize ex-ante expected utility subject to their
budget constraint. However, each agent’s allocation is measurable with respect to her own
private information, and thus, all choices made reflect the informational asymmetries. It
should be noted that the Radner equilibrium differs from the rational expectations equi-
librium (REE) (e.g.,Radner, 1979), which is an interim concept allowing prices to reveal
some or all of the private information in the economy. A major criticism of the REE is
that it does not provide an adequate explanation as to how prices reveal the same infor-
mation to agents who are differentially informed and, therefore, prices do not reflect the
differential information of agents. This is not an issue for the Radner equilibrium since
decisions are made in an ex-ante stage; however, since net trades are private information
measurable for each agent, the equilibrium outcome reflects the asymmetric information.
Furthermore, the Radner equilibrium exists under the standard assumptions which guaran-
tee the existence of the deterministic Walrasian equilibrium, whereas the REE may not exist
in well-behaved economies (e.g.,Kreps, 1977). In addition, in the absence of free disposal,
the Radner equilibrium is coalitional Bayesian incentive compatible (that is, no coalition
can misreport the realized state of nature to the complementary set of agents and become
better off) and can be supported as a perfect Bayesian equilibrium (seeGlycopantis et al.,
2003), contrary to the REE. Therefore, the Radner equilibrium seems to be an appealing
concept.

The purpose of this paper is to study further the Radner equilibrium concept and obtain
some new results.

The main result in this paper provides a characterization of Radner equilibria (and, in
particular, of Walrasian equilibria) in terms of non-dominated allocations. The notion of
non-dominated allocation that we consider states that it is not possible for the grand coalition
to redistribute their initial endowments using their own private information and make each
member of the grand coalition better off (in terms of their ex-ante expected utility). Since
agents do not necessarily share their own private information, we call those allocations
privately non-dominated allocations. Thus, privately non-dominated allocations have sim-
ilar features to the (ex-ante) private core(Yannelis, 1991). In particular, the private core is
contained in the set of all privately non-dominated allocations and, therefore, the existence
of private core allocations implies the existence of private non-dominated allocations.
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It should be remarked that the characterization of Radner equilibria as privately non-
dominated allocations allows us to obtain as immediate consequences the first and second
welfare theorems for differential information economies.

A differential information economy with a finite number of agents can be interpreted as
a continuum differential information economy in which only a finite number of different
agents’ characteristics can be distinguished. We show that a price-consumption pair is a
Radner equilibrium for a discrete economy with differential information if and only if it is
also a Radner equilibrium for the associated continuum differential information economy.
Thus, these continuum of agents differential information economies and discrete ones can
be considered equivalent with respect to Radner equilibria.

Our characterization of Radner equilibrium is new and relies on an extension of a result
of Vind (1972)to a differential information economy setting. The argument is not straight-
forward and requires the private core-equivalence theorem(Einy et al., 2001). However, our
proof has a big payoff. Indeed, not only do we obtain as corollaries the welfare theorems for
differential information economies, but we also obtain new insights for the deterministic
Walrasian model. In particular, since the deterministic Arrow–Debreu–McKenzie model is
a special case of the differential information economy model, one derives a new charac-
terization of the Walrasian equilibria which yields the first and second welfare theorem for
symmetric information economies as simple corollaries and also provides a new proof for
the second welfare theorem. Actually, we characterize Walrasian equilibria by exploiting
the veto power of the grand coalition. Related results characterizing Walrasian equilibria
by using the veto power are those byDebreu and Scarf (1963)andAubin (1979). Indeed,
Debreu and Scarf (1963)show the coincidence between the set of Walrasian allocations and
the set of Edgeworth equilibria andAubin (1979)proves that the fuzzy core characterizes
Walrasian equilibrium. These well-known equivalence results differ substantially from the
one provided in this paper. The Debreu–Scarf and Aubin arguments enlarge the set of block-
ing coalitions in order to obtain the equilibrium allocations; the former enlarge coalitions
replicating the economy and the latter allowing the participation of the agents with any rate
of their endowments. However, we provide a characterization of equilibria by considering
the veto power of just one coalition, namely the grand coalition, whereas enlarging the pos-
sible redistribution of endowments (by perturbing slightly the original initial endowments
following a precise direction).

The paper proceeds as follows. Section2 contains the main concepts in a differential
information economy with finitely many agents. Section3 focuses on the interpretation of
finite differential information economies as continuum of agents differential information
economies with a finite number of types of agents. Moreover, in this section, an exten-
sion of Vind’s (1972) result is given for a differential information economy. Section4
contains a characterization of Radner equilibrium allocations as privately non-dominated
allocations. Finally, some concluding remarks are summarized in Section5. Technical proofs
are included in theAppendix A.

2. Differential information economies with a finite number of agents

Let us consider a Radner-type exchange economyE with differential information (see
Radner, 1968, 1982). Let (Ω,F) be a measurable space, whereΩ denotes the states of
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nature and the algebraFdenotes the set of all events. Hence, (Ω,F) describes the exogenous
uncertainty. The set of states of nature,Ω, is finite and there is a finite number of goods,�,
in each state.N is the set ofn traders or agents andR�+ will denote the commodity space
which is the positive orthant ofR�.

The economy extends over two time periodsτ = 0, 1. Consumption takes place atτ = 1.
At τ = 0, there is uncertainty over the states of nature and agents make contracts (agree-
ments) that may be contingent on the realized state of nature at periodτ = 1 (that is, ex-ante
contract arrangement).

A differential information exchange economyEwith a finite number of agents is defined
by {((Ω,F), Xi,Fi, Ui, ei, q) : i = 1, . . . , n}, where:

1. Xi : Ω → 2R
�+ is the set valued function denoting therandom consumption set of agent

i;
2. Fi is a partition ofΩ, denoting theprivate information of agenti;
3. Ui : Ω × R

�+ → R is therandom utility function of agenti;
4. ei : Ω → R

�+ is therandom initial endowment of agenti, assumed to be constant on
elements ofFi, with ei(ω) ∈ Xi(ω) for all ω ∈ Ω;

5. q is a probability function onΩ giving the (common)prior of every agent. It is assumed
thatq is positive on all elements ofΩ.

We will refer to a function with domainΩ, constant on elements ofFi, asFi-measurable,
although, strictly speaking, measurability is with respect to theσ-algebra generated by the
partition. We can think of such a function as delivering information to traderi, who can not
discriminate between the states of nature belonging to any element ofFi.

For anyx : Ω → R
�+, theex-ante expected utility of agenti is given by

Vi(x) =
∑
ω∈Ω

Ui(ω, x(ω))q(ω).

Let LXi denote the set of allFi-measurable selections from the random consumption set
of agenti, that is:

LXi = {xi : Ω → R
�, such thatxi isFi-measurable andxi(ω) ∈ Xi(ω) for all ω}.

Let LX = ∏n
i=1LXi . Any elementx in LX is called anallocation. An allocationx ∈ LX

is said to befeasible if
∑n

i=1 xi ≤ ∑n
i=1 ei.

A coalitionS ⊂ N privately blocks an allocationx ∈ LX if there exists (yi)i∈S ∈ ∏
i∈SLxi

such that
∑

i∈S yi ≤ ∑
i∈S ei andVi(yi) > Vi(xi) for everyi ∈ S.

The private core of the differential information exchange economyE is the set of all
feasible allocations which are not privately blocked by any coalition.

Next, we shall define a Walrasian equilibrium notion in the sense of Radner. In order
to do so, we need the following definitions. Aprice system is anF-measurable, non-zero
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functionp : Ω → R
�+. For a price systemp, thebudget set of agenti is given by

Bi(p) =
{

xi ∈ LXi, such that
∑
ω∈Ω

p(ω)xi(ω) ≤
∑
ω∈Ω

p(ω)ei(ω)

}
.

Notice that traders must balance the budget ex-ante.

Definition 2.1. A pair (p, x), wherep is a price system andx = (x1, . . . , xn) ∈ LX is an
allocation, is aRadner equilibrium if

(i) for all i, the consumption function maximizesVi onBi,
(ii)

∑n
i=1 xi ≤ ∑n

i=1 ei (free disposal), and
(iii)

∑
ω∈Ω p(ω)

∑n
i=1 xi(ω) = ∑

ω∈Ω p(ω)
∑n

i=1 ei(ω).

Radner equilibrium is an ex-ante concept. Notice that we assume free disposal. It is
well known that if we impose the condition of non-free disposal then a Radner equilibrium
might not exist with positive prices (see, for example,Glycopantis et al., 2003). However,
allowing for negative prices one can dispense with the free disposal assumption.

Definition 2.2. An allocationx ∈ LX is privatelydominated (or privately blocked by the
grand coalition) in the economyE if there exists a feasible allocationy ∈ LX, such that
Vi(yi) > Vi(xi) for everyi = 1, . . . , n.

Observe that to be feasible and to be dominated are independent conditions for an allo-
cationx ∈ LX. According to the definition above, a (privately) Pareto optimal allocation is
a feasible and non-dominated allocation.

Note also that despite the fact that the whole coalition of agents get together they do not
share their own information. To the contrary, the redistribution of the initial endowments is
based only on their own private information. Hence, a feasible and non-dominated allocation
reflects the private information of each agent and has the property that the coalition of all the
agents can not redistribute their initial endowments, based on their own private information,
and make every individual better off.

In this paper, we will assume thatXi(ω) = R
�+ for every agenti and for everyω ∈ Ω;

and we state the following assumptions on endowments and preferences:

(A.1). ei(ω) � 0 for all i and for allω ∈ Ω.

(A.2). For all i andω, Ui(ω, ·) : R
�+ → R is continuous, strictly monotone and concave.

(A.3). For all i, Ui(·, x): Ω → R is measurable.

Remark. Assumption(A.1) is often replaced by
∑n

i=1ei(ω) � 0 for all ω ∈ Ω together
with irreducibility (i.e., the endowment of every coalition is desired).
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3. A continuum approach

3.1. Radner equilibria in continuum economies

In this section, we interpret differential information economies withn agents as contin-
uum economies where theith agent is the representative of infinitely many identical agents
(seeGarćıa-Cutŕın and Herv́es-Beloso, 1993for the case of Arrow–Debreu–McKenzie
economies). For it, let us associate to the differential information economyE (described in
the previous section) a continuum economyEc with differential information in which only
a finite number of different agents can be distinguished.

GivenE ≡ {((Ω,F), Xi,Fi, Ui, ei, q) : i = 1, . . . , n}, the associated atomless economy
Ec is defined as follows. The set of agents is represented by the unit real interval
I = [0, 1] = ⋃n

i=1Ii, whereIi = [ i−1
n

, i
n
), if i �= n, and In = [ n−1

n
, 1]. We consider the

Lebesgue measureµ on the Borel subsets ofI. Each agentt ∈ I is characterized by her
private information which is described by a partitionFt of Ω, whereFt = Fi for every
t ∈ Ii; her consumption setXt(ω) = R

�+ for everyω ∈ Ω; her random initial endowment
e(t, ·) = ei for every t ∈ Ii and her random utility functionUt = Ui. Hence, the ex-ante
expected utility function for every agentt ∈ Ii isVt = Vi. We will refer to agents belonging
to the subintervalIi as agents of typei.

An allocation is a functionf : I × Ω → R
�+, such that for everyω ∈ Ω, the function

f (·, ω) is µ integrable onI and for almost allt ∈ I the functionf (t, ·) isFt-measurable.
An allocationf is feasible for the economyEc if

∫
I
f (t, ω) dµ(t) ≤ ∫

I
e(t, ω) dµ(t) for all

ω ∈ Ω.
A coalition in Ec is a Borel subset ofI. A coalition S ⊂ I, with µ(S) > 0, privately

blocks an allocationf if there existsg : S × Ω → R
�+ such thatg(t, ·) isFt-measurable for

all t ∈ S,
∫
S
g(t, ω) dµ(t) ≤ ∫

S
e(t, ω) dµ(t) for everyω ∈ Ω andVt(g(t, ·)) > Vt(f (t, ·)) for

everyt ∈ S.
The private core of the economyEc is the set of feasible allocations which are not

privately blocked by any coalition.
Note that given a price systemp : Ω → R

�+, the budget set of agentt ∈ I is Bt(p) =
Bi(p) for everyt ∈ Ii.

Definition 3.1. A competitive equilibrium (or Radner equilibrium) for the continuum econ-
omyEc is a pair (p, f ), wherep is a price system andf is a feasible allocation such that:

(i) for almost allt ∈ I the functionf (t, ·) maximizesVt onBt(p), and
(ii)

∑
ω∈Ω p(ω)

∫
I
f (t, ω) dµ(t) = ∑

ω∈Ω p(ω)
∫
I
e(t, ω) dµ(t).

Remark. It follows from the continuity ofUi(ω, x) in x and measurability inω thatUi(·, ·)
is jointly measurable. Hence, under(A.2) and (A.3), the associated continuum economyEc
satisfies all the assumptions of the equivalence theorem of Radner equilibria and private
core (seeEiny et al., 2001).

Let us consider the differential information economyE with n agents and the associated
continuum economyEc with n different types of agents. An allocationx = (x1, . . . , xn) in
the economyE can be interpreted as an allocationf in Ec, wheref is the step function defined
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by f (t, ·) = xi, (i = 1, 2, . . . , n) for every agentt ∈ Ii. Reciprocally, an allocationf in Ec
can be interpreted as an allocationx = (x1, . . . , xn) in E, wherexi = 1

µ(Ii)

∫
Ii

f (t, ·) dµ(t).
We will show that the continuum and the discrete approach can be considered equivalent

with respect to Radner equilibrium. In order to prove this result we will need the following
Lemma.

Lemma 3.1. Let S ⊂ Ii, (i = 1, 2, . . . , n) with µ(S) > 0, and z : Ω → R
�+. Let f : S ×

Ω → R
�+ be a Lebesgue integrable function such that Vi(f (t, ·)) > Vi(z) for every t ∈ S.

Then, under Assumption (A.2), Vi(h) > Vi(z), where h(ω) = 1
µ(S)

∫
S
f (t, ω) dµ(t).

Proof. The proof follows from the concavity of the functionsVi and Jensen’s inequality.
(SeeGarćıa-Cutŕın and Herv́es-Beloso, 1993, for a proof of this result, where a weaker
convexity assumption on preferences is required).�

Notice that the lemma is still true if in the hypothesis and in the statement we substitute
> for ≥.

We are now ready to state our first result.

Theorem 3.1. Assume that, for every i = 1, . . . , n, (A.2) holds for the random utility
function Ui. The following statements hold:

If (x, p) is a Radner equilibrium for the discrete economy E, then (f, p) is a Radner
equilibrium for the associated continuum economy Ec, where f (t, ·) = xi if t ∈ Ii.

Reciprocally, if (f, p) is a Radner equilibrium for the associated continuum economy Ec,
then (x, p) is a Radner equilibrium for the economy E, where xi = 1

µ(Ii)

∫
Ii

f (t, ·) dµ(t).

Proof. Let ((x1, . . . , xn), p) be a Radner equilibrium forE. Then, for every stateω ∈ Ω,∫
I
f (t, ω) dµ(t) = ∑n

i=1 µ(Ii)xi(ω) ≤ ∑n
i=1 µ(Ii)ei(ω) = ∫

I
e(t, ω) dµ(t) and, for all t ∈

Ii, the consumption functionf (t, ·) maximizesVt onBt(p) = Bi(p). Therefore, (f, p) is a
Radner equilibrium for the continuum economyEc.

Conversely, let (f, p) be a Radner equilibrium forEc. Then, x = (x1, . . . , xn),
with xi = 1

µ(Ii)

∫
Ii

f (t, ·) dµ(t), is a feasible allocation in the economyE. Since∑
ω∈Ω p(ω)xi(ω) = ∑

ω∈Ω 1/µ(Ii)
∫
Ii

p(ω)f (t, ω) dµ(t) ≤ ∑
ω∈Ω p(ω)ei(ω), we can de-

duce thatxi ∈ Bi(p) for every agenti. If Vi(z) > Vi(xi) thenVi(z) > Vi(f (t, ·)) for every
t ∈ S ⊂ Ii, µ(S) > 0; and thus

∑
ω∈Ω p(ω)z(ω) >

∑
ω∈Ω p(ω)ei(ω). Otherwise, observe

that if Vi(z) ≤ Vi(f (t, ·)) for almost allt ∈ Ii, then byLemma 3.1, Vi(z) ≤ Vi(xi). �

3.2. An extension of Vind’s theorem

Three notes in the same issue ofEconometrica gave a sharp and novel interpretation to
Aummann’s (1964)core-Walras equivalence result.Schmeidler (1972)showed that, in an
atomless economy, with finitely many commodities, any allocation that is not blocked by
“small” coalitions is in the core.Grodal (1972)showed that we can further restrict the set
of coalitions to those consisting of finitely many arbitrarily small sets of agents with similar
characteristics. Finally,Vind (1972)showed that it is enough to consider the blocking power
of arbitrarily large coalitions in order to obtain the core.

The proof of our main result requires an extension ofVind’s (1972) to differential
information economies. To this end, we need the following Lemma.
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Lemma 3.2. Assume that assumption (A.1) holds and utility functions are continuous
and strictly monotone. Then, if the allocation f does not belong to the private core of the
associated continuum economy Ec, it is privately blocked by a coalition A via an allocation
g with

∫
A

(e(t, ω) − g(t, ω)) dµ(t) � 0, for every ω ∈ Ω.

Proof. SeeAppendix A. �

The next proposition extends the results ofSchmeidler (1972)andVind (1972)to cover
the private core.

Proposition 3.1. Assume that (A.1)–(A.3) hold. If a feasible allocation f is not in the
private core of the associated continuum economy Ec then for any α, with 0 < α < 1 there
exists a private blocking coalition S with µ(S) = α.

Proof. Let f be a feasible allocation which is privately blocked by a coalitionA ⊂ I via
g. Then,g(t, ·) is Ft-measurable for allt ∈ A,

∫
A

g(t, ω) dµ(t) ≤ ∫
A

e(t, ω) dµ(t) for ev-
ery ω ∈ Ω and Vt(g(t, ·)) > Vt(f (t, ·)) for every t ∈ A. In view of Lemma 3.2, we can
considerg : A × Ω → R

�+ such that,
∫
A

(g(t, ω) − e(t, ω)) dµ(t) = −z(ω), with z(ω) =
(z1(ω), . . . , z�(ω)) � 0 for eachω ∈ Ω.

Let the atomless measureη(H) = (
∫
H

(g(t, ·) − e(t, ·)) dµ(t), µ(H)), restricted toA. Ap-
plying Lyapunov theorem toη, we obtain that for anyε, with 0 < ε < 1, there exists a
coalition Ā ⊂ A, with µ(Ā) = εµ(A), that privately blocksf via g. This proves the result
for α ≤ µ(A).

Otherwise, by convexity of preferences, for everyε, with 0 < ε < 1, Vt(εg(t, ·) + (1 −
ε)f (t, ·)) > Vt(f (t, ·)) for everyt ∈ A.

Applying again Lyapunov convexity theorem, there existsB ⊂ I \ A, such thatµ(B) =
(1 − ε)µ(I \ A) and

∫
B

(g(t, ·) − e(t, ·)) dµ(t) = (1 − ε)
∫

I\A
(g(t, ·) − e(t, ·)) dµ(t).

Letδ = (δ1, . . . , δ�) ∈ R
�+ given byδj = min{zj(ω), ω ∈ Ω}. Since preferences are con-

vex and monotone, the coalitionS = A
⋃

B privately blocksf via the allocationh given
by

h(t, ·) =
{

εg(t, ·) + (1 − ε)f (t, ·) if t ∈ A

f (t, ·) + ε
µ(B)δ if t ∈ B.

Sinceµ(S) = µ(A) + (1 − ε)µ(I \ A), we have constructed an arbitrarily large coalition
privately blockingf. �

4. Equivalence result

In order to obtain our main result, we introduce some additional notation. Given an
allocationx ∈ LX and a vectora = (a1, . . . , an), with 0 ≤ ai ≤ 1, letE(a, x) be a differential
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information exchange economy which coincides withE except for the initial endowment of
each agenti that is given by the following convex combination ofei andxi:

ei(ai, xi) = aiei + (1 − ai)xi.

That is,

E(a, x) ≡ {((Ω,F), Xi,Fi, Ui, ei(ai, xi) = aiei + (1 − ai)xi, q) : i = 1, . . . , n}.

The next theorem states that a feasible allocationx is an equilibrium allocation forE if
and only if it is not privately blocked by the grand coalition in any economyE(a, x).

Theorem 4.1. Let x be a feasible allocation in a differential information exchange economy
E satisfying assumptions (A.1)–(A.3). Then x is a Radner equilibrium allocation in E if and
only if x is a privately non-dominated allocation for every economy E(a, x).

Proof. Let (p, x) be a Radner equilibrium for the economyE. Suppose that there exists
a = (a1, . . . , an), such thatx is dominated in the economyE(a, x). Then, there existsy =
(y1, . . . , yn) such that

(i)
∑n

i=1 yi ≤ ∑n
i=1 ei(ai, xi), and

(ii) Vi(yi) > Vi(xi) for every agenti ∈ {1, . . . , n}.

Sincex is an Radner equilibrium allocation in the economyE, we have that
∑

ω∈Ωp(ω) ·
xi(ω) ≤ ∑

ω∈Ωp(ω) · ei(ω) for every agenti, and from condition (ii), we deduce that∑
ω∈Ωp(ω) · yi(ω) >

∑
ω∈Ωp(ω) · ei(ω), for every agenti = 1, . . . , n. Multiplying these

inequalities by (1− ai) and byai, respectively, we obtain that

∑
ω∈Ω

p(ω) · (1 − ai)yi(ω) >
∑
ω∈Ω

p(ω) · (1 − ai)xi(ω) and

∑
ω∈Ω

p(ω) · aiyi(ω) >
∑
ω∈Ω

p(ω) · aiei(ω).

Thus,
∑

ω∈Ωp(ω) · yi(ω) >
∑

ω∈Ω(p(ω) · aiei(ω) + p(ω) · (1 − ai)xi(ω)) for every agent
i. Therefore,

∑n
i=1

∑
ω∈Ωp(ω) · yi(ω) >

∑n
i=1

∑
ω∈Ωp(ω) · ei(ai, xi)(ω), which is a con-

tradiction with (i), that is, a contradiction with the feasibility ofy in the economyE(a, x).
Let x be a privately non-dominated allocation for every economyE(a, x). Let f be the

step function on the real intervalI = [0, 1], defined byf (t) = xi if t ∈ Ii = [ i−1
n

, i
n
), if

i �= n, andf (t) = xn if t ∈ In = [ n−1
n

, 1].
Assume thatx is not a Radner equilibrium allocation for the economyE. Then, by

Theorem 3.1, the step allocationf given byx is not a Radner equilibrium allocation for the
associated continuum economyEc with n different types of agents. Applying the equivalence
between the private core and the set of Radner equilibrium allocations (seeEiny et al.,
2001), we have thatf does not belong to the private core of the associated continuum
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economy. Furthermore, byProposition 3.1, there exists a coalitionS ⊂ I = [0, 1], with
µ(S) > 1 − 1

n
, and there existsg : S × Ω → R

�+, such thatg(t, ·) is Ft-measurable for
every t ∈ S;

∫
S
g(t, ·) dµ(t) ≤ ∫

S
e(t, ·) dµ(t) andVt(g(t, ·)) > Vt(f (t, ·)) for all t ∈ S. Let

Si = S
⋂

Ii andai = nµ(Si). Notice that, sinceµ(S) > 1 − 1
n
, we obtain thatai > 0 for

everyi.
In the finite economyE, let us consider the allocation (g1, . . . , gn), where gi =

1
µ(Si)

∫
Si

g(t, ·) dµ(t). Sinceg(t, ·) is Ft-measurable for everyt ∈ S, the functiongi is Fi-
measurable for everyi = 1, . . . , n.

Let zi = aigi + (1 − ai)xi. By construction,
∑n

i=1zi ≤ ∑n
i=1aiei + (1 − ai)xi. By con-

vexity of preferences,Vi(zi) > Vi(xi), for every agenti ∈ {1, . . . , n}.
Therefore, the grand coalition privately blocksx via z in the economyE(a, x), which is

a contradiction. �

5. Concluding remarks

Remark 1. It is important to notice that, since the deterministic A–D–M model is a special
case of the differential information economy model, the equivalence result (Theorem 4.1)
stated in the previous section allows us to obtain a new characterization of the Walrasian
equilibria.

Let Γ = {R�+, (Ui, ei) : i = 1, . . . , n} be anexchange economy, whereR
�+ is thecon-

sumption set of every agenti, Ui : R
�+ → R theutility function of agenti andei ∈ R

�+ is
theinitial endowment of agenti.

Given an allocationx = (x1, . . . , xn) ∈ R
�n+ and a vectora = (a1, . . . , an) with 0 ≤

ai ≤ 1, letΓ (a, x) be an exchange economy which is the same withΓ except for the initial
endowment of each agenti which is given by the following convex combination ofei and
xi : ei(ai, xi) = aiei + (1 − ai)xi. Thus,Γ (a, x) = {R�+, (Ui, ei(ai, xi)) : i = 1, . . . , n}.

In the scenario of a pure exchange economy, and followingDefinition 2.2, an allocation
x (feasible or not) is said to bedominated in the economy if there exists a feasible allocation
such that every agent becomes better off. Observe that to be feasible and to be dominated
are independent conditions. A Pareto optimal allocation is a feasible and non-dominated
allocation.

As a consequence ofTheorem 4.1, we obtain as corollary the following characterization
of Walrasian equilibria:

Corollary. Suppose that in the economy Γ initial endowments are strictly positive and utility
functions are continuous, strictly monotone and concave. Let x be a feasible allocation in
Γ . Then, x is a Walrasian equilibrium allocation in Γ if and only if x is non-dominated in
every economy Γ (a, x).

Remark 2. The characterization of Radner equilibria (and, in particular, of Walrasian equi-
libria) provided in this paper is independent of prices. The classical equivalence results,
Debreu and Scarf (1963)andAubin (1979), characterize Walrasian allocations by means of
the core of an economy and, therefore, are also independent of prices. Precisely, the result by
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Debreu and Scarf (1963)characterizes the Walrasian allocations as those allocations which
belong to the core of everyn-fold replica economy, and the result ofAubin (1979)shows
that the set of Walrasian allocations in a fixed finite economy coincides with the fuzzy core.
However, our equivalence result differs from both characterizations of Walrasian equilibria.
Debreu–Scarf consider the blocking power of coalitions in any replica economy and Aubin
considers that every agent can participate not only with her total endowment but also with
a fraction. Therefore,Debreu and Scarf (1963)as well asAubin (1979)enlarge the set of
blocking coalitions in order to get their characterization results whereas our equivalence
result requires only the blocking power of the grand coalition (in a precise set of economies)
in order to characterize equilibria.

Remark 3. It should be noted that we characterize the Radner equilibria allocations (and, in
particular, Walrasian allocations) as those non-dominated allocations in the economies given
by infinitesimal perturbations in a precise direction of the original endowments. In fact, the
parametersai in the statement ofTheorem 4.1can be chosen arbitrarily close to 1 for every
agenti. Indeed, note that givenδ, with 0 < δ < 1, it is enough to consider the privately block-
ing coalitionS such thatµ(S) > 1 − δ

n
in order to guaranteeai = nµ(Si) > 1 − δ for everyi.

Remark 4. Notice that the first welfare theorem is an immediate consequence ofTheorem
4.1. In fact, if x is a Radner or Walrasian equilibrium allocation, thenx is a Pareto optimal
allocation not only in the economyE but also in any economyE(a, x) wherex is feasible.

On the other hand, observe that ifx is a Pareto optimal allocation inE, thenx is also a
Pareto optimal allocation in the economy in which the initial endowment allocation isx,
that is, in the economyE(0, x). Thus, by takingxi = ei, for all i, all the economiesE(a, x)
are equal toE(0, x) andx is not blocked by the grand coalition. Then, ifx � 0 (i.e., if x is
strictly positive), we can applyTheorem 4.1to the economyE(0, x) and we obtain, exactly,
the second welfare theorem.

Therefore, both welfare theorems are particular cases ofTheorem 4.1.

Remark 5. As it was remarked in Section2, we have allowed for free disposal since a
Radner equilibrium may not exist with positive prices. However, by allowing for negative
prices, one can dispense with the free disposal assumption. Notice that the private core
equivalence theorem ofEiny et al. (2001)does not depend on whether or not the free disposal
assumption holds. Indeed, as it is the case in theAumann (1964, 1966)deterministic model
with a continuum of agents, the assumptions which guarantee the core-Walras equivalence
may not ensure nonemptiness of the sets. The results obtained in this paper still hold without
the free disposal assumption, but in order to guarantee the existence of Radner equilibrium,
we must allow for negative prices (seeRadner, 1968).

Remark 6. The reader may wonder (and indeed the referee asked the question) if the results
of this paper hold in the presence of a continuum of states. Notice that with a continuum of
states, the dimensionality of the commodity spaces becomes infinite, and thus, the Laypunov
theorem which is used for the proof of Vind’s theorem fails. Thus, our method of proof cannot
be readily extended to cover the continuum of states.
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Appendix A

Proof of Lemma 3.2. Let f be an allocation which does not belong to the private core
of Ec. Then, there exist a coalitionA and a functionh : A × Ω → R

�+, such thath(t, ·)
isFt-measurable for everyt ∈ A,

∫
A

h(t, ω) dµ(t) ≤ ∫
A

e(t, ω) dµ(t) for everyω ∈ Ω and
Vt(h(t, ·)) > Vt(f (t, ·)) for every agentt ∈ A.

Let us show that we can takeh such that
∫
A

h(t, ω) dµ(t) � 0 for everyω ∈ Ω. For each
commodityj and each stateω ∈ Ω, let us define

H(j, ω) = {t ∈ A such thathj(t, ω) = 0}.

Assume that there exists (j0, ω0) such thatµ(H(j0, ω0)) = µ(A). This implies that there
is a type of agentsi0 such thathj0(t, ω0) = 0 for everyt ∈ Ai0 = A

⋂
Ii0. Sinceh(t, ·) is

Ft-measurable for everyt ∈ A, hjo (t, ω) = 0, for everyt ∈ Ai0 and for everyω ∈ Ei0(ω0),
whereEi0(ω0) is the subset of the partitionFi0 to whichω0 belongs.

Given ω ∈ Ei0(ω0), either (i)
∫
A\Ai0

hj0(t, ω) dµ(t) = ∫
A

ej0(t, ω) dµ(t) holds, or (ii)∫
A

ej0(t, ω) dµ(t) − ∫
A\Ai0

hj0(t, ω) dµ(t) = ε(ω) > 0 holds.

Let ϒ = {ω ∈ Ei0(ω0) such that (i) holds}. If ω ∈ ϒ, there exists a type of agentsi(ω)
such that

∫
A

⋂
Ii(ω)

hj0(t, ω) dµ(t) > 0. Then, applying Lusin’s theorem, we have that

for eachω ∈ ϒ there exists a compact setB(ω) ⊂ Ai(ω) = A
⋂

Ii(ω), with µ(B(ω)) >

µ(Ai(ω)) − ε, such thatf (·, ω) andh(·, ω) are continuous functions onB(ω). Hence, by con-
tinuity of preferences, there existsb > 0 such thatUi(ω)(h(·, ω)) − b > Ui(ω)(f (·, ω)) + b

for everyt ∈ B(ω). Then, there existsδ(ω) > 0, such thatVt(ĥ(t, ·)) > Vt(f (t, ·)) for every
t ∈ B = ⋃

ω∈ϒB(ω), where

ĥj(t, ω) =
{

hj0(t, ω) − δ(ω) if j = j0, ω ∈ ϒ andt ∈ B(ω)

hj(t, ω) otherwise.

Let β = min
ω∈Ei0(ω0)

{(ε(ω))ω/∈ϒ, (δ(ω)µ(B(ω)))ω∈ϒ}. Note thatβ is a strictly positive real

number. Let us define the allocation ˆg : A × Ω → R
�+ as follows:

ĝj(t, ω) =




ĥj(t, ω) if ω ∈ ϒ andt ∈ B

β
µ(Ai0) if j = j0, ω ∈ Ei0(ω0) andt ∈ Ai0

hj(t, ω) otherwise.
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By construction,A privately blocksf via ĝ and
∫
A

ĝj0(t, ω) dµ(t) > 0 for everyω ∈
Ei0(ω0).

Applying the argument above as many times as necessary, we can take ¯g such
that A blocks f via ḡ and

∫
A
ḡ(t, ω) dµ(t) � 0, for every ω. If the inequality∫

A
ḡ(t, ·) dµ(t) 
 ∫

A
e(t, ·) dµ(t) does not hold, there exist a commodityj1 and a state

ω1 such that
∫
A

ḡj1(t, ω1)dµ(t) = ∫
A

ej1(t, ω1) dµ(t). Then, for some typei of agents
ḡj1(t, ω1) > 0 for every t ∈ Bi ⊂ Ai, with µ(Bi) > 0. By continuity of preferences, we
can takeε : Bi → R+, with

∫
Bi

ε(t) dµ(t) > 0, such that the coalitionA privately blocksf
via the allocationg given by

gj(t, ω) =
{

ḡj1(t, ω1) − ε(t) if t ∈ Bi, j = j1 andω ∈ Ei(ω1)

ḡj(t, ω) otherwise.

Now, consider the set{(j, ω) ∈ ({1, . . . , �} × Ω) \ ({j1} × Ei(ω1))} and apply the pre-
vious argument. In the same way, we can construct an allocationg such thatA privately
blocksf via g and

∫
A

g(t, ω) dµ(t) 
 ∫
A

e(t, ω) dµ(t) for every stateω ∈ Ω. �
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