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Abstract

In their paper “5x5 Completely positive matrices,” Berman and Xu [BX04] attempt
to characterize which 5 x 5 doubly nonnegative matrices are also completely positive.
Most of the analysis in [BX04] concerns a doubly nonnegative matrix A that has at least
one off-diagonal zero component. To handle the case where A is componentwise strictly
positive, Berman and Xu utilize an “edge-deletion” transformation of A that results
in a matrix A having an off-diagonal zero. Berman and Xu claim that A is completely
positive if and only if there is such an edge-deleted matrix A that is also completely
positive. We show that this claim is false. We also show that two conjectures made in
[BX04] regarding 5 x 5 completely positive matrices are both false.
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1 Introduction

A real symmetric n xn matrix A is completely positive if there exists an entrywise nonnegative
n x r matrix B such that A = BBT. We denote CP,, as the cone of n x n completely positive
matrices. A real symmetric matrix A is doubly nonnegative if A is elementwise nonnegative
and positive semidefinite. We denote DNN,, as the cone of n x n doubly nonnegative
matrices. Obviously we have CP,, C DNN,, C DNN C COP,,, where DNN and COP,,
are dual cones of DNN,, and CP,,. Matrices in COP,, are called copositive. It is well known
that the first and third inclusions are strict if and only if n > 5 [BSM03]. To understand
the difference between CP,, and DNN,, it is therefore natural to consider the case of n = 5,
which has received particular attention in the literature [BX04, Xu01, BAD09].

In [BX04], the authors studied the problem of determining if a given matrix A € DN N5
is also in CP5. If A has a diagonal zero then it is immediate that A € CPs5, so the diagonal
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components of A may be assumed to be strictly positive. If A has an off-diagonal zero, then
after a diagonal scaling and symmetric permutation, A may be assumed to have the form

A oq s
A=|aof 1 0], (1)
ol 0 1

where Aj; € DN N 3. The focus of [BX04] is to develop explicit conditions on a matrix A of
the form (1) that ensure that A € CP5;. Many of the conditions developed in [BX04] involve
the Schur complement C' = A—ajaf —asal. For example, Berman and Xu prove that if u(C')
is the number of negative entries above the diagonal of C, then u(C) #2 — A € CPs.
To handle the case where A > 0 (that is, a;; > 0 for all 4, j), Berman and Xu introduce
the edge-deletion operation described in the following definition. For a symmetric n x n
matrix A, let G(A) denote the graph on vertices {1,2,...,n} with edges {{i # j} : a;; # 0}.
Let e; denote an elementary vector of appropriate dimension whose ¢th component is equal
T

to one, and Ej; = €€ -

Definition 1. A matriz A is an edge-deleted matriz of A zfg = SAST, where S =1 —vE;

for some i # j and v > 0, and G(A) is a subgraph of G(A) obtained by deleting at least one
of its edges.

Berman and Xu then claim the following:

Claim 1. [BX04, Theorem 6.1] Let A >0, A € DNNs. Then A € CPs if and only if there
exists an edge-deleted matriz of A, A, with A € CP5.

Using Claim 1, the results of [BX04] based on a matrix of the form (1) could also be
applied to a matrix A > 0 by first applying the edge-deletion procedure. Unfortunately, in
the next section we show via a counterexample that Claim 1 is false. We also describe where
the error occurs in the attempted proof of Claim 1 in [BX04]. In section 3 we show that two
additional conjectures made in [BX04] regarding matrices in CP5 of the form (1) are also
false.

2 A counterexample to Claim 1

The following 5 x 5 completely positive matrix appears in [BAD09]. Let

1000110012 851 15
sl1rroo0210001 5851
N=Y>lo110012100], A=NNT=Z-|15851]. (2
Yl oo011001210 811158 5
00011007121 5115 8

Then A € CPs5, but we will show that there exists no edge-deleted matrix A of A such that
A € CPs. To this end, suppose that A = SAST, where S = I —vE;;, i # j and v > 0. Then
A=A— VAejeiT — Vel-eJTA + V2ajje,»eT

7

2



and we immediately obtain

. = Qg k#i,l #i
Qi = Gy — vagji, [ 7é i

ri = Qg — Vg, k 7"é i

Eii = Qi — 2VCL7;]' —+ VQCL]']'.

Note that A is positive semidefinite by construction, so a; > 0 for any v. In order to have
an off-diagonal zero in A while maintaining nonnegativity of A, we must therefore have
a.
vV = min —. (3)
1#1 aji
Consider for example i = 5,5 = 3. Then (3) gives v = %, so S =1- %E53 and the
edge-deleted matrix A is

8 5 1 1 487

s o8 s 1 03w
A=548T=-| 1 5 8 5 0

81 1 1 5 8 4375

4875 0375 0 4.375 7.875

Clearly Ac DN N5, but A ¢ CP5 because AeH =trAH = —5 < 0, where H € COPs5 is
the famous Horn matrix given by

1 -1 1 1 -1
-1 1 -1 1 1

H=| 1 -1 1 -1 1]. (4)
1 1 -1 1 -1
-1 1 1 -1 1

The matrix H was first proposed by [Hal67] to show that COPs \ DNN} is nonempty.
In [BADO09], it was shown that simple transformations of the Horn matrix can be used to
separate extreme but not completely positive elements of DN N5 from CPs.

The same argument used above for i = 5,5 = 3 applies to each 7,5 with A;; = %; in
< 0,

each case the ratio test (3) gives v = %, and the edge-deleted matrix Ahas He A

o 8
demonstrating that A ¢ CPs5.
Next consider i = 5,7 = 1. Then (3) gives v = %, soS=1- %Eg,l, and the edge-deleted

matrix A is

8 5 1 1 340
N ST L T
A=s5As"=21 1 5 8 5 080
1 1 5 8 480
340 0 0.80 4.80 6.32

Once again Ae DN N5, but A ¢ CPs because AeH = —0.06 < 0. The same argument
applies to the other ¢, j with A;; = g. We have therefore shown that no edge-deleted matrix
of A is in CPj, as claimed.



Since Claim 1 is false, it is worthwhile to investigate where the error occurs in the
attempted proof of [BX04, Theorem 6.1]. The “if” part of Claim 1 is certainly true, and
follows easily from the fact that if S = I — vE,;, where i # j and v > 0, then S™' =
I + vE;; is nonnegative. To prove the “only if” part of the claim, Berman and Xu use a
geometric argument based on interpreting a matrix A € CP,, as the Gram matrix of a set of n
nonnegative vectors in R, for some r. For A € CP5 we then have a;; = (a;,a5), 1 <14,5 <5,
where each ; € R". The idea of the proof in [BX04] is to construct a new set of vectors
{a/}?_, whose Gram matrix corresponds to an edge-deleted matrix of A. This construction
requires that unitary rotations be applied to of the vectors {a;}2_;, but the authors fail to
show that these rotations maintain the nonnegativity of {a/}?_; as required to prove that
the edge-deleted matrix is in CPs5.

3 Two additional conjectures

In this section we show that two conjectures proposed in [BX04, Section 7] are false. Both
conjectures concern a matrix A € DN Ny of the form (1). For such a matrix, let C' be the
Shur complement C' = A;; — ajal — asal, and let u(C) be the number of negative entries
above the diagonal in C'. Berman and Xu prove that u(C) # 2 = A € CP5, and in
[BX04, Section 4] consider the case of u(C) = 2.

Conjecture 1. Suppose that A € DN N5 has the form (1), with u(C) = rank(C) = 2 and
c12 > 0. Then A is completely positive if and only if det C'[1,2]1,3] > 0, where

C[1,2]1,3] = (C“ Cl3>.

Co1 (€23

The “if” part is proved to be true in [BX04]. We show the “only if” part is false by a
counterexample. Let

2.02 151 0.12 0.90 0.60

1.51 1.14 0.09 0.70 0.50 0.85 0.57 —0.30
A:= (012 0.09 057 040 0.10], C= 0.58 040 —-0.24
0.90 0.70 0.40 1.00 0.00 —-0.30 —-0.24 0.40

0.60 0.50 0.10 0.00 1.00

Clearly pu(C) = 2 and ¢;3 > 0, and it is easy to verify that A € DN N5 and rank(C) = 2.
It follows from [BX04, Theorem 2.5] that A € CP5. However det C[1,2]1,3] = —0.03, and
therefore Conjecture 1 is false.

In the statement of Conjecture 1 we made the assumption that ¢ > 0, rather than
c12 > 0 because ¢12 > 0 is assumed throughout [BX04, Section 4]. It is worth noting that
the conjecture also fails in the case that c;o = 0, as shown by the following example. Let

20010
02001 1 0 -1
A=]004 11, Cc= 0 1 -1
10110 ~1 -1 2
01101



It is easy to show that A € DN N5, and therefore A € CPj5 because G(A) does not contain
a b-cycle. One can easily see that p(C) = rank(C') = 2. However, det C[1,2]1,3] = —1, and
therefore Conjecture 1 is also false in the case that c;5 = 0.

Conjecture 2. Suppose that A € DNN5 has the form (1) and is nonsingular. Then
A € CPs if and only if it is possible to decrease some of the diagonal entries of Ay, resulting
in a singular matriz A with A € CPs.

The “if” part is shown to be true in [BX04]. To show that the “only if” part is false,
consider any matrix A € CP5 where G(A) is a 5-cycle'. (To construct such a matrix it
suffices to take any nonnegative A where G(A) is a 5-cycle and then increase the diagonal
components until A is diagonally dominant [BSM03].) It is shown in [BSMO03, Chapter 3]
that if A € CP5 and G(A) is a 5-cycle, then A is nonsingular. Therefore it is impossible to
decrease the diagonal entries of A to obtain a singular A while maintaining Ace CPs5, and
Conjecture 2 is false.
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!The original draft of the paper considered a particular such matrix. We are grateful to a referee for
pointing out the generic nature of this counterexample.

5



